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Introduction

The Brownian sphere is a model for random surfaces with the topology of the two-dimensional
sphere, chosen “uniformly at random”. It appears as the scaling limit of a large class of random
planar maps, all with the common feature that the faces of such maps disappear in the scaling limit.
Despite its appearance as such limit, which gives us a way to construct it, we can also construct
the Brownian sphere as a purely continuum object by using canonical stochastic processes (namely,
Brownian excursions and Gaussian processes) that will rule its geometric properties. This gives a

suitable framework to study many of its topological properties and observables.

Geodesics in the Brownian sphere are central in its geometric study. From its construction, one
can see that the distances towards a typical point can always be traveled using a geodesic, so that
in a sense, to understand geodesics means to understand distances in the Brownian sphere. They
also provide information about how atypical points can be connected, and appear naturally in the
discrete setting and in the scaling limit proofs. In this direction, a large amount of works have been

released, giving us, at this point, a very complete understanding of geodesics in the Brownian sphere.

In this document, we present a survey on the Brownian sphere, including its main properties and
some proofs (Chapter 1), and a review of the proof of the formula for the Hausdorff dimension of
the so-called geodesic m-stars, that are points from which m disjoint geodesics emerge (Chapter 3).
The lower bound of such Hausdorff dimension is due to Le Gall |7, where first and second moment
estimates for an approximated version of the geodesic stars, along with standard potential theory
techniques, give the desired result. The upper bound is due to Miller and Qian [15], where fine
estimates for the exponent of the probability of geodesics towards a point near a typical point give
the desired bound. A “warm-up” chapter on the Hausdorff dimension is included, where we review
the main definitions and the proof of the formula for the Hausdorff dimension of the Brownian cone
points. In Chapter 4, we introduce the stable gasket and carpet, a variant of the Brownian sphere
that appears as the scaling limit of random planar maps with “large” faces. Finally, we sketch some

ideas to compute the Hausdorff dimension of geodesic stars in this new object.






Notation index

Sets
e N=1{0,1,2,...}.
e Ry =[0,00).

e For a metric space (F,d) and A C F, diam(A) = sup{d(z,y) : z,y € A} = diameter of A.

Measure theory and probability
e #A = counting measure of A.
e a.s. = almost surely.
e a.e. = almost everywhere.

o ¢, = o ¢ ! = pushforward measure (of u by ¢).

Real trees
e 0(g) =sup{s > 0:g(s) # 0} = lifetime of g.
e d, = pseudo-distance associated to g .
e T(g) =10,0(g9)]/{d, = 0} real tree associated to g.
e p, = canonical projection from [0,0(g)] to T (g).

® pg = pg(0) root of T (g).

Vol, = volume measure on 7 (g).

dgup = Gromov-Hausdorff-Prokhorov distance ([1.3)).

e K* = equivalence classes of isometric compact pointed measure metric spaces.

vil



e K** = equivalence classes of isometric compact two-pointed measure metric spaces.

e K*® = equivalence classes of isometric compact measure metric spaces with distinguished point

and boundary.

o K% = equivalence classes of isometric compact measure metric spaces with two distinguished

boundaries.

Brownian geometry

o ( = lifetime function of the Brownian snake.

W= tip function of the Brownian snake.

e W, = global minima of the Brownian snake (|1.5)).

e S, = snake trajectories with initial value z (Definition [1.7).
e N, = Brownian snake measure on S,.

o N = N,(+|o=s).

o NI = N, (- |W. < —).

o NI =N, (- |W, = —a).

e m,, = Brownian sphere (Definition [I.14)).

e Vol = volume measure on m.

o B*W(z,r) = complement of the connected component of m, \ B(z,r) not containing y (Defi-
nition |1.16]).

e P = Brownian plane.
o 9, = hull of radius r and perimeter z.

e D, = Brownian disk of perimeter z.

Other

e < denotes inequality up to a positive constant that does not depend on relevant variables

(context is always important for this).

e 1 =y means that x < y and y < x simultaneously.

viii



Chapter 1
Brownian sphere

The Brownian sphere is a model for geodesic metric spaces with the topology of the two-dimensional
sphere, chosen “uniformly at random”. It is a universal object in the sense that it appears as the
scaling limit of a large class of models of random planar maps with small faces, such as uniform

triangulations and quadrangulations.

In this chapter, we introduce the Brownian sphere and state its main properties, with special focus
on those that will allow us to study the set of geodesic m-stars, which are points where m disjoint
geodesics emerge. We will not comment on how the Brownian sphere appears as the scaling limit of

random planar maps, but only focus on its construction and features as a continuum object.

1.1 Construction

Let us start with a deterministic construction of real trees. After choosing an appropriate randomness
on them, and gluing its points according to a certain Gaussian process, they give raise to the Brownian

sphere.

1.1.1 Real trees

The notion of real trees allows us to extrapolate the abstract graph structure of a tree to a continuum
object, where the edges are replaced by continuum line segments (with some length). Furthermore,
from the construction it is easy to endow real trees with both a distance and volume measure.

Formally, a real tree is defined as follows.
Definition 1.1. A real tree (T,d) is a compact metric space such that for all a,b € T,
1. there is a unique isometry ¢ : [0,d(a,b)] — T such that $(0) = a and ¢(d(a,b)) = b, and

2. if q:[0,1] = T is injective with q(0) = a and q(1) = b, then q([0,1]) = ¢(]0, d(a,b)]).



Let us now construct deterministic real trees. Let g : R, — R, be a continuous positive function,
such that g(0) = 0 and o(g) := sup{s > 0: g(s) # 0} € (0,00). Such a g is called an excursion and
o(g) is its lifetime. For all s,t € [0,0(g)], define

dg(s,t) :==g(s) +g(t) —2 min g. (1.1)

[sAt,sVi]

Proposition 1.2. The function d, defines a pseudo-distance in [0,0(g)].

Proof. Write o = o(g). First, for all s,t € [0, 7],

de(s,t) = g(s) — min g+g(t)— min g > g(s) —g(s) +g(t) — g(t) = 0.

[sAt,sVi] [sAt,sVi]

For the triangle inequality, if s,t,7 € [0, o] are such that s < r < ¢, we have that

dyfs,t) + dy(r, 1) — dy(5,7) =2 (g<t> — ming - ming + mmg) > (gu) - r[m]]ng) >0,
s r,t

[s:1] [rt] [s7]

where we used that [s,7] C [s,t] implies ming,) g > mingy g, so that dy(s,r) < dy(s,t) + dg(r,t).
The inequality d,(r,t) < d,(s,r) + d4(s,t) is obtained analogously. Similarly, we have
dg(s,7) 4+ dy(r,t) —dy(s, t) =2 (g('r’) - I[rsurl]lg - I?itl]lg + rg?g) :

Note that min, 5 g = minf,) g or ming; g = miny 1 g. In any case, we see that the quantity above
is positive, so that dy(s,t) < dy(s,r) + dgy(r,t). O

Evidently, d4(s,s) = 0, but d4(s,t) = 0 does not imply s = ¢. Instead, note that d,(s,t) = 0 is
equivalent to g(s) = g(t) = mingas sve 9. If we define the relation ~ on [0,0(g)] by

s~t if and only if ¢(s) =g(t) = min g¢

[sAt,sVt]

then the quotient space T (g) := [0,0(g)]/ ~ with the distance defined by

dg(pg(s)apg(t)) = dg(S,t), fOI‘ aﬂ S,t € [07 U(gﬂv (12)
is a compact metric space, where p, : [0,0(g)] — T (g) is the canonical projectionH Moreover,
(T(g),d,) is a real tree in the sense of Definition [I.1} Geometrically, this quotient space means that
we glue points of the graph of g whenever there is a positive excursion of g above them, see Figure
[L.1] Define the root of T(g) by py := pe(0) and the volume measure on T (g), denote by Voly, as the

pushforward of the Lebesgue measure on [0, 0(g)] under p,.

In the literature, when a tree is given (in the real or pure graph sense) with a root, the function
recording the distances to the root during a clockwise exploration of it is called contour function. In

our construction, g is the contour function of (7 (g),d,).

'For all s € [0,0(g)], py(s) is the equivalence class of s for ~.

2
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Figure 1.1: In the first picture, an example of a continuous positive function g is drawn in black. In
the second picture, the dotted lines are tangent to the graph of ¢g in the local minima. This makes
easier to see how we glue the points on the graph of g, according to the identification through the

relation ~. In the third picture we see the representation of 7 (g) as a real tree.

For notational simplicity, we will never make explicit reference to the equivalence classes of ~, and we
will simply denote c;l;, by d4. The context will always make clear when we are working with elements
of [0,0(g)] or T(g). Also, when quotienting spaces by a pseudo-distance like before, we will use the
notation 7 (g) = [0,0(g)]/{d, = 0}.

The previous construction defines a map g — (7 (g),d,, Vol,, p,) from the set of excursions to the
space of 4-tuples (X, d, i, z,), where (X,d) is a compact metric space, p is a Borel measure on X
and z, is a point of X, referred to as the distinguished point of X. Each such (X, d, u, z,) is called
compact pointed measure metric space. We can give a meaning to the continuity of this mapping by
defining a distance on the latter space. This is the so-called Gromov-Hausdorff-Prokhorov distance:
if (X,d, u,z,) and (Y, p, v, y.) are compact pointed measure metric spaces, then

danp (X, d, p,2.), (Y, p,v,94)) i= it dy(¢(X), ¢'(Y)) V dp(dupt, $v) V dip(d(.), ¢ (y)),  (L.3)

@.0" E

where the infimum is taken over all the isometric embeddings ¢ : X — FE and ¢’ : Y — E for some
common Polish metric space (E,dg), and ¢, = po¢~' denotes the pushforward measure. Here, dy
is the Hausdorff distance,

du(A,B) :=inf{e >0: AC B. and BC A.}, for A,BCFE,



and dp is the Prokhorov distance, that is, for all y; and s finite Borel measures on (F, dg),
dp (1, pio) :=1inf{e > 0: p1(A:) < pa(A) + € and po(A:) < py(A) + € for all A measurable},

where A, :=J, ., B(z,¢) is the e-neighborhood of A.

€A
Note, however, that doup (X, d, i, z.), (Y, p, v, yx)) = 0 does not imply that (X, d, i, z,) and (Y, p, v, yx)
are the same, but only isometric in the sense that there is an isometry ® : X — Y such that
®(x,) =y, and @, = v. Therefore, dgyp is only a pseudo-distance on the compact pointed measure
metric spaces, and we define K*® as the quotient of the latter space for the relation {dgup = 0}. We
endow K*® with the distance induced by dgup (as in (1.2)), so that (K*, dgup) is a Polish metric space
(see Theorem 2.3 in [2]).

In this setting, the following continuity property for real trees holds, which is key in order to add

randomness in the function g of the previous construction.

Proposition 1.3 (Proposition 3.3 in [2]). For all g : Ry — R, and h : Ry — Ry excursions, we
have that

danp((T(9), dy, Voly, pg), (T (h),dy, Vol pr)) < 6|lg — hllee + |0 (g) — o (h)].

Let us end this deterministic construction with the definition of intervals in 7 (g). For s,t € [0,0(g)]
such that s < ¢, we use the convention [t,s] := [0,s] U [t,o(g)] (and [s,t] is the usual interval).
Recall that p, : [0,0(g)] = T (g) denotes the canonical projection. For any a,b € T (g), we can find
s,t € [0,0(g)] such that py(s) = a, py(t) = b and [s, t] has minimal length. In this case, we define

[a, 6] := py([s,t]).

Note that [a,b] and [b, a] are different. The notation for the interval in a real trees will not change,

since the context will always make clear when we are working with elements in [0, (g)] or T (g).

1.1.2 Labeling a real tree

Let us now describe how can we assign (random) labels to each point in 7 (g) for a fixed excursion g,
in such a way that the stochastic process that is seen when exploring a branch is a Brownian motion.

It turns out that the function

mgy(s,t) == min g (1.4)

)
[sAt,sVi]

defined for all s,t € [0,0(g)], which appears in the definition of d, (1.1), has all the properties of a

covariance function.



Proposition 1.4. The function my(-,-) is symmetric and positive-definite, that is, for all n € N,
S1y.-.y8n €[0,0(9)] and A1, ..., A\, € R, we have

Z Z /\i)\jmg(si, Sj) Z 0.

i=1 j=1
Consequently, there exists a centered Gaussian process Z = (Zy)ic(o,0(¢) With covariance my(-,-). In

particular, for all s,t € [0,0(g)] we have that
E[(Zs — Zy)?] = dy(s, t).
Proof. Let t > 0. Define the relation ~ on {i € {1,...,n} : g(s;) >t} as
i~ j = my(s;, s5) >t

It is easy to verify that ~ defines an equivalence relation on {i € {1,...,n}: g(s;) > t}. Then,

Y it < () 20

i=1 j=1 ¢ \ic¥
where the sum is over the equivalence classes € of ~. Integrating on t yields the first statement.

By Kolmogorov’s extension theorem, there exists a centered Gaussian process Z = (Zy)ie[o,0(g) Such

that for all s,t € [0,0(g)], we have E[Z,Z;] = m,(s,t). In particular, a direct computation gives

E||Z, — Z%) = B[(Z.)%) + E[(Z)] — 2E|Z,Z) = g(s) + g(t) — 2 min_g = dy(s,).

[sAt,sVi]

Remark 1.5. If g is B-Holder continuous, then the associated process Z satisfies

ElZs — Z|") = g(s) + g(t) =2 min g < |s—¢t|".

[sAt,sVt]

More generally, using that (Z, — Z;)d,(s,t)~'/? is normally distributed with mean 0 and variance 1,

we have that for all integers p > 1,
E[|Z, — Z,|*") = Cp)dy(s, )" S |s — 1|7,

where C(p) is the p-th moment of a Normal random variable with mean 0 and variance 1. By Kol-
mogorov’s continuity theorem, Z has a continuous modification with (Bp—1)/(2p)-Hélder continuous
sample paths with full probability, for all p > 1. Passing to the limit p — oo, we conclude that for
all e € (0,5/2), Z has (8/2 — €)-Hélder continuous sample paths with full probability.

Note that we can see Z as a process indexed by 7 (¢). In fact, the condition dy(s,t) = 0 is equivalent
to Zy = Z; thanks to the last statement in the previous proposition. Using this, we introduce the

labels on 7 (g) as follows.

Definition 1.6. For each a € T(g), denote £, := Z,, where s € [0,0(g)] is any number such that
Dg(8) = a. The number £, is called label of a.



1.1.3 Snake trajectories

In this section, we introduce the formalism of the snake trajectories, which gives a suitable encoding
of the Brownian sphere. Roughly speaking, the pairs of the form (g, Z) constructed in the previ-
ous section can be coded using a path-valued stochastic process, whose observables determine the
geometric properties of the Brownian sphere. However, we stay at the deterministic level for the

moment, the randomness will be added in the next section.

Let W be the space of all continuous functions of the form w : [0,(] — R with 0 < { < co. For each
such w, ¢ = ((w) is called lifetime of w and w := w(() is called the tip of w. For each = € R, let
W, :={w e W :w(0) = z}. Define dyy for all w,w’ € W by

dyy(w, W) := sup [w(s A ((w)) = w'(s A ((w))] + [C(w) = C(W)].

s>0

Then, dyy defines a distance on W, and furthermore (W, dyy) is a Polish metric space. We are ready

to formally define the snake trajectories.

Definition 1.7. Let x € R. A snake trajectory with initial point v is a mapping w = (ws)s>0

from [0,00) to W, such that the two following properties hold:

e wy = x is the constant function, and o(w) :=sup{s > 0: ws # x} is finite.

o Snake property: For all s,t > 0 such that s < t, wy(r) = w(r) for all v € [0, ming 4 ((w.)].
For each x € R, we denote S, the set of snake trajectories with initial point x and S := |J,cp S»-

There is an obvious abuse of notation when defining o(w), since we used the same notation for o(g).

This will be justified a few lines later. Define for all w,w’ € S,

(") 1= sup dyy(ws, ) + |o(w) — ()]
s>0

It can be verified that ds is a distance on S, and that (S, ds) is a Polish metric space.

The terminology snake is justified by the fact that these function-valued mappings can be visualized
as functions continuously growing and being erased from the tip, starting and ending in a fixed point.
See Figure[I.2] Let us now establish the bijection between snake trajectories and pairs as constructed

in the previous section. To do so, we introduce the tree-like paths.

Definition 1.8. A tree-like path is a pair (g,f) where g : Ry — Ry and f : Ry — R are

continuous functions satisfying:
e g(0) =0 and o(g) € (0,00) (that is, g is an excursion).
e Forall s,t €0,0(g)], dy(s,t) =0 implies f(s) = f(t).

6



For each x € R, we denote Ty, := {(g, f) : f(0) =2} and T := |, g T-

In the definition of tree-like paths, the function f has the role of the process Z of the previous section.
Define dr for all (g, f), (¢, f') € T by

dr((9, 1), (¢, f)) = Ssgg(lg(S) =g S+ 1f(s) = f'(s)) +o(g) —ald)].

Then (again), dr is a distance on T, and (T,dr) is a Polish metric space. The following result
formalizes the coding of tree-like paths by snake trajectories (and viceversa) that we anticipated. In

fact, the metric spaces (S, ds) and (T, dr) are homeomorphic.

Proposition 1.9 (Proposition 8 in [1]). For each w € S, define A(w) = (g, f), where g(s) = ((ws)
and f(s) = Ws for all s > 0. Then, A defines an homeomorphism from (S,ds) to (T,dr).

Let us prove the bijection part of the previous proposition. For the full proof, see Theorem 2.1 in
[14]. Given a snake trajectory w = (ws)s>0, the function g : Ry — R, defined by g(s) = ((ws)
is positive continuous with ¢(0) = 0 and o(g) = o(w) € (0,00). On the other hand, suppose that
0 < s < tand dy(s,t) = 0. Then, min 4 ((w.) = ((ws) = ((we), and by the snake property with
r = ming, 4 ((w.) we have f(s) = Us = wy(r) = we(r) = @, = f(t). This justifies that A is well-defined
as a mapping from S to T. Conversely, let (g, f) € T. For each s € [0,0(g)], define the continuous
function ws : [0,9(s)] = R by ws(t) = f(sup{r < s: g(r) =t}) for all t € [0, g(s)]. The mapping
w = (ws)s>p constructed this way is a snake trajectory with initial point f(0). Moreover, it holds
that o(w) = 0(g), ((ws) = g(s) and &s = f(s) for all s € [0,0]. In this case, we say that g is the

lifetime function and f is the tip function of w.

S, S, S, oW

Figure 1.2: Representation of a snake trajectory and its lifetime function. It is possible to infer the

shape of the tip function on [0, (w)], which we left as an exercise for the reader.

If A(w) = ((,/W), we will denote ((w) = ({s(w))s>0 where (s(w) = ((ws), and Wi(w) := w; for all
s € [0,0(w)]. In fact, the Brownian sphere will be obtained by putting an appropriate randomness

on &, for fixed x € R, so that ¢ and W become random continuous functions.



Additionally, for future reference we introduce
Wi(w) == min{/Ws(w) :s €[0,0(w)]} =min{l,(w) :a € T(()}. (1.5)

We will also drop the notation Z and keep W when referring to the tip function or the labels
(€a)acT(c) of Definition . In particular, we will write £,(w) = W,(w), where s € [0, o(w)] is such
that pe(s) = a.

1.1.4 Definition of the Brownian sphere

The Brownian sphere is defined as a quotient space of 7 (g) when g is a Brownian excursion, with
a metric induced by the labels found in Proposition and Definition [I.6] Formally, let n; be the
It6 measure of (positive) Brownian excursions, normalized in such a way that for all € > 0,

n, (Supe(t) > 5) _ 2i

t>0 €

Recall that there exists a family of measures (nf) : s > 0), such that for all measurable subset A in

the space of excursiong’| we have

oon(s)
n (A) = /0 \;%ds. (1.6)
(s)

The measure nY’ is naturally interpreted as n(-|o = s).

Definition 1.10. Let x € R. We define the Brownian snake measure N, on the space of snake

trajectories S, to be such that
(i) the lifetime function ¢ = ((s)s>0 is a Brownian excursion with distribution n,, and

(i1) conditionally on (, the tip function W = (Ws)szo is a Gaussian process with mean x and

covariance m¢(-,-) (recall the definition given in (1.4) ).
The random snake w obtained from the random tree-like path (C,/W) is called Brownian snake.

Similarly, for each s > 0 we denote N for the Brownian snake measure when ¢ is sampled from

nf). An immediate consequence of the previous definition is the following continuity property.

Proposition 1.11. Let w be a Brownian snake and ((,/W) be the associated tree-like path. Then,
for all e € (0,1/4), W has a modification with (1/4 — e)-Holder continuous sample paths with full
probability.

Proof. Follows from the the analog computation done in Remark conditioning on ¢ and the fact
that for all € € (0,1/2), ¢ has (1/2 — ¢)-Hélder continuous sample paths with full probability. O

2The space of excursions is endowed with the o-algebra generated by the projections e ~ e(t), for each t > 0.

8



There is a special point on 7(¢) that will play a fundamental role in the study of the Brownian
sphere, where the global minima of the labels recorded by the Brownian snake is attained. The
surprising and highly non-trivial fact is that such point is unique. We refer to the original reference

for the proof of the following result.

Proposition 1.12 (Proposition 2.5 in [13]). Ny-a.e. there ezists a unique s. € (0,0(()) such that
W, =W, (recall (L.5])). We denote a, := p¢(sy).

Let w be a Brownian snake and ((, /W) be the associated tree-like path. We aim to obtain a metric
structure in 7 (¢), for which we will use the labeling of this tree induced by W as in Definition .
For all a,b € T(¢) define

D°(a,b) := {, + £, — 2 max {I[nibr]lé, I[Iblil}’lg}. (1.7)

It is clear that D° is a positive symmetric function. However, D° does not satisfy the triangle
inequality. To fix this problem, let D : 7({) x T(¢) — R, be the largest symmetric function
satisfying the triangle inequality that is bounded above by D°, that is,

k-1
D(a,b) = inf {Z D°(a;,ai41) k> 1, ag,...,ar € T(C), and ag = a, a = b} )

k=0

In the next proposition we record some important properties of D° and D. In particular, the function
D satisfies the properties that we require.
Proposition 1.13.

e Forall a,b € T(C), we have D°(a,b) > |l, — Cp].

e Forall a,b e T(¢), we have D(a,b) = 0 if, and only if D°(a,b) = 0.

e The function D defines a pseudo-distance in T ().

The first assertion comes from D°(a,b) > l, + €, — 2max{l,, ly} = |ls — €|. The third assertion is
straightforward from the definition of D. However, the left to right implication in the second point

is very difficult and we refer to Theorem 3.4 in [10] for a proof.

Thanks to the third point of Proposition [1.13] we are almost ready to define the Brownian sphere.
Define m,, := my(w) := 7 (¢)/{D = 0}, and endow it with the distance induced by D, still denoted
by D. Let IT: T(¢) — m,, be the canonical projection. The volume measure on me,, denoted Vol,

is defined as the pushforward of the volume measure on 7(¢) under II. Define the root of my, as
xo :=(p¢), and z, = II(a.).



Additionally, let K*® be the space of compact two-pointed measure metric spaces, that is, the equiv-
alence classes for {dgup = 0} of 5-tuples of the form (X, d, u, x,y), where (X, d) is a compact metric
space, p is a finite Borel measure on X and z and y are two points of X, called the distinguished
points of (X, d, u, z,y) (or simply X when there is no possible confusion). Each such (X, d, u, x,y)
is called a compact two-pointed measure metric space. Here, dgpp stands for the natural extension
of to the two-pointed context.

Definition 1.14. The (free) Brownian sphere is defined as the random compact two-pointed
measure metric space (M, D, Vol, zg, x,) under the measure Ng. More generally, the Brownian

sphere can be sampled from N(()S) for any s > 0, and the context will make clear when this is the case.

Figure 1.3:  Approximation of the Brownian sphere via triangulations of the sphere.
Simulation by Nicolas Curien taken from his website:  https://www.imo.universite-paris-

saclay.fr/~nicolas.curien/simulation.html.

Note from that D°(a,a,) = £, — {,, for all a € T((), so we deduce that D(xg,z,) = —W,. This
relation is very useful since it will allow us to condition on the distance between zy and x,, thanks
to the following proposition. We refer to Section VI in [9] for a proof.
Proposition 1.15. For xz,y € R such that y < x, we have
3
2(y —z)*
[r]

Using this, we define the probability measure Nj' := Ny(-|W, < —r) for r > 0. As a consequence of

Nx(W* < y) =

the previous observations, the Brownian sphere sampled from Ng] will satisfy D(zg,z.) > 7.

A very useful way to visualize m, is through its cactus representation. It amounts to take z, as
reference point and draw m, vertically, according to the distance of each point to z,, in such a way
that each horizontal cut of the picture represents points that are equally distant from x,. Better than
words, Figure [1.4]is self-explanatory. The choice of putting z, at the bottom makes the distances to
be exactly the difference of the labels assigned by W. One should keep in mind this picture in the

next sections and chapters, specially when drawing geodesics, that will be discussed in great detail.
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4 D(x. %)

Figure 1.4: Cactus representation of m.,.

1.2 Basic properties

In this section, we state and prove some geometric properties of the Brownian sphere. This includes
scaling and symmetry properties, estimates for the volume of balls, compactness properties and the

exit local time of the Brownian snake.

For all z € m., and r > 0, we write B(x,r) for the usual open ball of center x and radius r,
B(z,r) ={y € my : D(z,y) <r}.

A very important subset of m is the following, which regarded under the appropriate conditioning,
has the distribution of a hull, to be defined in Section [I.3.3]

Definition 1.16. Let 7,y € my, and r € (0, D(x,y)). We define B*%(z,r) as the closure of the

complement of the connected component of the complement of B(x,r) that contains y.

Informally, B*®)(z,r) is B(x,r) plus all the connected components of its complement except for the
one that contains y. Note that B(z,r) C B*®(x,r) and 0B*W (x,r) C dB(x,r), see Figure [1.5]

1.2.1 Symmetries

Let us first introduce some invariance properties of the Brownian snake that will find their expression
in the Brownian sphere later. Namely, we discuss invariance properties of the Brownian snake under

re-rooting and scaling operations on snakes. Formally, they are defined as follows:

11



Figure 1.5: The blue shaded area is B(z, 7). The union of the blue and red shaded areas is B*¥)(x,r).
The purple line is B*®) (2, r). Be aware that the balls are not simply connected as drawn here, they

contain many holes. This is no taken into account in order to keep the picture simple.

e Re-rooting: Let w € Sy and 7 € [0, 0(w)]. Define wl"l € Sy to be such that

—~ —

G = dey(rr @s)  and  We(w!) = Whas(w) — W (w),

wherer®@s=r+sifr+s<o(w)andr®s=r+s—o(w)if r+s > o(w). By the bijection
part of Proposition , these definitions completely determine wll. See Figure .

e Scaling: For A > 0 and w € S,, define the snake trajectory 0)(w) € S, /5 by O\(w) = ', where

wi(t) = \/st/)\z(t/)\), for s > 0and 0 <t < ¢ := Ay e

Concerning the previous two operations, the following invariances hold in the Brownian snake.
Proposition 1.17. Let t, A > 0.

1. If r € [0,t], the measure Nét) is invariant under the re-rooting operation w — wl™.

2. The pushforward of N, under 0 is AN__ .

Let us now turn to the symmetries of the Brownian sphere. The following proposition states that
the points zy and z, are independent and uniformly distributed over m,. Informally, this means

that the Brownian sphere seen from two uniformly chosen points always looks statistically the same.

Proposition 1.18 (Proposition 3in [7]). Let F' : K** — R be a positive measurable function. Then,

No(F (s, D, Vol, 20, 2.)) = N, ( [ v x,y)> -
g ag

The same identity holds if we replace Ny by N(()S), for any s > 0.
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Figure 1.6: In the first picture, the very same function of Figure and a marked time r € [0, o(w)].
In the second picture, the re-rooted lifetime function ¢(w™). In the third picture we see T (¢(w!))
with its root, that can be drawn the same way as T ({(w)) before the re-rooting, but only relocating
the root. Colors corresponding to the branches of T (¢(w)) are left to see how ((wl) corresponds to

the counterclockwise exploration of 7 ({(w)) starting from the new root (p in the picture).

Proof. By (1.6)), it is enough to prove the result for N(()s), with fixed s > 0. By Proposition m, N(()s)
is invariant under w + w" for any r € [0, s]. Secondly, note that m., is left unchanged if we change
w by wl"l| and that the minimal label is attained at the same point of 7 (¢(w)) and T(¢(w!)). The

preceding considerations give that

s Vol(d
N (F(ma, D, Vol, 2o, z.)) = N (/ ol( x)F(moo,D,Vol,x,x*)>.
s
Then, an application of (an extension of) Theorem 8.1 in [8] concludes the proof. m

As a corollary, the following three symmetries hold for the Brownian sphere:
e Ny(F(my, D, Vol, xg, z)) = No(F(mu, D, Vol, x,, xg)).
° NET](F(mOO, D,Vol, g, z,)) = NET](F(mOO, D, Vol, x,, x)), for any r > 0.

e If F'is defined on (the equivalence classes of) compact three-pointed measure metric spaces, then

1 1 1 1
Ny (/ VO (dx)F(moo,D,Vol, xo,x*,x)) =N (/ TR (dZ>F(mOO7D’VOL$’y’Z)) '

o o o g
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1.2.2 Volume of balls

The encoding by stochastic processes of the Brownian sphere allows us also to estimate the volume of
balls in this metric space. In fact, the following proposition gives a simple formula for the moments

of the ball B(z,, ), for which the scaling and the properties of W are key.

Proposition 1.19 (Lemma 4 in [7]). Let p > 1 be an integer. There exists a constant C, such that
for allr >0,

Ny (Vol(B(z.,7))?P) = Cpr? 2.

Consequently, for every integer p > 1 and n € (0,1), there exists a constant C,,, > 0 such that for
all r € (0,1),

NG (VOl(B(x,7))") < Cpyr ™",

Proof. By scaling, we have

s Vol ) = B ([ 1 zs) ) = ([t cnas) ).

We need to verify that the constant multiplying %2 is finite. To this end, write

o p 00 1 t p
- — - N® .
N(( / ]l{WS_W*Sl}ds))— / N (( / ]l{Wg_W*Sl}ds) )dt,

and split the integral in the regions [0, 1) and [1, 00). The first part is bounded by fo 575 dt, which
is finite. For the second part, scaling and Lemma 6.1 in [8] gives that for all § € (0,1) and t>1,

t p 1 p
N (< /O ]l{m-w*q}ds) ) = N (< /0 ]1{WS—W*<t1/4}d3> ) S

which gives a finite upper bound again. For the second assertion, by Cauchy-Schwartz we have
1/q
Ny (Vol(B(z.,7))") < Ny (Vol(B(z., 7))#)"? < (3N0 (Vol(B(a., ))qp)) < 2,

where the implicit constant depends on p and g. We conclude by taking ¢ large so that 2/qg <n. O

Even more explicitly, we have an almost sure estimate for the volume of a ball with sufficiently small

radius. Note how the label process plays a role with its Holder continuity property.

Proposition 1.20 (Lemma 2.2 in [15]). Ng-a.e. the following property holds. For all n > 0, there

exists g > 0 such that for all x € my, and € € (0,&y),

e < Vol(B(z,¢)) < '

14



Proof. By scaling, we can argue under N(()l). The upper bound follows from the control of the moments
of the volume of balls in m,, and Borel-Cantelli’s lemma (see Lemma 2.1 in [15]). For the lower
bound, fix n > 0 and let s € [0,1]. By Proposition we have for all b € (0,1/4),

D(I(pc(s)), M(pe(s + £™47))) < CetMWAT = Celtin/t=olim,

for some random constant C' > 0. Therefore, if b is sufficiently small, we see that there exists g9 > 0
(random) such that for all £ € (0,20), II(pc([s,s + €*™])) C B(Il(pc(s)),e) . Taking the volume
measure gives e < Vol(B(II(p(s)),€)) and the result follows since s is arbitrary. O

1.2.3 Compactness
In this section, we briefly state propositions concerning covering properties of the Brownian sphere.

Proposition 1.21 (Lemma 2.3 in [15]). Ng-a.e. the following property holds. Let (x;);en be an iid
sequence sampled from Vol(-). For all a > 0, there exists g > 0 such that for all e € (0,e), we have

8747a

m,, C U B(z;,¢).
i=1
Proof. By scaling, we argue under Ngl). Fix a > 0 and let ¢g > 0 be given by Proposition m For
each k € N, let N := 2(:+D(4+20) and define the event
Ay, := {For all x € m,, there exists i € {1,..., N} such that ; € B(z,27")}.

If we show that >, P(Afleo > 27) is finite, then the result follows by Borel-Cantelli’s lemma. To

see this, note that
P(D(zn, 41, 2;) > 2~ % forall i € {1,..., Ni,} | Af N {gq > 27F}) > 2~ (kD 0+a)

which follows from the fact if zy, 1 lies at distance at most 2=**1 from some x € m,, given by
A¢, this implies that D(zy, 11, 7;) > 2~%*V for all i € {1,..., N, }, since (¥;);ey is iid sampled from
Vol(+) and Vol(B(z,2~k+1))) > 2-(k+1){4+a) ip this conditioning. Noting that

P(D(zn, 41, 2;) > 2-% D forall i € {1,..., N }) < (1 — 27 FFDEFaNe < oxp(—2(kHDay
we have
P(AS O {gg > 27F)) < 20HD(EF0) g (_o(k+D)a)

and then P(Af|ey > 27F) < 2(k+D(+a) exp(—2(k+1)a) (1 4 (1)), which is summable in k, proving the

claim and the result. O]

The following two propositions will be very useful. We refer to the original reference for the proofs.

Here, diam(my,) := sup{D(z,y) : z,y € m,} stands for the diameter of m...
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Proposition 1.22 (Lemma 4.4 in [15]). Ny-a.e. for all R € (0,diam(m.)), there exists ro > 0 such
that for all v € (0,19) and z € my,, there is at most one connected component of my, \ B(z,r) with

diameter at least R.

Proposition 1.23 (Lemma 7.1 in [15]). Ny-a.e. there exists ro > 0 such that for all r € (0,719) and
Z € My, if U,, denotes the connected component of my, \ B(z,r) with the largest diameter, then

Vol(U, ) > Vol(m,)/2.

1.2.4 Exit measures and boundary length of hulls

Let 2,y € R with y < z, w be a Brownian snake and ((, /V[7) be the associated tree-like path. We can
make sense of the “time spent” by w at y through the exit local time process (Li)¢>o, defined for all
t>0 as

1 t
Yoo i N
Lt T lli% g2 /0 dS]l{Ty(Ws)ZOO,Ws<y+e}‘

where 7,(f) := inf{s > 0 : f(s) = y}, with the convention inf()) = oo. The process (L});>o is
constant for ¢t > o((). The exit measure at y is defined as Z, := LY = L(yj(o. Using a description of
the measure No(-|W, = —u) (which we will not present here) and a decomposition of the Brownian

snake at its minimum, we can make sense of the exit measure at W, + r for r > 0. Explicitly,

1 [° 1
— lim — - — 1 vV o(z0) c
Z wtr ll_r}é g2 /0 dS]l{TW*+T(WS):OO7W3<W*+7‘+6} - ll_% g2 OI(B ’ (SE*, T+ E) A B(l'*, T))

where the last equality holds by definition of the volume measure on m., as successive pushforwards
of the Lebesgue measure on [0, o(w)] and then on 7(¢). Thanks to the last display, it is not difficult

to interpret Zyy, ., as the boundary length of the hull B*®)(zq, D(zg,x,) — r) (recall that it only

makes sense under Ny(-|[W, < —r)).

Now, we aim to describe the law of the boundary length process associated to B*@*)(xq, D(zq, x,)—7),
where 7 varies from 0 to D(zg,x.). To do so, we need to introduce the so-called continuous state

branching processes.

Interlude: Stable continuous state branching processes

We aim to briefly discuss some facts concerning the so-called continuous state branching processes
(CSBP from now on) towards their application to the study of the Brownian sphere. The presentation
of this interlude is based on [5]. Let Y = (Y;):>0 be a strong Markov process and let (P,),>o be the
family of probability measures satisfying P, (Y, = z) = 1 for each x > 0. Write E, for the expectation
under P,. Such Y is called CSBP if it has cadlagﬁ sample paths and satisfies the branching property,
that is, for all x,y > 0 and € > 0, we have

3Cadlag stands for continu a droit, limite a gauche, which means right-continuous with left-limits.
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Epqy [e‘eyt] =E, [6—9%} E, [e‘ey’ﬁ} . (1.8)

Define the Laplace exponent of Y as u () := —log(E,[e~**]), for all ¢,6 > 0. From (1.8) we can
derive that

E, [e™] = e, (1.9)

From ([1.9) and the Markov property, we can derive u;ys(0) = ut(us(0)). This means that (u:(6))i>o
satisfies the semigroup property. The following theorem, for which we refer to [cite] for a proof,

states that each CSBP is related to some Lévy process.

Theorem 1.24. Suppose that u,(0), t,0 > 0, is the Laplace exponent of a CSBP. Then, t — ()
15 differentiable, and satisfies the ordinary differential equation

3ut

FHO) + w(w(6) =0, (110)

with initial condition uy(0) = 0, and for all X > 0, () = log(Ele *X1]) where X = (X;)>0 is either
a spectrally positive Lévy process or a killed subordinator (see Section 2.6.2 of [5] to see the meaning

of these objects).

Such a function 1 given in the previous theorem is called branching mechanism of the corresponding
CSBP. The following theorem goes further and states a bijection between CSBP and Lévy processes,

through the so-called Lamperti transform.
Theorem 1.25. Let ¢ be any branching mechanism.

1. Suppose that X = (Xi)i>0 is a Lévy process with no negative jumps, killed at an exponentially
distributed time with parameter ¢ > 0, such that 1)(\) = log(E[e™**]). Define for allt >0,

Vi =X

et/\T(; ’

where 7, = inf{t > 0: X; <0} and

) * du
Qt—lnf{s>02/0 Z>t}.
Then, for all x > 0, under P,, Y = (Y;)i>0 is a CSBP with branching mechanism 1.

2. Conversely, suppose that Y = (Y;)i>o is a CSBP with branching mechanism 1 such that Yy =
x > 0. Define Xy =Y, for allt >0, where

got:inf{5>0:/ Yudu>t}.
0

Then, X = (Xi)i>0 is a Lévy process with no negative jumps and Xo = x, stopped in the first
entry into (—o0,0) and killed at an exponentially distributed time with some parameter ¢ > 0,

such that ¥(\) = log(Ele=*1]) for all A > 0.
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We are ready to define the stable CSBP. Let Y = (Y;);>0 be a CSBP and o € (1,2). Such Y is
additionally called a-stable if the branching mechanism of Y is given by ¥(\) = cA®, for all A > 0,
where ¢ > 0 is some constant. Note that in this case we can solve directly ((1.10]) to get that for all
t,60 >0,

u(0) = (0" + c(o — 1)t) 7= (1.11)
Using the previous facts, two properties of a-stable CSBP can be derived. Namely, we have:
e Scaling: For all C' > 0, the process (CY;):>0 has the same distribution as (Yoa-14)>0.

e Extinction time: Let 7' = inf{¢t > 0 : Y; = 0} be the extinction time of Y. Plugin (1.11)) into

(D) gives

Po(T > t) = 1 — exp(—a(c(a — 1)) 75 ). (1.12)

End of the interlude - Reverse exploration of the Brownian sphere

We can identify the law of the boundary length corresponding to a reverse exploration from xq to
x,. More precisely, for r > 0 and conditioning on D(zg,z,) > r, define Y; as the boundary length
of B*®)(x,, D(x¢,x,) —t). Then, it is proven in [16] that (Y;);>o has the law of a 3/2-stable CSBP.
The same holds true if we replace zy and z, by typical point{]

1.2.5 (Geodesics in the Brownian sphere

Geodesics are central in the study of surfaces. In particular, geodesics in the Brownian sphere are
fundamental to understand the behavior of atypical points in m,,, and they naturally appear in the

scaling limits results. Let us formally define the framework to study geodesics.
Definition 1.26. Let (E,d) be a metric space.

e Let a,b € E. A path v : [0,d(a,b)] — E such that v(0) = a and vy(d(a,b)) = b is called
geodesic (from a to b) if d(y(s),v(t)) = |s —t|, for all s,t € [0,d(a,b)].

e (E,d) is called a geodesic space if between any pair of points there exists a geodesic.

The fact that the Brownian sphere is a geodesic space is discussed in great detail in [4]. Let us now
heuristically construct a geodesic from z( to z, in m.,. In fact, we see from D(Il(a),z,) = €, — {4,
that a geodesic from z to z, is obtained by following the running infimum of ({y).e7(c) along the

branches of T (¢). Formally, this path is written as the function ~ : [0, —=W,] — m., defined by

y(t) := H(pe(inf{s € [0, 0] : W, = —t})). (1.13)

4A typical point is point that can be obtained as a sample of the volume measure. On the contrary, an atypical

point cannot arise as the sample of the volume measure.
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It is clear that y(0) = zo and v(—W,) = z,, and the isometry property follows easily by the definition

of 4. Since the Brownian sphere has no “orientation”, an equivalent way of writing ~ is

7(t) = Hpc(sup{s € [0,0] : W, = —t})).

These two writings will be relevant when defining another quotient space of T (() called slice, see
Section m (in fact, they will represent two different geodesics between typical points in the slice).
It also makes sense to ask if there are more geodesics connecting zy and z,. The answer is given in

the following result, whose proof can be found in [§].
Proposition 1.27. The path v defined in (1.13|) is the unique geodesic between xy and x..

More generally, between any pair of typical points in m,, there is exactly one geodesic. In fact,
there are “not many” geodesics in the Brownian sphere. An illustration of this phenomenon is the
following confluence result, that states that two geodesics starting at different points in m,, towards

xo, must coalesce near x.

Proposition 1.28 (Corollary 7.7 in [8]). Almost surely, for all § > 0 there exists o € [0,6] such
that the following holds. If z,y € my, are such that D(x,x¢) > 0 and D(y,xo) > 0, and if v is a
geodesic from x to xo and y2 is a geodesic from y to xo, then v1(t) = y2(t) for all t € [0, «].

The following result can be seen as an extension of Proposition It is called strong confluence
of geodesics, and describes the interaction of two different geodesics with enough duration and suffi-
ciently close as subsets of the Brownian sphere. Informally, if two geodesics are close enough, then

they coincide everywhere except in some neighborhoods of their endpoints.

Theorem 1.29 (Theorem 1.1 in [15]). Ng-a.e. the following statement holds. For all u > 0, there
exists g > 0 such that for all € € (0,g¢), if m : [0,T1] = my and ny : [0, T2] — me are geodesics
with min{Ty, Ty} > 2% and dy(n:([0, T1]), n2([0, T3))) < €, then

m(e™ =) Sna([0,T2])  and mp([e", T — &™) € m([0, T2)).

A further evidence of the little amount of geodesics in the Brownian sphere is the following result,
that tells us that geodesics cannot “bounce” into another. The lack of bouncing behavior reduces the
number of possible configurations of geodesics between two points. Such configurations are known

in the literature as geodesic networks.

Theorem 1.30 (Theorem 1.3 in [15]). Ny-a.e. if p1 : [0,T1] — me and ny : [0,T5] — my, are
geodesics, then {t € (0,T1) : m(t) € ([0, T2])} and {t € (0,Ts) : na(t) € ni([0,T1])} are connected

sets.

However, pairs of atypical points in m,, connected by more than one geodesic do exist. Moreover, the
following result quantifies the “amount” of such points using the Hausdorff dimension (see Section

2.1). Here, consider the fact that dimy(m..) = 4 (see [8]), so that dimy(me x m,) = 8.
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Theorem 1.31 (Theorem 1.6 in [15]). Ng-a.e. the following holds. Let ®; be the set of pairs
(u,v) € my, X My, with u # v, such that u and v are connected by exactly i geodesics. If i > 10,

®;, = (. On the contrary, ®;, g and Oy are countably infinite, and the Hausdorff dimensions for
ie{l,...,9} are:

i 1/2(3/4/5/6/7/8/9
dimy (®;) [ 86 |4 |42

In fact, Chapter 3 will be devoted to the computation of the Hausdorff dimension of another set
of atypical points in m,,, called geodesic m-stars. These points are such that m disjoint geodesics
emerge from them, and they are not typical since we already discussed that geodesics towards typical

points must coalesce before reaching them (one can replace xy in Proposition by a typical point).

1.3 Related constructions

As claimed at the beginning of this chapter, the Brownian sphere is an universal model for surfaces
with the topology of the two-dimensional sphere chosen uniformly at random. However, we can
change the topological constraint of the sphere to other planar topologies, such as the plane, half-
plane, disk, among others. The random metric spaces constructed using similar procedures to the
one used to construct the Brownian sphere give raise to a whole family of canonical models of planar
surfaces. This framework is now known as Brownian geometry. In the next sections, we briefly

describe how can we obtain some variants of the Brownian sphere.

1.3.1 Brownian plane

The Brownian plane is the plane topology version of the Brownian sphere, and it is obtained by
essentially replacing the Brownian excursion by a Bessel process in R. Formally, let (R;);>o and
(Lt)s>0 be two independent Bessel processes started at 0. Define (X¢)ier by setting X; = Ry if t > 0
and X; = L; if t < 0. For all s,t € R, define

X+ Xy —2 inf X if ¢ and s have the same sign,
L [sAt,sVi]
d)((S, t) =
X, +X—2 inf X, otherwise.

(—o0,sAt]U[sVE,00)

Analogously to Proposition [I.2] dy : R x R — R defines a random pseudo-distance in R. Consider
the non-compact real tree 7 (c0) := R/{dx = 0}, endowed with the distance induced by dy, still
denoted by dx. Now, we assign labels to 7 (co) and obtain a metric structure from them. As in

Section define for all s,t € R
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inf X, if ¢t and s have the same sign,
[sAt,sVi]
mx(s,t) :=

inf X, otherwise.
(—o0,sAt]U[sVE,00)

Conditionally on X, let Z = (Z;)ier be a centered Gaussian process with covariance mx (-, -) (still

defines a symmetric positive-definite function). For all s,¢ € R define

D2 (s,t):==Zs+ Zy —2 min Z,

[sAt,sVi]

and extend this function to 7 (c0) by setting for all a,b € T (c0),
D? (a,b) :=inf{D2 (s,t) : s,t € R such that px(s) = a, px(t) = b}.

The function D2, : T (00) x T (00) — R, is positive and symmetric, but it does not satisfy the triangle
inequality. Let D, be the largest pseudo-distance bounded by D2 and set P := T (00)/{Ds = 0}.
Endow P with the distance induced by D, still denoted by D.,. The Brownian plane is defined as
the random metric space (P, Dw). See Figure

1.3.2 Brownian disk

The Brownian disk is the unit disk topology version of the Brownian plane, and it is obtained by
considering killed Brownian motions at a fixed negative level. Fix z > 0, let B = (B;);>0 be a
Brownian motion and define I, := infyy g B. Let Y° = (Y;°);>0 be such that, conditionally on B, Y°

is a centered Gaussian process with covariance given for all s,¢ > 0 by

EY°Y?|Bl= inf (B, —1I,).

r€[sAt,sVi]

Let b = (bt)o<t<. be a Brownian bridge with duration z and by = b, = 0, independent of (X, Y°).
Let T, := inf{t > 0: B; = —z} and define for all ¢ € [0, 7],

Y =Y +V3b x,.

In this construction, the process (Y;)icp,r,] represents the labels assigned to the real tree induced by

the process (By — It)icjo,,- Using this, define for all s,¢ € [0, 7],

Dj(s,t) ::Ys—i—Y;—ZmaX{ min Y,  min ]Y}.

)
[sAt,sVi] [0,sAt]U[sVE, T

Let Dy be the largest pseudo-distance bounded by D§ and set D, := [0,7}]/{Ds = 0}. Endow D,
with the distance induced by Djy, still denoted by Dy. The Brownian disk of perimeter z is defined
as the random metric space D, := [0,T.]/{Dy = 0}. See Figure[1.7
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Figure 1.7: Cactus representation of the Brownian plane and disk.

1.3.3 Hulls

Let r, 2z > 0 be fixed. Let N'=3",_; 61, ..,) be a Poisson point measure with intensity
Lo, (t)dt ® No(dw N {W, > —r}),

where t; € [0, z] and we write (; = ((w;). Let w, be sampled from No(-N{W, = —r}), write (, = ((w.)
and U, be uniformly distributed over [0, z]. Assume that N, w, and U, are independent. Let H be

derived from the disjoint union

[0, 2] U (U T(Q)) UT(C),

icl
by identifying 0 with z, the root of 7((;) with ¢;, for each i € I, and the root of T({,) with U..
Define

Y= ZU(Q) + 0 (C)-

Now we construct a pseudo-distance in H. We proceed in steps as follows:

e Labels in H: Let us define the labels (A,).,ex on H. For a € [0, z] set A, = 0. For a € T(¢)
with i € I, define A, = {,(w;). For a € T((,), define A, = £, (wy).

o Cyclic exploration of H: Let (&;)scox) be a cyclic exploration of H such that & = & = 0
and the exploration discovers in counterclockwise order each tree T ((;) attached to [0, z| in the

order prescribed by {¢;}ier U {U.} (see Figure [L.8).
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e Intervals in H: For s,t € [0,X], we let [s,t] = [s, 5] U [0,¢] if t < s, otherwise it denotes the
usual interval. For each a,b € H, we can find s,t € [0, X] such that & = a, & = b and [s, t] is

small as possible. In this situation, we set [a, by :={&, : r € [s,t]}.
e Distance in H: For all a,b € H, set

Diy(a,b) := Ay + Ay — Qmax{ min A, min AC} : (1.14)

c€la,blu celb,alu
The function Dj; : Hx H — R, is positive and symmetric, but it does not satisfy the triangle
inequality. Let Dg be the largest pseudo-distance bounded by Dgy and set $),., := H/{Dg = 0}.
Endow §, . with the distance induced by Dy, still denoted Dy.

The hull of radius r and perimeter z is defined as the random metric space (9, ., Du).

T () TE)

S

T &Y

@
0 T U* +‘() z
Figure 1.8: Representation of H and the exploration (&)sco,5-

Let a, € T((«) be the unique point in H with label —r and b, = llg(a.), where Il : H — $,., is
the canonical projection. We will define geodesics from an arbitrary point of §), . to b., for which
the heuristic is the same of Section . Let z € 9, ., and let @ € H be such that IIg(a) = z, and
s € [0, %] be such that & = a.

e If s € [0, s.], define for all ¢ € [0, A, + 7],
Vs(t) = g (Emt{uzsine, =Aa—t}) - (1.15)
e If s € [s,, Y], define for all t € [0, A, + 7],
Y5(t) = T (Eupfucsne, =Aa—t)) - (1.16)
In both cases, it can be verified that v, is a geodesic from x to b,.
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1.3.4 Slices

Slices are defined in a similar way to the Brownian sphere, with the slight difference that this
metric space will have two boundaries corresponding to a “cut” of the geodesic connecting xy with
z,. Formally, let w be a Brownian snake and (C,W) be the associated tree-like path. For all
s,t € [0,0(C)], define

~ —

D°(s,t) =W, + W, —2 min W, (1.17)

[sAt,sVi]

and extend this function to 7({) by setting for all a,b € T((),
D°(a,b) := inf{D°(s,t) : s,t € [0,0(¢)] such that pe(s) = a, pe(t) = b}.

Let D be the maximal pseudo-distance bounded above by D° and set S := S(w) := T(¢)/{D = 0},
that we endow with the distance induced by 15, still denoted by D. The slice is defined as the random
metric space (S, D).

Let us justify what we claimed at the beginning. Let I : T({) — S be the canonical projection
and define T, := II(p;) and 7, := II(a,). Recall that, under No(-|W, = —h), the unique geodesic
connecting xo and x, in my is the path v = (7(r))rejo,n) defined by

(r) = O(pe(inf{s € [0,0(C)] : W, = —r})) = H(pe(sup{s € [0,(C)] : Wy = —r})).

However, in S we have the following result.

Lemma 1.32. For all a,b € T(¢), D(a,b) = 0 implies D(a,b) = 0. However, D(a,b) = 0 implies
5(@, b) = 0 whenever a and b do not belong to the range of .

Proof. Note that 5"(@, b) > D°(a,b), implying 5(&, b) > D(a,b) so that E(a, b) = 0 implies
D(a,b) = 0. On the other hand, assume that D(a,b) = 0. By Proposition|1.13} we have D°(a,b) = 0,
so that without loss of generality we can assume

by =10, = I[nibl]lﬁ. (1.18)

Let s,t € [0,0] be such that pc(s) = a, pc(t) = b and [s, ] small as possible, with the convention
[s,1] = [0,8]U[s, 0] if t < s. If s < t, (T.18) is equivalent to D(a,b) = 0. If t < s, (T.18) is equivalent
to

/WS = /Wt, W\S = I[HII]I/W and /Wt = r{&ir]l/W,
8,0 ,t
so that a,b € v([0, h]). However, it turns out that 5(@, b) > 0 by definition of D. ]
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The conclusion of the previous lemma is that every point in my, \ ([0, h]) corresponds to a unique

point in S, and every point in ([0, r]) corresponds to two points in S. As a consequence, if we define

/

v = (7 (r))rep.n and " = (v"(7))refo.n) by

—~

v (r) := pe(inf{s € [0,0(¢)] : Ws = —r}), (1.19)
7'(r) == pe(sup{s € [0,0(C)] : Wy = —1}), (1.20)

then +" and ~" are geodesics from Zj to Z. such that ~'((0, h)) and 7”((0, h)) are disjoint, called left
boundary and right boundary of S, respectively.

1.4 Markov property

Suppose that we have launched an exploration from z, to zy by continuously following the boundaries
of the hulls B*®)(x,,r), with r > 0 increasing up to D(xg,z,). The Markov property of the
Brownian sphere states that conditionally on the boundary length, B*®)(z,,r) and the closure of
its complement are independent, with B*®0)(z, r) distributed as a hull and (the closure of) its
complement distributed as a Brownian disk. Let us first discuss some concepts that appear in the

statement of the Markov property.

e First, we need to introduce the intrinsic distance. If O is an open connected subset of m.,, the

intrinsic distance DY, is defined as follows. For z,y € O, DY, (z,y) is equal to the infimum of

int

the lengths corresponding to the set of continuous paths staying in O connecting x and y.

e We need an extension of the spaces K* and K** used before. We let K* be the space of
equivalence classes for {dgup = 0} of 5-tuples of the form (X,d, u,z., F), where (X,d) is a
compact metric space, p is a finite Borel measure on X, x, is the distinguished point and F is

a fixed subset of X called distinguished boundary. Here, dgyp stands for the natural extension
of (1.3]) to this context.
With these objects, the Markov property of the Brownian sphere can be stated as follows. We refer

to the original reference for a proof.

Theorem 1.33 (Theorem 8 in [7]). With Ngﬂ -probability one, Dﬁ;m))(x*’r) has a continuous exten-

Moo\ B*(#0) (¢, 7

sion to B*)(x,,7), which is a metric on B*®@0)(x,, 7). Similarly, Dy ) has a continuous

extension to My, \ B*@0)(z,, 1), which is a metric on my, \ B*@)(x,, 7). Consider both B*@0)(x,,r)

and my, \ B*®0)(z,,r) as metric spaces for these extended intrinsic metrics. Then, B*®0)(z,,r)

equipped with the restricted volume measure on My, distinguished point x, and distinguished bound-

ary OB*™) (1) is a random variable with values in K*, and the same holds for my, \ B*@0)(z,, 7).
Furthermore, for all positive measurable functions F and G defined on K*, we have for all r,z > 0
that

NG (F (B (w,1)) G (e \ BT (20,1 ) | Zaer = =) = ELF(5, JEIG(D)].
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The following two-pointed version will be also very useful. Let Z +(@0) 1o the boundary length of
B*@)(z,, 1) (equal to Zy.4,) and Z:°™) be the boundary length of B*@)(zq,r). Denote ©,.. the
distribution of the hull £, ., and

C¥ ™ = m., \ (B'uo)(l“*,?“) U B°(x*)<x0’ T)). (1.21)

Analogously to the extension from K* to K*, we let K® be the space of (equivalence classes for
{dgup = 0} of) compact measure metric spaces with two distinguished boundaries. We refer to the

original reference for a proof of the following statement.

Theorem 1.34 (Corollary 9 in [7]). With full No(- N {D(x,z.) > 2r})-measure, Df;’i*’% has a

continuous extension to C;=™*°, which is a metric on this space. We equip this metric space with
the restriction of the volume measure on me,, and the distinguished boundaries B*@0)(z,,r) and
OB*@)(z,7). Then, this space is a random variable with values in K. Furthermore, for all positive

measurable functions Fy, Fy and G defined on K, we have for all v,z > 0 that

NET (B (B0 ., 1) By (BY(20,1) G (T77) ) = NE (6, o (F)O, e ()G (GT) ).

26



Xx

Figure 1.9: The Markov property of the Brownian sphere states that, conditionally on the length
of the red “loop” in the picture, the blue and purple shaded parts of m,, are independent and

distributed as a hull and a Brownian disk, respectively.
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Chapter 2
Preliminaries on the Hausdorff dimension

In this chapter, we define the Hausdorff dimension of a bounded metric space and its relation with
finite measures, namely, through Frostman lemma and the energy method. Then we state and present
the proof of Evans theorem on the Hausdorff dimension of the Brownian cone points, as a warm-up
towards the next chapter concerning the Hausdorff dimension of a subset of the Brownian sphere.

The content of this chapter is completely based on [17].

2.1 Definition and main properties

We recall the main concepts used to define the Hausdorff dimension of a set. From now on, fix (F, d)
a bounded metric space, that is, sup{d(z,y) : x,y € E} < oco. The a-Hausdorff content of E is
defined as

HE(E) = inf {Z diam(Ag)® : (Ag)gen covering of E} .
keN

Here, the quantity ),  diam(A)* is called a-value of (Aj)ren. Observe that if 0 < o < 3, then
HE (E) = 0 implies HZ (E) = 0. Thus we define the Hausdorff dimension as

dimp(F) :=inf{a > 0: HL(E) =0} =sup{a > 0: HL(E) > 0} (2.1)

Additionally, for all § > 0 we introduce

H§(F) = inf {Z diam(Ay)® : (Ag)ken covering of E with diam(Ay) < ¢ for all k € N} :

keN

and the Hausdorff measure defined by H*(E) := lims o H§(E). We can express the Hausdorff
dimension in terms of the Hausdorff measure, thanks to the following result. We refer to [17] for a

proof.
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Proposition 2.1 (Proposition 4.9 in [17]). For each a > 0, HE (E) = 0 if, and only if H*(E) = 0.

Consequently,
dimp(E) = inf{a > 0: H*(E) =0} = sup{a > 0: H*(E) < o0}
=sup{a>0:HY(E) >0} =sup{a >0: H*(E) = co}.
We record two simple but useful properties of the Hausdorff dimension, namely, monotonicity and
countable stability. The latter allows us to simplify the computation of the Hausdorff dimension of a

set built as a countable union, by computing the individual Hausdorff dimensions of the sets in the

union.
Proposition 2.2.
e (Monotonicity) If A, B C E are such that A C B, then dimp(A) < dimy(B).

o (Countable stability) Let Ey, Es,--- C E. Then, it holds that

dimgy (U Ek> = sup dimy (Ey). (2.2)

keN keN

Proof. For the monotonicity, if A C B and (By)ren is a covering of B, then (By)ren is also a covering
of A. For any o > 0, this gives that HZ (A4) < >, diam(B;)* and therefore HE (A) < HS (B).
From this inequality, {ae > 0 : HL(B) = 0} € {a > 0 : HL(A) = 0} and dimy(A) < dimy(B)
follows from ([2.1]).

For the countable stability, suppose first that both sides of (2.2)) are finite. The inequality

dimy (U Ek> > sup dimy (Ey)

kEN keN

follows by monotonicity. For the converse inequality, if (A¥);cy is a covering of Ej for each k € N,

then (AF); kew is a covering of (Jy ey Ex- If o > 0 is given, it holds that
Heo (U Ek> < Z Zdiam(Af)a.
keN keN ieN
Taking infimum for each k € N, over all the coverings (AF);cy of Ej, gives
keN keN

If @ > supgeydimp(Eg), we see from (2.1) that all the terms in the last sum vanish, so that

HYE (Upen Br) = 0 and dimy (Uyey Br) < a. Letting o\, sup,ey dimy(Ey) gives (2.2). From
the proof, we can easily see how to adapt it to the cases where one side of ([2.2)) is infinite. O]
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It follows from that to give an upper bound for the Hausdorff dimension of a set, it suffices to
find a suitable covering and compute its a-value. Now, we will present methods to give lower bounds
for the Hausdorff dimension. The first method will be the mass distribution principle, that allows
us to give a lower bound for the Hausdorff dimension by finding a measure that is dominated by the

diameter to some power.

Theorem 2.3 (Mass distribution principle, Theorem 4.19 in [17]). Let o« > 0. Suppose there exists
a nonzero finite measure j on E and constants C,§ > 0 such that for all V C E closed such that
diam(V') < ¢, w(V) < Cdiam(V)®. Then,

p(E)

« >— .
HS(E) > 8 > 0

In particular, dimy(F) > «.

Proof. Let (Ey)ren be a covering of F such that diam(Ey) < 6 for all & € N. Then,
0<p(E) <Y u(E) <C)Y diam(Ep)* =) diam(F)".
keN kEN keN
Taking infimum over (Ej)ren gives HY(E) > p(E)/C > 0 and dimy(E) > « follows by Proposition
21 O

We can state a converse of the mass distribution principle known as Frostman lemma. The metric

space taken here is R? with any distance, say, the Euclidian distance. We refer to [17] for a proof.

Theorem 2.4 (Frostman lemma, Theorem 4.30 in [17]). If A C R is a closed set with H*(A) > 0,
then there exists a probability measure p on A and a constant C' > 0 such that (D) < C diam(D)*
for all D C A Borel measurable.

The last method to lower bound the Hausdorff dimension that we will present needs the concept of

energy of a measure. Given a nonzero finite measure 1 on F, the a-energy of p is defined as

I(n) = / / %

Using this object, the energy method allows us to lower bound the Hausdorff dimension by finding

a measure with finite energy.

Theorem 2.5 (Energy method, Theorem 4.27 in [17]). Let o > 0 and p be a nonzero finite measure
on E. Then, for all 6 > 0,

dp(@)du@)\ ™ e e
(/d@,y)@ d(x,y) ) HE) < Hi(B). (2.3)

In particular, 1,(1) < oo implies dimy(E) > «.
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Proof. Let 6 > 0 and (Ag)ren be a pairwise disjoint covering of E. Then,

/ dp(@)duly) o 5~ m#(A)?
deyy<s A, y)* T e diam(Ag)

On the other hand, by Cauchy-Schwartz inequality we have

(g <o) (5255

keN keN
d d
< [ diam(A,)° / M
kEN d(z,y)<d d<x7 y)
If € > 0 is given and (Ag)ren is a pairwise disjoint covering such that diam(Ay) < § for each k € N
and satisfying >, diam(Ag)* < H§(E) + €, we deduce from the above computations that
du(z)du(y)
W(E < (B +e) [ S
’ d(z,y)<d d(ﬂf, y)
Letting € N\, 0 gives (2.3). If I,(u) < oo, then the left-hand side of (2.3 diverge as 6 \, 0, so that
H*(E) = oo and therefore dimy(E) > o by Proposition [2.1] O

2.2 Hausdorff dimension of Brownian cone points

In this section we state and sketch the proof of the result on the so-called Brownian cone points. Let

us fix some notation. For a, ¢ € [0,27), we define the cone of direction £ and opening angle o as
Cla, €] == {re'®9 .1 > 0,10] < a/2}.

We will consider cones of the form x + C[a, £], in which case x is called the tip of the cone. The dual

cone of z + Cla, €] is defined as x + C[21 — a, .

Throughout this chapter, W = (W (t));>o will always denote a Brownian motion, P, is the law of W

starting from x, and [E, is the expectation with respect to P,.

Definition 2.6. Let W = (W (t));>0 be a Brownian motion started at the origin. A point z = W (t),
for some t € [0,1], is called a-cone point if there exists £ € [0,2m) and € > 0 such that

W([0,1]) N B(z,¢) C z + Cla, &].

Informally, an a-cone point is a point z of the Brownian path for which there exists a sufficiently
small neighborhood of z, such that the restriction of the path to it is contained in some cone of

opening angle a.

The a-cone points are atypical points, since with full probability the Brownian motion does an infinite
number of windings around typical points of its trajectory. However, their existence is a non-trivial

question was completely answered by Evans in the following theorem.
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Theorem 2.7. Almost surely, the following properties hold:
1. If a« € [0,7), a-cone points do not exist.

2. If a € [m,27), a-cone points exist, and moreover,

2m
dimy ({z € R? : 2 is an a-cone point}) = 2 — —.
o
Note that cone points exist for the critical dimension o = 7, but they have Hausdorff dimension

equal to 0. In the next sections, we will present the proof of Theorem using the following scheme:

1. Approximation of the cone points: Since the a-cone points are atypical, it is better to
introduce an approximation of them to prove the result. It will be clear from the pictures why
it is the good approximation. In fact, the cone points can be easily recovered by intersecting

approximate cone points.

2. Estimates for the approximation: It is possible to compute explicit bounds for the prob-

ability of being an approximate cone point using the strong Markov property of W.

3. Upper bound: Using the estimates for the approximation, we estimate the probability that
any dyadic cube contains an approximate cone point. This yields estimates for both the
probability of the approximate cone points to be a non-empty set when o € (0,7), and the
~-value of this covering when « € [, 27). In the latter case, this gives the upper bound for the

Hausdorftf dimension as previously discussed.

4. Lower bound: We rely on an auxilliary theorem concerning the Hausdorff dimension of
random sets. Applied to the approximate cone points, this gives that the lower bound of the
Hausdorff dimension holds true with positive probability for a subset of the a-cone points,

which after Blumenthal’s law it turns out that it holds almost surely.

2.2.1 Approximation of the cone points
For all 2z € R?, ¢ > 0 and § € (0,¢), define
Ts(z) :==inf{t > 0: W(t) € B(z,9)},

Ss,e(2) == inf{t > Ts/o(2) : W(t) ¢ B(z,¢)},
SU(2) :=1inf{t > r: W(t) ¢ B(z,¢)}.

€

Definition 2.8. Let o, € [0,27) and ¢ > 0. For each § € (0,¢), we call z € R* a (d,¢)-

approximate cone point with direction £ if
W(0,T5(2)]) € z+ Cla,§]  and  W([T52(2), S5:(2)]) € 2 + Clev, €]
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Note that a (4, ¢)-approximate a-cone point is not necessarily a point of the Brownian path. From
this definition we see that the approximation is well chosen, since an (actual) a-cone point is roughly
a (d,¢)-approximate a-cone point for all 6 > 0 and for some € > 0 and direction £ € [0,27) which
is hidden in these definitions. Therefore, the estimates on the probability of being an approximate

cone point will give estimates of the actual cone points through a limit argument.

2.2.2 Estimates for the approximation

Now we estimate the probability of z to be an approximate cone point. To do so, we study separately

the trajectories in the definition of approximate cone points, thanks to the Markov property.

Lemma 2.9. For some constants depending only on «, we have that for all 6 > 0 and z € R? with
0€ z+Cla/2,£],

By (W([0, T5(:)]) € = + Clav, €]) = ( 0 )

E

Proof. First, we derive an explicit formula for Po(W ([0, T5(2)]) € 2 + Cla, €]). Write z = |z|e®.
Apply skew-product representation (Theorem 7.26 in |17]) to the Brownian motion (z — W (t))¢>o to
write W (t) = z — R(t)e® for all t > 0, where
R(t) = Wi (H©),
0(t) = Wa(H(t)),
W, and Wy are Brownian motions with W;(0) = log(|z|) and W5(0) = 6,
H(t) = inf {/ exp(2Wy(s))ds > t}.
0

Using this, we have H(7T5(2)) = inf{u > 0: Wi (u) <log(d)} = Tieg(s) and therefore,

(W0, T52(2)]) € 2+ Cla, €]} = {[Wa(u) + 7 — ] < /2 for all u € [0, og(s)] }-

Using the independence of W; and W, the Laplace transform of 7iogs) and Theorem 7.45 in [17]
(more precisely, equation (7.15)), we see that the probability of the right-hand side is equal to

(%> ) i <2ni1)w8in ((2n+ 1)7r(a/2+§—7r—9)) (%)Qn -

n=0

Q

For the upper bound, if |z| < 2§ we can bound directly the probability using the Beurling estimate,
see [6]. If |z| > 20, we can bound the series in (2.4 by a summable series. For the lower bound, let
k € (0,1) be such that

nZT

> m < sin(r/4).

n=1
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If k|z| < §, then the desired bound follows from Brownian scaling. If k|z| > ¢, since 0 € 2+ C|a/2, ],
we have |0 + 7 — £| < a/4, so that the series in (2.4]) is bounded below by

— sm (m/4) — Z
n=1

]

The very same proof allows us to prove the following lemma concerning the second part of the

trajectory for an approximate cone point.

Lemma 2.10. For some constants depending only on o, we have that for all €,0 > 0 with § < € and
r,z € R? with |x — 2| = 6/2 and v — z € Cla/2,€], we have

Q13

P, (W([0,S9(2)]) € 2 + Cla, €]) < (S)

Now, we use lemmas [2.9) and [2.10] to upper bound the probability of a point to be an approximate

cone point.

Lemma 2.11. There exists Co > 0 such that for all z € R?,
Po(z is a (5, ¢)-approzimate cone point) < Colz| e ada .

Proof. We use the strong Markov property on T5/5(2),

P(z is a (0, €)-approximate cone point)

< E Loz ncs+cioatPwrs (W ([0, SO (2)]) € 2+ Clo €11)

<o) wo(2) = c2piiss
|| €

2.2.3 Upper bound

Define M(a, &, €) to be the set of (§,¢)-approximate a-cone points with direction £ for all 6 € (0, ¢).

By continuity of the Brownian motion, we can write
Mo, &e) = {z € R?: z = W(t) for some t > 0 and W ([0, SY]) C 2z + Cla, €]}
Lemma 2.12. Almost surely, we have that
e ifac (0,m), then M(a, &, ¢) =

e ifa € [m, 2m), then dimy(M (o, €, ¢)) <2 — 271/

35



Proof. Let Cube = g + [0, 1] for some xy € R?. We will prove that M(a,&,e) N Cube = ) a.s. in
the case a € (0,7) and dimpg(M (e, &, ) N Cube) < 2 — 27/« in the case o € [m,27). Let us start

with a geometric construction.

For each dyadic subcube D C Cube of side-length 27%, let D* be a concentric circumference of radius

(1 ++/2)27%. Define the focal point (D) as follows:

e If a € (0,7), let (D) be such that the two branches of x(D) + Cl«, £] are tangent to D*.

e If o € [m,27), let z(D) be such that the two branches of the dual of z(D) + C[«, £] are tangent
to D*.

In this setting, we can verify that

e for all k sufficiently large and D € Dy, B(x,¢/2) C B(y,¢), and
e there exists constants c;, co > 0 depending only in « such that ¢; < ¢y and

y € B(x,c16527%) C By, 227%/2) C B(y, 27%) C B(w, c227").

See Figure for an illustration of the affirmations above. From these observations, we have that if

D contains a (CQQ_k ,€)-approximate cone point, then
W([0, Tizo-e(2)]) € (D) + Clev, ] and W ([T, c30-#(2), Seyea2-+.e/2(7)]) € 2(D) + Clev, €]

As in Lemma [2.11] we have that for some constant C; > 0,

T _m_p2r

P(D contains a (c;27%, ¢)-approximate cone point) < Cy|x(D)| ag™ a2 "o
Moreover, for k sufficiently large and uniformly on D € Dy, x(D) is far from the origin, so that
P(D contains a (c327", e)-approximate cone point) < 2k
where the implicit constant depends on « and €. If a € (0, 7), then for all k sufficiently large,

P(M(a, &, e) N Cube # 0) < Z P(D contains a (cy27", &)-approximate cone point) < k(=)
DEDk
DCCube
and this quantity converge to 0 as k — oo.
If a € [m,27), we cover M(a, &, €) with the collection of D € Dy, such that D contains a (c27%, €)-

approximate cone point, for each k > 0. For v > 2 — 27 /«, we have

E : v k(2—22—
E ]l{D contains a (c22~ %, ¢)-approximate cone point} dlam(D) S 2 ( @ )7
DeDy

and this quantity converge to 0 as k — oo. Therefore, dimy(M («, &, ) N Cube) < 7 almost surely,
and we conclude taking the limit v\, 2 — 27/a. [
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Figure 2.1: Nested balls around z(D) and a point in D. A Brownian trajectory is drawn in the event

where D contains a (27, ¢)-approximate cone point.

We are now ready to prove the upper bound of Theorem [2.7]

Proof of the upper bound in Theorem . Let 2z € R? be an a-cone point and u > 0, and let ¢ € (0,1)
be such that z = B(t). Then, there exists rational numbers ¢, &, e > 0 such that

B([q,t]) C B(t) + Cla+ u, €] and B([t, S (z)]) C B(t) + Cla + u, &].

If « € [0,7), we can pick u > 0 such that a + © < 7 and we already shown in Lemma that
these points do not exist, so there are no a-cone points. If « € [, 27), by the previous argument we
have covered the set of a-cone points with a countable union of (9, £)-approximate cone points. By
the countable stability of the Hausdorff dimension and Lemma [2.12] it follows that the Hausdorff
dimension of the a-cone points is at most 2 — 27/(a 4+ u). We conclude by taking the limit u N\ 0.

2.2.4 Lower bound

The proof of the lower bound requires an auxilliary theorem regarding the Hausdorff dimension
of a certain type of random set, often called limsup fractal, that is constructed as follows. Let

{Z(I) : I € D} be a collection of random variables with values in {0,1} and let

A= U L (2.5)

We have the following theorem regarding the Hausdorff dimension of A.
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Theorem 2.13. Suppose that there exists v > 0 such that the following conditions hold:
1. ForalllI,J €D, 1CJand Z(I) =1 imply Z(J) = 1.
2. For all I € D, E[Z(I)] < diam([)".
3. Forallk e N and I,J € Dy with d(I,J) > 0, E[Z(I)Z(J)] < diam(I)*d(I,J)™".
Then, for all X\ >~ and A C Cube with H*(A) > 0, there exists p > 0 such that
P(dimg(ANA) > A —7v) >p.

Proof. We fix A > v and A C Cube with H*(A) > 0. We will show that for some p > 0, the prob-
ability that there exists a probability measure p with finite S-energy for all § € (0, \—+) is at least p.

By Theorem [2.4] there exists a probability measure v supported on A such that v(D) < diam(D)*.
For each n € N, let A,, :=|J pep, I and define the measure
Z(I)=1

pn(B) =2"v(BNA,).

We will do a first and second moment estimate, as well as the estimate for the S-energy of p,.

First moment estimate. Observe that P(Z(I) = 1) = E[Z(I)] and diam(I) = d'/?2™" for each I € D,
and n € N. Then, for all n € N we have

Elpin(An)] = 2" Y v(DP(Z(I) = 1) 22" Y v(I)diam(I)” 227" Y v(1)27™ 2 1.

I1€Dy, 1€D, 1€D,

Second moment estimate. For all n € N, we have

Elpa(A)) = 2% 37 E[Z(1) Z(D)()n(J).

1,JED,

Now we separate the sum in the pairs I,J € D, such that d(I,J) = 0 and d(/,J) > 0. Using
Z(J) <1 and the property of v, the first sum can be bounded as

22 Y EZ(DZ(Dv(Dp(d) S 22027 Y BIZ(Dv(I) $2"07Y S 1,

1,JED, 1,J€D,
d(1,J)=0 d(1,J)=0

since ¥ — A < 0. For the second sum, we use the hypothesis to bound this term as

2 SR ZN ) S S AL )T v() < / / & — 4| v (dz)w(dy),
205 e
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where we used that for I, J € D,, such that d(I,J) >0, |z —y| S d(I,J) forallz € [ and y € J. To
bound the last integral, note that for all » > 0,

| e—vtan - [ T Uy € Blar): Jr— g7 > s})ds
B(z,r) 0

-

oo
< / s Mrds + A7 < .
r—

[ 1z =swnpan < [ L) 51

Energy estimate. For all n € N, we have

BlLs(u)] =27 30 BZZ) [[ o= sl vidmay).

I,JED,

< / V(B sV ds + /O " (B r)ds

Therefore,

Again, we separate the sum in the pairs I, J such that d(I,J) = 0 and d(I,J) > 0. For the first

sum, we have

S0 BANZO) [[ - e dam) s 20 Z [ 1=l ().

1,J€D, 1 JED
d(1,J)=0

Just as shown before, we have that
[ [ 1o = vvtantan) S 2000w,
1JJ

so that the first sum is bounded up to positive constants by 2"(v=**5) which is less than 1 since

v — A+ B < 0. For the second sum,

2 3" E //Mp;—m P(de)v(dy) S Y d(I,T)” //|x—y|ﬁ (dz)v(dy).

1,JED, 1,JED,
d(1,J)>0 d(1,J)=0

Using that for I, J € D,, such that d(I,J) > 0 we have d(I,J) " S|z —y| Y forallz € [ and y € J,

we can bound the previous term by

/ lz — y|~ P (dz)v(dy).

Since v + # < A, this integral is finite.

As a result of the previous estimates, we see that there exists constants ¢y, ¢a, c3 > 0 such that for all

n €N, Elu,(A,)] > c1, E[un(An)?] < ¢z and E[I5(p,)] < 3. By Paley-Zigmund inequality, we have

B(itn(An) > e1/2) > Plun(Ar) > Elun(A,)]/2) > Elin(An)

> B > I
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Define p := ¢?/(8¢3). Combining with the 3-energy estimate and using Markov’s inequality, we can

find ¢ = ¢(B,p) > 0 sufficiently large so that

E[lﬁ (/Ln)] e
14

This gives that for all n € N, P(Ig(u,) < ¢ and p,(A,) > ¢1) > p, and therefore

P(limsup{Zs(p,) < € and p,(A,) > ¢1/2}) > p.

In the event limsup{lz(u,) < ¢ and p,(A,) > ¢1} we can pick a subsequence of p,, converging to
some p. Such pu is supported by A, satisfies p(Cube) > ¢;/2 and has finite S-energy, concluding the
proof. ]

We will use the previous theorem with a family {Z(I) : I € D} related to the Brownian cone points
defined as follows. Let Cube = zy + [0,1]*> C C[a/2,0] and R > 2 sufficiently large such that
Cube C B(0,R/2). For all k € N, define

Note that r, \y R — 1 > R/2. For each k € N and I € Dy, denote by z the center of I and define

2(0) 1, if zis a (27%,r)-approximate cone point with £ = T,

0, otherwise.
Lemma 2.14. The family {Z(I) : I € D} satisfies the hypothesis of Theorem [2.13 with v = 27 /cx.

We refer to lemmas 10.46 and 10.47 in |17] for the proof. We are now ready to prove the lower bound
in Theorem 2.7

Proof of the upper bound in Theorem [2.7. We will find a subset of the a-cone points with Hausdorff
dimension larger that 2—27 /. The limsup fractal A obtained by (2.5)) with the family {Z(I) : I € D}

defined above satisfies by continuity of the Brownian motion,
AC A= {W(0) : W((0,1)) S W)+ Clov.&] and W([t, Sgjo(W (1)) € W (1) + Clov, €]}

By Theorem [2.13] dimy(A) > 2 — 27/a with positive probability. Let 4,7 > 0. Define the sequence
of stopping times (7,56)) ren by 7'(56) =0, and

(9)
7 = ST (B(rY)), for all k € N,

T

Define n = R/(2r) For all § > 0 and k € N, define

AL =B :n” <t <o and (R, SPWE)]) € W(t) + Cla, €]}

nr
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Then, we have

Acl Ay

keN

Let 8 < 2—2m/a. By the Markov property, the events {dimH(Al(j)) > [} have all the same probability
p¥ . which is strictly positive since otherwise it contradicts the lower bound of the dimension of A.

In particular, with probability at least p(® it holds that
dimu ({W(t) : 0 < t < S(0) and W ([0, SE (W (£))]) € W(t) + Cla, £]}) > B.

By scaling, this event does not depend on 7 > 0 and neither p(®. Therefore, by Kolmogorov’s 0-1
law we have p® = 1 and by taking 8 2 — 27/« we have almost surely that

dimp({W(t) : 0 <t < S5”(0) and W ([0, SY(B(t))]) € W(t) + Cla,€]}) > 2 — %ﬂ

Finally, for each ¢ € (0, 1), we can find 4,7 > 0 such that Séo)(O) < 1 and S,(,t)(W(t)) for all t € [0, 1]
with probability 1 — e. It follows that with probability at least 1 — ¢,

dimi({IV(£) 0 < ¢ < 1and W((0, 1)) € W(H) + Clov €}) > 2~ 27,

so that if we take € 0, the previous event holds almost surely. Such set is contained in the set of

a-cone points, concluding the proof.
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Chapter 3
Hausdorft dimension of geodesic stars

In this chapter, we present the techniques applied to the Brownian sphere in order to study the so-
called geodesic m-stars, specifically its Hausdorff dimension. The lower bound technique will be the
one developed by Le Gall in [7], based on first and second moment estimates for an approximation
of the geodesic m-stars. The upper bound technique will be the one developed by Miller and Qian
in [15], based on the direct computation of the Hausdorff measure of the geodesic m-stars, for which

fine estimates on the probability of the existence of m-stars are required.

Let us formally define what is a (geodesic) m-star in a metric space.

Definition 3.1. Let (E,d) be a metric space. A point x € E is called (geodesic) m-star if m

disjoint (except at x) geodesics emerge from x.

In the Brownian sphere, the existence of m-stars for m € {1,2} is clear from the fact that it is a
geodesic space and that any point lying in a geodesic is a 2-star. The existence of 3-stars can be seen
from the fact that two different geodesics from typical points towards xy coalesce before reaching
xq (recall Proposition , and the point where they coalesce is a 3-star. The existence of 4-stars
has not been established explicitly before, but we will see that this set has Hausdorff dimension 1,
implying its existence. The existence of 5-stars remains unknown, but according to the theorem that

we will present, their Hausdorff dimension is 0 in any case.

The theorem that we are referring to, which is the main result of this chapter, is the following.

Theorem 3.2 (Le Gall, Miller & Qian). For all integers m > 1, let &,, be the set of geodesic m-stars

of the Brownian sphere.
o Ifme{1,2,3,4,5}, dimy(®,,) =5—m a.s.

e [fm >0, the set &, is a.s. empty.
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3.1 Lower bound

The lower bound for dimy(®,,) in Theorem is the consequence of first and second moment
estimates for measures supported in an approximation of the geodesic stars. To prove these estimates,
the main tool is a spatial Markov property of the Brownian sphere, identifying the law of a hull and
its complement, conditionally on the boundary. Then, standard techniques as the ones described for
the lower bound of the Brownian cone points can be implemented to conclude the result. From now

on, we present the proof of the following result.
Theorem 3.3. If m € {1,2,3,4}, dimg(&,,) > 5 —m a.s.

Note that ; = m,, since the Brownian sphere is a geodesic space. Considering that dimp(me,) = 4
(see [§]), Theorem [3.3 holds trivially in the case m = 1. Therefore, we will exclude m = 1 from the

proof of the lower bound for convenience.

3.1.1 First moment estimate

In this section, we state and present the main ingredients of the first moment estimate proved by Le
Gall in [7]. The proofs strongly depend on the symmetries, the spatial Markov property, the slices
defined in Section and the explicit formulas for the moments of the volume of balls and exit
measures in the Brownian sphere. However, due to its technicalities, we refer to the original reference

for the full proofs.

Slices in hulls

We start with some lemmas relating hulls and slices defined in sections [1.3.3| and [1.3.4] respectively.

These results are the toolbox for the first moment estimate, see Proposition [3.9] Specifically, these
lemmas collect information about hulls containing an approximated geodesic star, and this informa-

tion is enough to obtain a first moment estimate, after an application of the Markov property.

We start with the following result, that can be deduced from the fact that " and " are, except at
their endpoints, disjoint curves, as claimed in Section (1.3.4). In particular, the sequence (0y)ren
appearing here will be used to argue that a sequence of measures supported on the approximated

geodesic stars converge weakly to a measure on actual geodesic stars, see Proposition [3.12]

Lemma 3.4 (Lemma 10 in [7]). Let € € (0,1/4). There exists a deterministic sequence (3g)ren Such
that for all h € [1 — ¢, 1], the probability under No(-|W, = —h) of the event where

s,t6[1—2i£1,f1—2*k*3} D(+/(5),7"(t)) > 6, for all k > 1 such that 27%* > ¢,

is at least 9/10.
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Now, we implement the machinery of the slices to obtain fine estimates on the distances between
disjoint geodesics towards a geodesic star. For z,e > 0 and m € {1,2,3}, let us consider the event
where at least m snakes in the hull §, , (recall its definition from Section have a global minima
strictly below of —1 + €, namely,

ET ={#{iel: W, (w)<—-14+¢c}>m}. (3.1)

By construction of the hull, P(E”) is the probability of a Poisson random variable to be larger than
m, with parameter given by
3
/ dt © No(dw N {W, > —1}) = 2No(—1 < Wi < —1 +£) = 22((1 — )2 — 1),
[0,2] X {wESo: W (w)<—1+<} 2
where we used Proposition for the distribution of W,. Let us now argue in the event E™. Let

i1y .., im € I be the indices such that W, (w;) < —1 + ¢ and recall the notation ¢; = ((w;). Set
Rj = HH<T(€1]))7 for ] S {17 ce 7m}7 and RO = HH(T(C*»

If there are more than m such indices, we keep those giving the smallest values of ¢;. For each
j€{1,...,m}, let S; be the slice obtained from 7 ((;,), and let Sy be the slice obtained from 7((.),
as in the Section [1.3.4] Let us see that R; is identified with S; for j € {1,...,m}. Note that this is

false for j = 0, as we shall comment.

Lemma 3.5. For all a,b € T((,), Du(a,b) = 0 if, and only if D(a,b) = 0. Here, D stands for the

distance in the slice Sy.

Proof. Let a,b € T((;,) and suppose that 15(a, b) = 0. Then, there exists s,t € [0, 0(w;, )] such that
s <t, pg, (s) =a, pg (t) =band
W(wiy) = Wi(wi,) = min W, (wi,)- (3.2)
re|s,t

If [ur, uy +0(w;, )] C [0, ] is the interval where the cyclic exploration (&;),cpx) of H explores T(¢;, ),
then [a,blg C {&€u4r 1 s <1 <t} since [a,b]g is defined s and ¢ as before with the requirement that
[s,t] is as small as possible. Therefore, min,¢[sy W, (wiy) < mineeppyy Ac so that (3.2)) is equivalent
to

Ay =Ay= min A, (3.3)

c€la,blu

which means Dg(a,b) = 0. On the other hand, suppose Dg(a,b) = 0 and assume without loss
of generality that (3.3)) holds. Note that this is possible only if [a,b]lg € T((;,), since otherwise
b. € [a,b]lm and (3.3) falls down. Again, since [a,b]g is defined with the requirement that the
corresponding interval in [0, X] is the smallest possible, we have that
min A. = max { min W, (w;,) : s,¢ € [0,0(w;, )] such that P, (8) = a,p, (t) = b} )

c€[a,blp re(s,t]

so that for the optimal choice of s and ¢, we see that (3.3]) holds. O]
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The conclusion of Lemma [3.5|is that R, is identified as a set with Sy, since the equivalence relation
used to define them identify the same points. This result remains true for any j € {2,...,m}.

Moreover, note that for all a,b € T(;,),
DH(G, b) < 5((17 b)a (34)

which can be seen by definition, recall (.14) and ([.17). Since (R;, Dy) and (S;, D) are compact
metric spaces, ([3.4)) implies that they are homeomorphic.

Consider the geodesics 4" and " defined in and (L.20), respectively, corresponding to Si.
Defining I := +/([0,1]) and I'” := 4”([0,1]), we see that IV UT” is identified with the topological
boundary of Ry. In fact, a point in a € T((;,) is identified with a point in H \ 7(¢;,) if, and only
if a € I UTI”. Using this fact, we will further denote I' = 9,R; and I'” = 0,R4, and call them
left and right boundaries of Ry, respectively. The sets 9;R; and 0,R; are defined analogously for
j €42,...,m}. Finally, define Int(R;) = Ry \ (I"UT").

The next lemma states that the length of any continuous path that crosses R; from I to I and
coincides with 7/ and " the rest of the times, is the same for Dy and D. We refer to the original

reference for a proof.
Lemma 3.6 (Lemma 11 in [7]). Let ¢ = (é(t))o<t<1 be a continuous path in Ry satisfying:

(H) There ezists u,v € [0,1] such that u < v, ¢([0,u]) C R4, ¢((u,v)) C Int(Ry) and ¢([v,1]) C
o-Ry.

Then, the length of ¢ with respect to Dy coincides with its length with respect to D.

Now, we combine lemmas [3.4] and to bound the probability of the event where any path
satisfying (H) for a specific choice of u and v depending on k € N, has length at least d.

Lemma 3.7 (Lemmas 12 and 13 in [7]). Let € € (0,1/4) and j € {0,...,m}. The following event,
denoted D™, holds with probability at least 9/10 under P(-|E™). For every integer k > 1 such that
27F=4 > ¢, for every continuous path (¢(t))o<i<1 in R; such that ¢(0) € v'([1 —27%,1 —27%73]) and
d(1) € y"([1 —27%,1 — 27%73)), the length of ¢ (with respect to Dy ) is at least dy.

Proof. The case j = 0 is more delicate and we will justify it later. For j € {1,...,m}, this is a direct
application of Lemma [3.6] Indeed, if ¢ is a path like in the statement of the lemma, then extend ¢
to a path 5 by gluing to ¢(0) the range set 7/([0,t1]) where +'(t;) = ¢(0), and analogously glue to
¢(1) the range set 7" ([t2, 1]) where v"(t5) = ¢(1). Then ¢ satisfies (H) and the length of this path
is bounded below by D(¢(0),¢(1)) > 6. Since the length of ¢ for Dy and D coincide, the result
follows by Lemma [3.6]
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For j = 0, we cannot apply Lemma [3.6] directly. In fact, by confluence of geodesics towards a typical
point in the Brownian sphere, in Sy the range sets 7/([u, v]) and 7" ([u, v]) are disjoint if, and only if
0 <u<wv< py, where pg := sup{—W.(w;) : i € I} (note that pug € [1 —¢,1)). This is the reason
why Ry and Sy are not identified. However, let us introduce slight modifications to the previous

lemmas in order to make the statement valid for j = 0. Namely:

e In Lemma [3.4] suppose that &, < 27575 for all k € N.
e In Lemma [3.6] add to (H) the restriction Dy(¢(t),b,) > ¢ for all ¢ € [0, 1].

Both assumptions do not alter the validity of the cases j € {1,...,m}. However, by adding these
assumptions, we are considering paths that do not visit {z € Ry : Du(x,z,) < ¢} and the proof in

this case is analogous to the cases j € {1,...,m}. O
The last ingredient of the first moment estimate is the following lemma.

Lemma 3.8. Foralle € (0,1/4) and z > 0, define A7 as the event where there exists m+1 geodesics
N0s- - Mm from the boundary of $1 . to b., such that the sets n;([0,1 —¢]) for j € {0,...,m} are

disjoint, and moreover

Du(ni(t),n;(t)) > ok,

for alli,j € {0,...,m} withi < j, for all t € [1 —27%1 1 —27%2] and for all k > 1 such that
27F4 > ¢. Then, there exists a constant ¢ > 0 such that P(A™) > ce™.

Proof. Recall the event ET" defined in (3.1). We have P(ET*) 2 €™ by construction, so that if we
verify P(AT'|ET) > ¢ for some constant ¢ > 0, the claim follows. For each j € {0,...,m} set
B™J := E™N D™ (recall that D™J was defined in Lemma and B" := ('L, B"/. We have that
P((B™)°|E™) < 1/10, so that P(B™|E™) > 1/2. Tt remains to show that B™ C A™. To do so, set

si=inf{s € [0,X]: & =t;,}, sj:=sup{s€[0,5]:& =1}, je{l,...,m},

J J

s :=inf{s € [0,X]: & =U"}, sy :=sup{s€[0,X]:& =U"},

and consider the geodesics 7y, and 7, defined in (1.15) and ([1.16) relative to R;. For j € {1,...,m},

note that vy ([u,v]) and vy([u,v]) are disjoint whenever 0 < u < v < p; := —W.(w;;). Then,
we can see that vy ([0,5]) = O/R; and v ([0, p5]) = O,R; for all j € {0,...,m} (recall that
po = sup{—Wi(w;) : i € I}). Assuming that B[" holds, let us justify that we can take 7; = 7y for
AZ" to hold. In fact, by construction, the sets 7, ([0, 1 —¢]) for j € {0,...,m} are disjoint. Since we
are assuming that D™ holds for all j € {0,...,m}, for all integers k > 1 such that 27%~* > ¢, the
length of any continuous path starting from 7 ([1 —27% 1-27%73]) ending in Vs ([1 —27F 1-27F73))
and staying in R, is bounded below by ;. This implies that

Dy (’75; (t)v 'Vs;. (t)) > O,
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for any different 7,5 € {0,...,m}, for all t € [1 —27%1 1 —27%72] and for all k¥ > 1 such that
27%=4 > ¢. This comes from the fact that for any different i,j € {0,...,m}, a path starting from
O/R,; and reaching J;R; that stays away from b,, always hits the 0,R; or 0,R; by planarity. Then,
Lemma implies that the distance between these left boundaries is bounded below by d;, hence
the desired bound holds. This concludes the proof. [

Proof of the first moment estimate

We are ready to state and present the proof of the first moment estimate. To do so, fix m € {1,2,3}

and consider the following objects:

e For z,y € my, r > 0 and ¢ € (0,7), define Gg?)(a:,y) as the event where there exists m + 1
geodesics 79,71, - - - , M such that for all j € {0,...,m}, n;(0) € B*¥(x,r), n;(r) = = and the
range sets 7;([0,7 —¢]) for j € {0,...,m} are disjoint.

e Consider the sequence (0 )ren of Lemma . Define G (x,y) as Gt (x,y) with the additional
condition that the geodesics nq, ..., n, must satisfy
D(ni(t),m;(t)) = O,
forallt € [1 —27%11—27%2] k> 1 with 27%* > ¢, and all distinct 7,5 € {0,...,m}.
e Define " (x,y) =1 , and ) (x,y) =1

QY (zy G (zy)”

The first bulllet point defines what we referred to as approzimated geodesics stars.

Proposition 3.9 (Proposition 14 in [7]). There exists a constant ¢ > 0 such that for all e € (0,1/4),

we have

Vol(dz ~m .
No (/ ( )ﬂ{D<x,x*)<2}F§,1)(%x*)) > ce™. (3.5)

g

Proof. By Proposition the left-hand side of (3.5 can be written as

3

Np (1{D(xo,x*)<2}ﬁg(ﬂl) (x*, $0)> = éNB” <1{D(x*,x0)<2}ﬁ;T)(x*a xo)) .

The indicator 1{p(s. e)<2} i a function of my \ B*®0)(z,,1) and fe(fln)(x*,xo) is a function of

B*@0)(z,.1). By Theorem [1.33 we have that

N([)l] <]1{D(x*7x0)<2}ﬁ5(’?)(1‘*,xo)) = NE)” <9(ZW*+1)N([)1] <ﬁ;T)(I*7xO)‘ZW*+1>) ’

where 6(z) is the probability for a free pointed Brownian disk that the distance from the distin-
guished point to the boundary is less than 1, which is bounded below by a positive constant. Since,
B*@0) (g, 1) is distributed as a hull of radius 1 and diameter z under No(-|Zyy, 11 = z), we find that
N} (ﬁE(T) (., xo)‘ZW*H) 2 ™ by Lemma . This completes the proof. O
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3.1.2 Second moment estimate

In this section, we state and present the main ingredients of the second moment estimate proved by
Le Gall in [7]. Propositions and will give both the second moment estimate and the energy
estimate (in the language of Theorem [2.13]) during the construction of a measure supported on &,,.

We keep the notations introduced in the previous section, namely, the functions Fg(,T)(x, Y).

Proposition 3.10 (Lemma 15 in [7]). Let 0 € (0,1). There exists a constant C(5y > 0 such that for
all € € (0,1/8) and every integer k > 1 such that 27% > 2¢,

1
o (5 // Vol(dz) Vol(Ay) L pgegyepa-sz 2o FL (2, x*)Fil)(y,st) < Qg2 M) 2m,

Sketch of proof. This proof is quite technical and we will briefly present only the arguments concern-
ing the application of symmetries and the spatial Markov property of the Brownian sphere. Let us

proceed in steps.

Step 1: Rewriting the left-hand side. Write I'c (74, 2,y) = Lip(y)cip-rt2o-krs Fei (T, ) FL1(y, 74).

Using Proposition [1.18] we can write the left-hand side as

< // Vol(dz) Vol( dy)F k(@ T, y)) =N (/ Vol(dz)I‘&k(z,x*,xo)) Ask + Aek,

where A;k is obtained by restricting the integral to C;*;*°, which was introduced in (L.21]).

Step 2.1: First estimates of AL, . Observe that

Fs,k(za Ly *TO) = ]I{D(x*,x0)€[2—k+2,2—k+3]}F8,1 (1’*7 Z)Fs,l(x(h Z)'

By definition, we have

Next, observe that z ¢ B*@)(x,,27%) implies that z and z are in the same connected component of
B(z.,27%)¢. Similarly, 2 ¢ B*@)(z0,27%) implies that z and x, are in the same connected component
of B(wg,27%). Therefore, if z ¢ B*@0)(z,,27%) N B*@)(x4,27%), it holds that

B'(Z)(:c*, 2*’“) = B'(’”O)(:ﬂ*, Q*k) and B'(Z)(:co, 2*’“) = B'(’”*)(ajo, 2*]“).
Combining with the previous bounds, we obtain

]l{D(z* x0)>2*k}Fa 2*’“(1'*7 Z) < Fa 27k (I'*, ZE()),
]l{D(az* x0)>2" k}F52 k( ) < Fs2 k(l’o,l’*)
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It follows that Al is bounded by

No (]l{D(l“*,w0)€[2_k+2:2_k+3}}F 2= k(.l?*, xO)FE,Z—k(xov .T*) / VOI(dx)FQ—k""‘,l(x*a Z))
Cil)* fl'O

o—k
Step 2.2: First use of Markov property. Observe that F, o« (., o) is a function of B*@0) (g, 27F)
and F. 5« (z9, z.) is the same function applied to B*@+)(z4,27%). On the other hand, the quantity
]l{D(a:*,:co)e[2k+2,2k+3}}/ Vol(dz) Fy-ira 1 (24, 2),

T, T()
C2_k

is a function of Cx*’x (for the precise argument, see [7]). An application of Theorem m gives that

the previous display is equal to

No (1{D(z* ao)e2—F+2 2R3} Pe k(Zy z(f()))%,k(zgfx(f*))/z 0V01(dZ)F2—k+4,1(SC*>Z)> ,
crer

o—k
where ¢, ;(2) is the probability under the distribution of the hull $),-« , that there exists m + 1
geodesics starting at the boundary of .-+, ending at z, disjoint up to the time when they are at

distance € from z. Using the symmetries of m,, again, this can be written as

NO (F2—k+4’1(£13*,1‘0) /Vol(dz)]l{xoecz* z}]l{D(x*, ye[2—k+2 2— k+3]}905k(Z *Igz))gog,k(Z;_i*)O .

Similar to a previous argument, zq € Cy*i implies B**)(z,,27%) = B*0)(z,,27%) and B*®*)(z,27F) =

B*@0)(z,27%). In particular, Z,"; ) = Z;E*,(f()), so that the last display is equal to

No (Fz k4 1(%,:160)%05 k(Zﬂc*(wo )/VOl(dZ)]l{xoeC“ 1 D(rs ) e[ k42,2~ k+3]}80ak(Zz($*))) .

Step 2.3: Second use of the Markov property. Observe that

Pe, k(Z z(ch))/v()l(dz)]l{x ¢B*() (2, 2~k )UB® (@) (2,2~ k)}]l{D(x* z)e[2—k+2 2k +3]} P, k(ZZ(x*))

is a function of B*@0)(z,,27%) and F, x+1, (7., 20) is a function of me, \ B*@0)(z,,2-5+4). An

application of Theorem [1.33| gives that the last display is equal to
NI (N“ <F2 vy (24, T \Z“*,ﬁﬁz) e (2277
X /VOl(dZ)]l{mOGC;*’,f}]l{D(:Jc*,z)e[2*’“+2,2—’“+3}}905,k(ZQZEQI::))>'
Now, using Lemma 16 in |7] gives that A! <« 18 bounded, up to a constant depending only in m, by
Né” <<Z;C*z(io4))m/2905,k(Z;*1(f0)) /VOl(dZ)]l{xoecT* 1D ) el t+2,2-5+3]} Pk ( Zyh ))> :

Step 2.4: Ingredients for the final bound. The last display can be bounded using Cauchy-Schwartz

inequality and the explicit bounds for the volume of balls in m,, and the moments of the exit local

times. We refer to [7] for the computations. The term A2 = can be bounded using similar arguments.

4
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Proposition 3.11 (Lemma 17 in [7]). Let o € (0,4 —m). There exists a constant C,, > 0 such that
for all e € (0,1/2),

1
Ny (5 [ Vol(@oVold)t o< Do) LY <x,x*>) < O™

Proof. Write I'.(x, 2, y) = L{p(ay <3 D(z, y)_aFE(T) (x,z,). Using Proposition |1.18 and conditioning

on {W, < —1}, we can write the left-hand side as

3 m 701
EN([)” (Fa(d)(l'*,l’o)/VOl(dZ)]l{D(:c*,zke}D(-T*,Z) ) .

Note that FS(T) (24, 20) is a function of my \ B*@0)(z,,e) and [ Vol(dz)1{p(s. »)<e}D (24, 2)* is a
function of B‘(”EO)(.Q:*, e). Using Theorem we have that the last display is equal to

3 m o
5N (NO (Fé’l)(x*,xo))zw*+a) / Vol(d2)L(p(e. 2 <e} D (s, 2) )

Again, Lemma 16 in [7] allows us to bound the previous term as

3 m a
30 (200" [ VOl pte < Dl 2.

Let k(¢) be the first integer such that 27 < ¢ and x > 0 such that a — (4 —m) + x < 0. For each
k > k(e), we have

N <(ZW*+E)’”/2 / vol(dz)]1{2_k§D(x*,z)<2_k+l}D(a:*,z)“)
< 2N (Zis)™? VoI(B(z,, 2751)) )

1/2

< 2k NI ((Zy o)™ NG (VOl(B(z,, 2751))
< Cm Rgmz(a7(4fﬁ))k.

Summing over k > k(e) we have

N/ ((ZW )/ / Vol(d2) 1 (e, 2y<c} D (., 2) a> < Chn Z gmole=(i=r)

k=k(e)
< Cm55m2 mk(e Z 2 —(4—k)+m)k
k=k(e)
<Cle*m
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3.1.3 Proof of the lower bound

Using the results of sections [3.1.1] and [3.1.2] we now present the conclusion of the proof of the lower
bound in Theorem [3.2] This is a standard scheme to prove that the Hausdorff dimension is lower
bounded, which was already illustrated in Theorem of the previous chapter. Once the first and

second moment estimates are proved, they give us a way to construct a (random) measure supported

on the set of geodesic stars on an event with positive probability. By identification with the Brownian
plane, a scaling argument and a Blumenthal zero-one law, we can find a subset of the geodesic stars

that has Hausdorfl dimension with the desired lower bound.

From now on, let us fix the following elements:

For all € € (0,1/32), define the measure v. on my, by

ve(dz) = 8_7”?5(’?) (2, ) L{p(z,24)<2} VOl(d).

R™> .= max{D(z,z,) : © € My }.

Let KTO be the measure with density % with respect to Nj.

o N} :=No(- N {R™> > 1}).

Proposition 3.12. Let 6 € (0,4 — m). There exists as, As > 0 and py € (0,1), such that for all
e € (0,1/32), we have

N ({% < (1) < A5} N { / / v.(dz)v(dy) Dz, )~ < A(;}) > o, (3.6)

Consequently, with Ng—measure at least py, there exists a measure vy supported in &, 1 with finite

(4 —m — 0)-energy. In particular, dimy(,,41) > 4 — m with ﬁ?g-measure at least po.

Proof. We will proceed as in the proof of Theorem Fix 0 € (0,4 —m).

First moment estimate. By Proposition [3.9] for some constant ¢ > 0 we have directly that

Ni((ve, 1)) > e (3.7)
Energy estimate. Note that
[[ vtaom @iy oo

<o / / Vol(d) Vol (dy) L yp(egyay F (@, @) F (y, 2.) Dz, y)~ 4=,

where we used that D(z,z.) < 2 and D(y,z.) < 2 imply D(z,y) < 4, and ﬁE(T) < Fg(ql) Let
k(g) be the greatest integer such that 2% > 2. We split the integral above according to the cases
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{27FE+2 < D(x,y) < 4} and {D(z,y) < 27¥E+2} For the first part, we have by Proposition m
that

NG <€2m / / Vol(d) Vol(dy) L 3-sierv2c piagy<ay Foi (2, 2 F2Y (4, 2.) D, y)(4m5)>
k(e)

-t (m [ Vol(@oVoltd) 1o ey oo S ) £ <y,w*>D<x,y>“’"6)>
k=1

k(e)

< Z 2_(_k+2)(4_m_6)N6 <€_2m // VOl(dI)VOI(dy)]l{Qk+2§D(x7y)<2k+3}F€(ZL)(JI,ZE*)FE(ZL)(y,ZE*))
k=1

k(g)

< Z 2(k—2)(4—m—5)0(5/2)2—k(4—m—5/2)
k=1

< 0(6/2)2—2(4—771—5) Z 2—k5/2

For the second part of the integral, since 27%(5)¥2 = 2=(k(&)+1)+3 < 16¢ by definition of k(e), the fact
that FE(J) F(gzl and the trivial bound F 1) < 1, we have by Proposition |3.11| that

X <m [ VOV A -0 L5 ) L <y,x*>D<x,y><“m5)>

<N; (52m // VOl(dx)VOI(dy)1{D(z,y)<165}Fl(ggl(x,x*)D(x,y)(4m5)>

< 0(5)

Joining both parts of the first integral, we have shown that

g ([ vetaomtan Do) =9 <y + Cly = Koo, (33)

Second moment estimate. Analogously, we deduce from (3.8 that

(e %) = 5 ([ vtaoetan) ) < 018 ([[ vaopetannio s 9 < oario, (39)

where we used that D(z,y) < 4 implies D(z,y)* ™ ° < 64.

The end of the argument is analogous to the conclusion of the proof of Theorem [2.13] Using Paley-
Zigmund inequality, (3.7) and . we have that

N : * Rl 1)\ o 1Mty @
A (“’” . zﬁmmle)) 2 << b= zNommaxzn) 2Ny((v..1)?) ~ 1255Kis)
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We take as := ¢/(2Nog(R™* > 1)) and p, = c®/(256K5)). On the other hand, using Markov’s
inequality and (3.8)) we can find As > 0 sufficiently large so that

~ K
NB (// Vs(dx>ye<dy>D(xay>_(4_m_6) > A5> < _A((;) < po,
1

and Ng((ya, 1) < As) > po. These estimates give (3.6)).

For the conclusion, let (g,),en be a decreasing sequence in (0,1/32) converging to zero. By (3.6

applied to each n, we have that

N; ({aa < (e 1) < Ag} { [ @ (@D 0 < A5} infinitely often) > o,

In the latter event, there exists a (random) subsequence of (v, )nen that converges weakly to a mea-
sure vy with finite (4 — m — §)-energy. We will abuse of notation by still denoting (v, )nen such

subsequence.

Let us prove that 14 is supported on &,,,;. Let x € m, belonging to the topological support of 14
and V' an open neighborhood of x. Then, v, (V) > 0 for all n sufficiently large, which implies by
definition of v, that for all n sufficiently large there exists y € V such that ﬁs(;ni (y,x,) = 1. This
means that there are sequences (z,)neny and (€,)nen such that for all n € N, there exists geodesics

77(()"), ..., ending at x, and such that for all 4, j € {0,...,m},

D™ (), 1" (£)) = o, (3.10)

for all t € [1 — 27771 1 —27%72] for all k > 1 such that 27%=% > ¢/ . Up to extracting subsequences,
we can assume that for all j € {1,...,m}, n§") (t) — 7]](0) () uniformly in ¢ € [0, 1], where n{”, ..., n\Y
are geodesics ending at x such that the sets {n](.o)(t) : t € [3/4,1]} are disjoint because of (3.10).
This means that z € &,,,1, concluding that v, is supported on &,,,;. Theorem gives that

dimp(&,,11) >4 —m — § with Ng—measure at least py. O

For all @ > 0, let N({Ja} = No(:|W, = —a). The final step is to justify that the event dimy(®,,1) >
4 —m — ¢ has full Néa}—probabﬂity. To do so, we use an isometric identification with the Brownian

plane and a zero-one law that holds for this structure.

Lemma 3.13 (Lemma 18 in |7]). On the same probability space, we can construct both a Brownian
plane P and a Brownian sphere sampled from Nél}, in such a way that, for all e € (0, 1), there ezists
an event E. where the following holds: If xp is the distinguished point of P and B*(xp,1 —¢) is the
complement of the unbounded connected component of the complement of B(xp,1 — ¢) in P, then
Int(B*®0)(z,,1 — €)) equipped with its intrinsic distance is isometric to Int(B(zp,1 — €)) equipped

with its intrinsic distance.
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The set of geodesic (m+1)-stars that lie in Int(B*@)(z,,1—¢)) has dimension at least 4 —m — ¢ with
positive probability. By Lemma [3.13] the set of geodesic (m + 1)-stars, denoted &,,,1(P), that lie in
Int(B*(xp,1 —¢)) has dimension at least 4 —m — ¢ with (the same) positive probability. By scaling,
for all @ > 0 we have that with positive probability dimpy(®,,+1(P) N Int(B*(zp,a))) > 4 —m — 4,
and therefore, with positive probability it holds that

() {dimp(S41(P) NInt(B*(zp,a))) > 4 —m — 6} .

a>0
Such event belongs to an asymptotic o-field for the Brownian plane. By a Kolmogorov zero-one law,
we conclude that dimy(&,,.1(P)NInt(B*(zp,a))) > 4—m — 0 almost surely. Taking § N\, 0, we have
dimy (&,,11(P) N Int(B*(zp,a))) > 4 — m almost surely. Using a coupling of the Brownian sphere
and the Brownian plane, gives that the same holds for the Brownian sphere, concluding the lower
bound.

3.2 Upper bound

In this section, we present the proof of the upper bound for the Hausdorff dimension of the geodesic
stars as done by Miller and Qian in [15]. To do so, we cover the set of geodesic stars with a set of
balls using Proposition [1.2I] In order to estimate the Hausdorff measure of this covering, we need
the probability for a given ball to actually intersect the set of geodesic stars. This information comes
from a very non-trivial construction concerning geodesics towards a point in the neighborhood of a

given typical point. After applying this result, the upper bound is proved easily.

3.2.1 Exponent for disjoint geodesics towards a point

The upper bound in Theorem is the consequence of an estimate for the probability of the event
where there are m geodesics starting from the boundary of a hull towards a point near a typical
point. From now on, x and y will denote typical points of m,,. We will present the proof of the

following result:

Proposition 3.14. Letr,p > 0 and by € (0,1). Conditionally on D(x,y) > r, let Yy be the boundary
length of B*W)(x, D(x,y) — s) for all s > r, and define

70 :=inf{s > r: Y, = p}.

Define E(e,m,r,p) to be the event where 1y < 0o and there exists z € B(x,€) for which there are m
geodesics starting at 0B*Y) (z, D(z,y) — 7o) and disjoint except at their endpoint equal to z. Then,
for all p € (2%, g=20),

No(E(e,m,r,p)|D(x,y) > ) = O((ep™/2)""1*e0).
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The proof of the previous proposition is quite technical and we aim to describe the main construc-
tions and estimates that yield the result. The basic idea is to identify the geodesics of the event
E(e,m,r, p) with geodesics towards a typical point using strong confluence (recall Proposition .
By succeeding at that, the boundary lengths between geodesics evolve as independent 3/2-stable
CSBP, for which explicit estimates yield the result. However, this identification cannot be done
always, so we need to introduce bad behaved layers where this identification is not possible. The key
fact about these bad layers is that, outside an event with negligible probability, there is a constant

number of them.

From now on, let m € N, 7 > 0, ,by € (0,1) and p € (%0, 72%). Fix a realization of the Brownian
sphere lying in the event E(e,m,r,p), that we will call E for simplicity. Consider the following

objects:
e Let by € (0,1), which will tend to 1 at the end of the proof.
e Let a € (0,(1—b)/6) and ay := a(k +2)/(k + 1) for each k € N.

e For each k > 1, define 7, :=inf{s > 7,1 : Y =Y,

k—1

of Proposition [3.14. Note that Y,, = 27%p for all k¥ > 1 such that 7, < oo.

/2}, where 7y is defined in the statement

o ko :=inf{k € N:27Fp < ¥},
e For each t > 0, L, := 0B*W (x, D(x,y) —1).

Assume that we can select z € B(x,¢) and m geodesics 1y, . . ., n, starting respectively at zq, ..., 2, €

OB*W(z, D(x,y) — 7o) in a measurable way (see [15]). Using this, we introduce further objects:

e For each j € {1,...,m} and t > 0, u; is the closest point to z in n; N L. Analogously, v ; is
the furthest point to 2z in n; N L;.

Note that since ny,...,7n, are geodesics, v, ; (resp. wu;) is the first (resp. last) point of contact
between 7, and L, for each j € {1,...,m} and ¢ > 0.
Construction of bad layers
In this section we define the bad and good layers, which will play a fundamental role in the proof.
Definition 3.15. For each >0, k € {1,...,ko} is called a S-fat layer if

T — Th—1 = 6_52_(k_1)/2p1/2.

Informally, a fat layer is such that the time it takes for the boundary length to drop by a factor of 2
is too long. Note that if 0 < 5; < (33, then any fs-fat layer is a [5;-fat layer (provided that ¢ € (0, 1),

which is the case here).
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Definition 3.16. A layer k € {1,... ko} is called crossing layer if there exists j € {1,...,m}

such that the clockwise and counterclockwise boundary length between u,, ; and v, ; is larger than

g2k p,

Informally, a crossing layer is such that there is some geodesic among 7y, ..., n,, such that the first

and last points of contact with the layer are too far apart.

We need further objects to define the last type of bad layer, for which we will proceed inductively.

Now,

For each j € {1,...,m}, let w;-) be a point sampled uniformly from the boundary interval
centered at z; of length 2e2%p on dB*W (x, D(z,y) — ).

For each j € {1,...,m}, let 7 be the geodesic joining w} with z.

For each j € {1,...,m} and t > 0, let e}, be the intersection point of ) with £, (the

intersection is a unique point in this case).

we will define points w?, ..., w’, for £in a certain subset of {1,...,ky} as follows:

. If k =1 is not a fat and crossing layer, then we have two possibilities:

0
71 7.]'7

0 .
T1,]°

e Forall j € {1,...,m}, v, ; =€) ;, in which case we set wj = ¢

e Otherwise, k = 1 is called a non-merging layer.

. If k = 1is a fat, crossing or non-merging layer, let £ > k+1 = 2 be the first layer that is not fat

and not crossing. For each j € {1,...,m}, do the following construction: Let wy,...,wy € L,
be a minimal collection such that the intervals with centers egm,wl, ...,wy and boundary
length £2%2~¢p cover the set

{we L, Dww)) <7—T1+ g% pl/2},
Set wf as one of the points egm, wy, ..., wy that has boundary length distance at most £2%2~¢p

to vy, ;.

Proceed inductively applying 1 or 2 to the next layer of the last layer ¢ for which the points

wi, ..., wt were successfully defined, by taking into account new geodesics 7%, . ..,~%, joining
wi,...,w to x, respectively. For each j € {1,...,m}, ef,j is the intersection point of fyf with

L. If £+ 1 lies in the case 2 and ¢/ > ¢ + 2 is the first layer that is not fat and crossing, the

set to be covered for each j € {1,...,m} is

{we€ L,, : D(w,wh) < 1 — 10 +%272p!%},

We formalize the definition of non-merging layers using the construction above as follows.
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Definition 3.17. If ¢ € {1,...,ko} is a layer for which the points wt,... w’ were successfully

m

defined, then £ + 1 is a non-merging layer if it is not fat, not crossing and there is some j €

¢
{1,...,m} such that €, ; # vy, ;.

The fat, crossing and non-merging layers are called bad layers, while the rest are called good layers.
Informally, a non-merging layer is a layer where the geodesics towards = coming from the marked

points of the last good layer do not merge with the geodesics towards z.

Estimates for bad layers

Now we estimate the probability of observing each kind of bad layer. These estimates will ensure
that outside and event with negligible probability, the number of each kind of bad layer is of constant

order, something that will be crucial for the conclusion of the proof. Let us start with the fat layers.
Lemma 3.18. For each >0 and k € {1,...,ko} we have
P(k is a B-fat layer) = O(*?).

Proof. Let k € {1,...,ko}. Conditionally on 7;_; < 0o, the process (271 p~1Y});>,, , starts at 1 and
has the same distribution as (Y5--1)/2,1/2)¢>r,_, by scaling for a 3/2-stable CSBP. If T' is extinction
time of a 3/2-stable CSBP started at 1, the probability of survival until time ¢ > 0 is O(t~?) by

(1.12). By the Markov property, we have
P(k is a [-fat layer) = P(2=*V/2p12 (1 — 7 ) > ) = P(T > e77) = O(%).
O

Using the previous lemma, we can easily estimate the probability of observing a set of fat layers. To
do so, let Ko € Nand H = {hy,...,hg,} be such that 1 < hy < -+ < hg, < ko. For > 0, define

the events

F(B,H) :={hi,..., hg, are f-fat layers and the rest are not}, (3.11)
F(5,0) := {There are no (-fat layers}.

Now we use Lemma to estimate the probability of F(3, H).

Proposition 3.19. For > 0 and H as above, we have
P(F(8, H)) = O(*M).
Proof. Direct from the Markov property of the 3/2-stable CSBP and Lemma [3.18| O

Now we estimate the probability of observing a crossing layer, as well as a set of crossing layers.
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Lemma 3.20. For each k € {1,..., ko}, we have
P(k is a crossing layer) = 0(53(1*1’1*6&”0(1))_

Proof. The event of being a crossing layer implies that there is some j € {1,...,m} such that the

boundary length distance between u,, ; and v,, ; is at least £2*27%p. However, note that
€2 D(a:? Z) 2 ’D(u7k7j7 z) - D<u7k7j7$)‘ = ’D(u‘%% Z) - (D(x>y) - Tk)’?

and analogously, |D(v-, ;,%) — (D(z,y) — )| < €. Therefore, as u,, ; and v, ; belong to the same

geodesic, we have
D(“ﬁmj’ UTkJ) = |D(u7'k7j7 z) - D(ka7j7 Z)| < 2e.

Rescaling the distance in B*W (x, D(z,y) — 7_1) \ B*W (2, D(z,y) — 7341) by 2%=Y/2p71/2 Lemma
6.2 of [15] implies that

P(k is a crossing layer) = O((e2(F1/2p=1/2)4/3~daitoll)),
We conclude by noting that 2=*#=Yp > 21 and a;, < 2a. m
Let Ky € Nand I = {iy,...,ik,} be such that 1 <iy < --+ < i, < ko. Define the event
C(I) :={i1,..., ik, are crossing layers and the rest are not}.
Proposition 3.21. For I as above we have
P(ENC(I)) = 0(5%(17b176a)|1|+o(1)>.

Proof. Given I C {1,...,ko}, there are at least |I|/2 layers which are all odd or even. In any of
these cases, the conditional independence between the metric bands and Lemma imply that the
probability of having such quantity of crossing layers is 0(5%(1_1’1_6‘1)'%”(1)), which is the desired

estimate. ]

Now we will prove that we can restrict the required statement of the proof to cases where there are
at most a constant number of fat and crossing layers. We start with the analysis for the fat layers.

From now on, we fix £y := (14 by)(m — 1)/2.

Proposition 3.22. For all p € (521’0,5_%0), we have
P(F(Bo,0)°) = O((gpfl/Z)meou))

Proof. Note that kg = O(e°™). Then,

ko
P(F(Bo,0)°) <> P(k is a fo-fat layer) = O(20F(0) = O (gl Ho)tm=1rell))
k=1

We conclude by noting that g% < p=1/2, O
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For N € N and 8 > 0, define F(3,N) := U|H|>NF(B,H).

Proposition 3.23. Let 3 € (0, 8] and Ny := [m(1 + bo)/(28)]. Then, for all p € (g20, e72%) we

have

P(F (B, No)) = O((ep™ /)"~ 1+oW),

Proof. By union bound,

P(F(8,No)) < > P(F Z krO(e2m).

|H|>Nog n=No+1

Using that kg = O(°))) and the definition of Ny, we have that

ko _ ~(2B+40(1))(ko+No)
S et _ LG5t Not) 1-¢ T Ol m=1) o)
1 — £26+o(1) ’
n=No+1
and we conclude as in the previous proposition. O]

Observe that the two previous propositions allows us to consider an event smaller than F, simplifying
the proof of Proposition [3.14] In fact, for 5 € (0, fy] and Ny as defined previously, we have that

P(E) =P(ENF(8, No)* N F(Bo,0)) + P(E N (F(B, No) U F(Bo,0)"))
= ]P)(E N I(B, N())c N F(ﬁg, @)) + O((gp_l/Q)m—l-‘ro(l)).

Note that by definition (3.11)), for all H with |H| > Ny we have
F(B8,No)* € F(8,H)* = JF(B,(H\ Hy) U Hy),

where the union is taken over all Hy C H, Hy C {1,...,ko} \ H such that H; # (), Hy # () and
|(H\ H1)UH,| < Ngy. Note that the number of choices for a set H' C {1,..., ko} such that |H'| < Ny
is at most chvio kp = e°M. Plugging this in the probability computed before, we see that to prove
Proposition it suffices to prove that for all H with |H| < Ny and § € (0, o], we have

P(E N F(8, H) N F(f,0)) = O((ep™ /) 1+00)), (3.12)

We can do an analogous argument to bound the amount of crossing layers, considering the following

proposition. Define C(I) := Uy, C(I).
Proposition 3.24. Let Ny := [2m(1 +by)/(1 — by — 6a)]. Then, for all p € (£®,e7%0) we have

P(ENC(I) = O((ep™ /2" 1+e),
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Proof. By union bound,

ko ko
P(ENC(I)) < Z P(ENC(I)) < Z O3 (1-b1=6a)+o()ny
|I|>N1 n=N1+1

= O(E%(lflnfGa)NﬁrO(l)) — O(E(lero)(mfl)Jro(l)).
[l

Arguing the same way as for the fat layers, we have that to prove (3.12) it suffices to prove that for
all H and I as above with |H| < Ny and |[I| < N; and 8 € (0, S,

P(ENF(8,H)NF(B,0) NC(I)) = O((ep™/?)m=Ho), (3.13)

The estimates for non-merging layers require further developments, so we postpone its analysis. By
the moment, let us introduce the following event. Let K3 € N and J = {ji,...,jk,} be such that
1 <1 <+ <Jg, < ko. Define

N(J) :={ji1,-..,JK, are non-merging layers and the rest are not}.

Definition of a Markovian exploration

In this section we define an exploration from L., towards the root x as done with the points (wf).
However, recall that the points (wf) do not define a Markovian exploration since they are defined
using geodesics towards z. To do this, the exploration process in a given layer will depend only in

the randomness of the previous layer and independent and uniform choices of the children.

Let K € Nand S = {s1,...,8k,Sks1} be such that 1 = 51 < -+ < sg < Sg41 = ko. We define

points z;, with J a vector of integers, for all the layers in .S as follows:

1. Let 29, ...,20 € L, beiid sampled uniformly according to the boundary measure, and consider

them as counterclockwise ordered.

2. Foreach j € {1,...,m}, let ., be the unique geodesic from z; to x and let zjo be the intersection
point of ., with L, . Conditionally on F,, let zj1, ..., zjy € L, be a minimal collection chosen
independently of B*¥(z, D(z,y) — 75, ) such that the intervals with centers zjo, 2;1, - - . , 2;5 and

boundary length £2%127%1p cover the set

{we L., :D(w,z) <1y —19+"p" %}

Tsq

3. Proceed inductively applying 2 until the points z;, with J a vector of integers, are successfully

defined for all the layers in S. We remark that the set to be covered at step n is of the form
{w € £7—sn : D(w’ ZJ) S Tsn - TSnfl + ga‘sn2_8"/2p1/2}’

for all J vector of integers obtained in the step n — 1.

61



At each step, each point defined in a layer s,, give origin to a set of points in the next layer s, that

we call children.
Definition 3.25. We define points (z") forn € {1,...,K} and j € {1,...,m} as follows:
1. Forall j € {1,...,m}, set x}° = z;.

2. Inductively, for alln € {1,...,K} and 7 € {1,...,m}, let xj”“ be sampled uniformly and

independently of everything else from the set of children of x3".

The points (23") constitute the Markovian exploration. Now, we aim to restrict ourselves to an event
where the amount of children of (2;) (and therefore, the possibilities for (z}")) is bounded, as done
with the number of fat and crossing layers. The following estimate is a direct consequence of Lemma
4.8 in [15].

Proposition 3.26. Let H C {1,...,ko} be such that |H| < Ny. Let J be a vector of integers such
that zy is defined in the layer L., for some n € {1,...,K}. For each integer C' > 1, we have

P(F(By,0) N F(B,H) N {zs has at most C' children}) = O(g'C D @mn=sn 1) =5, =fotoll)y,
For each n € {1,..., K}, let C, = [((1 + bo)m + 2a + Bo)/(as,., — as,)] + 1 and define the event
¢ = {forallne{l,...,K} and J € N", z; has at most C,, children}.

Repeating the exact same argument done the fat and crossing layers after propositions and
[3.24] we can use the previous estimate to show that, it is enough to prove that for all H, I and J as
considered for each type of bad layer with |H| < Ny and |I] < Ny, we have

P(ENF(B,H)N F(By, D) NC(I)NE) = O((ep~/2)m=1+el))y, (3.14)

Coupling of the Markovian exploration

Let H ={hy,...,hg,}, I ={i1,...,ix, } and J = {j1,...,JK,} be subsets of {1,...,ko} labeled in

increasing order such that the following conditions hold:
(i) (HUIl)nJ=10.
(ii)) Foralln € {1,..., Ko}, hp +1 ¢ J.
(ii) Forallm e {1,..., K1}, i, + 1 & J.

(iv) For alln € {1,..., Ka}, jn+ 1 < jnt1.
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The first condition is the fact that we define the non-merging layers to be neither fat or crossing.
The second, third and fourth condition is the fact that if k is a fat, crossing or non-merging layer,
then the next non-merging layer comes after the first good layer after m, which has index at least
m + 2. For such H, I and J, define the event

B(H,I,J)=ENF(B,0)NF(BH)NCI)NN(J).
Note that for given H and I as above,
E N F(6y,0) 0 F(8,H)n C(1) € | J B(H.1,J),
where the union is taken over all J satisfying the previous conditions. Define

S={ke{l,....k}\(HUIUJ): k+1le HUIUJork—1€ HUIUJ},
Sy ={ke{l,...k}\(HUIUJ):k+1e€ HUIUJ},
S_ =8\ 954.

Write S = {s1,...,SKk,Skgy1} With 0 = s < 51 < -+ < sg < Sg11 = ko. We will show that we will
show that the Markovian exploration process can be coupled with the points defined (wy ;) for the
good layers. Proceed as follows assuming that the event B(H, I, .J) N% holds:

1. Recall that the points x? with j € {1,...,m} are iid sampled uniformly according to the

boundary length measure. In particular, the event where for all j € {1,...,m}, x; has

2a0

boundary distance at most 2% p has probability (2¢2?)™. Conditionally on this event, we can

0_ .0 :
choose 7§ = wj for all j € {1,...,m}.

2. Inductively, assume that we have chosen z7" = wi" for all j € {1,...,m} for some n €
{1,...,K}. Then,

(a) If s, € Sy, then s, is the first good layer after s,,. For all j € {1,...,m}, choose the set
of children of wj™ in L, to be the same as the set of children of z3", and set ;""" = w;""'
for all j € {1,...,m}. The latter event has probability at least L ™.

(b) If s, € S_, then {s,,s, +1,...,s,41} are all good layers and w;”“ = Ur, .. for all
j €{1,...,m}. The probability of choosing ;""" = w;"** for all j € {1,...,m} is again

at least L ™.
Using this coupling, define the event
G(H,I,J):= (=" =w"} N B(H,I1,])N%,

where the intersection is taken over all n € {1,...,K + 1} and 5 € {1,...,m}. The coupling

constructed in 1 and 2 allows us to prove the following useful estimate.
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Proposition 3.27. There is a constant depending only on a, by, By and m such that
P(B(H,1,J)NE€) < O (e 20m W) P(G(H, 1,J)).
Proof. By the construction of the coupling, we have
P(G(H,1,J)|B(H,I,J)NE) > (C,...Cg) ™(220)™,
Note that for all n € {1,..., K}, a,,, — as, = a(m+1)"'(m +2)"! so that
C, < Clog,(e7")?,
where C depends only on a, by, By and m. Then, for sufficiently small ¢,

]P(G<H7 17 J)‘B(H,[, J) N %) > 652a0m+o(1)’

and we conclude by developing the conditional probability. O]

Bounding the non-merging layers

The following proposition gives the (order of the) probability of a given layer to be non-merging.
The proof can be found in the original reference. Such exponent allows us to bound the amount of

non-merging layers, as we did with the fat and crossing layers in propositions and

Proposition 3.28. Let k € {1,...,ko} be such that k+1 € J. Conditionally on Fy, and x7* = wy, j,
the probability that m + 1 is a non-merging layer is O(e*#+o(),

Take = min{a/2, 5p}. As a direct consequence of the previous proposition, we have
P(G(H,1,7)) = O(="),
which implies by Proposition that
P(B(H,I,J)NE) = O 2w0m+3lJltel),

Repeating the exact same argument done the fat and crossing layers after propositions and [3.24]
we can use the previous estimate to show that, if Ny := [2m(ag+ 1+ bg)/a], then to prove it
is enough to prove that for all H, I and J as considered for each type of bad layer with |H| < Ny,
|I| < Ny and |J| < N,, we have

P(B(H,I,J)NE) = O((ep~V/?)m1+ol)), (3.15)
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Conclusion of the proof

Let H, I and J be as in the previous section and such that |H| < Ny, [I| < Ny and |J| < Ny. In

this setting, we will prove the following proposition.
Proposition 3.29. P(B(H,1,.J)) = O((ep~/2)m~—1+e(1),
Note that this implies (3.15]), so this ends the proof of Proposition m

Proof. Consider the set S_ as defined in the previous section and fix n € {1,...,K}. By con-
struction, for each s, € S_, all the layers in {s,,...,s,11} are good layers and the geodesic V"
from w;" to x merge with the geodesic n; from z; to z in the layer s, + 1. Therefore, the geodesics
Ns,; for j € {1,...,m} are disjoint in the metric band B*¥)(z, D(z,y)—75,)\ B*® (z, D(x,y)—Ts,.,)-

For each j € {1,...,m} and t > 0, let

Sn

Tantt,j 1O

Sn7j — 3 Sn
Z,"’ = counterclockwise boundary length from e €rt it it

where we take the convention e |, .1 = €" ;. Then, the processes Zsml L Z5™ evolve as

independent 3/2-stable CSBP. Using this, define the event
A, := {None of the processes Z°*', ..., Z*»™ hit 0 before 7;,,, — 7, }.
By construction, we have
BH.I,J)C (] A
Finally, noting that P(A,,) < 9= 3(sn+1=8n)(m=1) using the independence of the m independent stable

CSBPs and [1.12] we have by conditional independence of the bands that

P(B(Ha I, J)) ,S H 2_%(8771"'1_571)(777/—1)‘

ne{l,...,K}
SpES_

Note that

D (Sne1— 8n) = ko — 2(No + Ny + Na) > logy (e p) — 2(No + Ny + N,

ne{l,...,K}

SpES_

so we have
P(B(H,1,7)) = O((e"p~1?)" ).

Since b; can be made arbitrarily close to 1, this ends the proof. O]
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3.2.2 Proof of the upper bound

We are ready to prove the upper bound in Theorem [3.2] In fact, it follows rapidly by bounding the
Hausdorff measure of a well chosen covering of the geodesic m-stars, where Proposition plays a

fundamental role in the involved exponents.
Theorem 3.30.
e [fme{1,2,3,4,5}, dimy(®,,) <5—m a.s.
e [fm >0, the set &, is a.s. emply.

Proof. Fix a, M > 0. It suffices to prove for diam(m,,) < M. By propositions and [1.23] there
exists ro > 0 such that for all r € (0,79) and z € m, if U, , denotes the connected component with
the largest diameter of m., \ B(z,7), then diam(U,,) > diam(m)/2 and Vol(U,,) > Vol(m.,)/2.

For each m € (0,79), let &,,, be the set of points z such that there are m disjoint geodesics emerging

from z towards 0B*™)(z,r1), where w is any point in U, . It follows that

Noting that &,, , is decreasing as set in the parameter r, so that we can see the previous union as a
countable union. By countable stability of the Hausdorff dimension (Proposition [2.2)), it suffices to
show that for all r € (0,7¢), dimg(&,,,) <5 —m.

Let b > 0 and set N, = e™*"* and M. = 7. Let (z;);eny and (y;);en be iid points sampled according
to Vol(+). Then, by Proposition [1.21} there is some (random) €3 > 0 such that if ¢ € (0, &¢),

N M.
m,, C UB(:L‘Z-,S), and m,, C U B(y;, diam(m,,)/10).

i=1 =1
The goal now is to estimate the probability that the i-th ball of the first covering has a non-empty
intersection with &,,,. Choose ¢’ € (0,7r1/2) and let € € (0,9 A €’). Define

Lnm ={i€{l,...,N.}: &,,,, N B(x;,¢e) #0}.

Observe that if ¢ € I.,,,, and z € &,,,, N B(x;,¢), then there exists j € {1,..., M.} such that
y; € U,,y and D(z,y;) > diam(ms)/4. Moreover, there are m geodesics starting at z towards
OB*Wi) (z;,71/2). If we set t, = nr /4 forn € {1,...,|4M/r;|}, Lemma 7.2 in [15] tells us that the

following event holds outside an event with negligible probability:

[4M /1]
E(x;,y;) = U (E(g,m, ty,e**) N {diam(m) < M} N {D(z;, y;) > t,}).

n=1
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where F(g,m,t,,%) is the event of Proposition |3.14, We also have that

M.

{i € Ly} N{diam(m.) < M} C | ] E(zi,y)),

j=1
By union bound, we see that
No ({7 € L. jr, } N {diam(my) < M})

M. |4M/r1]
<> ) Ny (E(e,m, e, ) N {diam(mae) < M} N {D(x;,y;) > t,})
j=1 =1

M, L4M/T1

J
S Z Z NO (E(€, m,tn, €2a)|D(l‘i, yj) > tn) No(D(I“ yj) > tn)
j=1 n=1

< €—b+(m—1)(1—a)+o(1) .

~

Since a > 0 was arbitrary, this shows that Ng ({i € I. ., } N {diam(m,,) < M}) = O(e~v+m—1+o)),

We use this to compute the a-value of the covering I, ,, ,, of the set &,,,. We have that

No | Y diam(B(z;,2))*Liecegy Ldiammo)<ary | S ¥ 277500,

Assume that o > 5 — m and that b is sufficiently small so that the resulting exponent is positive.
This gives that the above quantity goes to zero as ¢ — 0, proving that dimy(®,,,) < 5 — m for
m < 5. On the other hand, if m > 6 and a <5 — m,

No({ﬁm’r ?é @} N {6 < 80} N {d1am(moo) S M})

Ne

<> No({i € Ly } N {e < 20} N {diam(m,) < M})
i=1

< €—Qb+m—5+o(1).

If we take b € (0,1/2), the exponent is positive and this quantity goes to zero as ¢ — 0. This
completes the proof of Theorem [3.30] n
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Chapter 4
Stable geometry

At the beginning of Chapter 1, we claimed that the Brownian map appears as the scaling limit of
uniform random planar maps with small faces. The latter restriction can be weakened to consider
models of planar maps with large faces. In this case, a different limit space appears, which is called
a-stable gasket or carpet, depending on the value of a € (1,2). The canonical way of doing this is to
consider a model of bipartite planar maps where the weight sequence is in the domain of attraction
of a stable law [3]. This gives raise to the so-called stable geometry, which is the stable version of

the Brownian geometry presented in Chapter 1.

4.1 Construction

Again we focus on the construction of the a-stable geometry as a continuum object, rather than its

emergence as scaling limit of planar maps. For a complete presentation of this, we refer to [3].

The stable geometry is a construction where the building blocks are Lévy excursions and Gaussian
processes, unlike Brownian geometry where we use only Brownian excursions and Gaussian pro-
cesses. In this sense, the Brownian geometry is a particular case of the stable geometry. However,
the mathematical treatment of the latter is sometimes very different from the Brownian setting, as

we shall remark.

The natural space for Lévy processes is D(R, R), the space of cadlag functions. On D(R,,R), we
consider the canonical process X = (X;);>0 and endow D(R,,R) with different measures that will

define the distribution of X. Namely:

e For each v > 0, we let N be the measure on D(R;,R) under which X is a normalized
excursion with lifetime v of an a-stable Lévy process with no-negative jumps and Laplace
exponent A — A\* (see the Interlude in Section (1.2.4)).
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e We let N to be the excursion measure, which can be defined by the disintegration formula

dv

1—1)11%“’
«

N(A) := /OOO N(”)(A)ar(

for each measurable subset of A. Informally, a sample of the excursion measure is composed of

lifetime o with distribution v — 1/(al'(1 — é)véﬂ) and a Lévy excursion sampled from N,

Now we construct the stable geometry. Fix o € (1,2) and endow D(R,,R) with N. Denote the
lifetime of X by o = sup{t > 0: X; > 0}. Let us introduce further notation. For s,t € [0, o],

[ ] Set At = Xt — th and Is,t = inf[sﬂ X.

o Write s x tif s <t and I, > X,_. In such case, we say that s is an ancestor of t. If both

inequalities are strict, we say that s is a strict ancestor of t.
e For s ancestor of ¢, define z,;, = I, — X,_.

e s At:=sup{r < sAt:r =< sandr <t} is the most recent ancestor of s and ¢ (well-defined

since < is a partial order on [0, 0]).
e Set Branch(s,t) :=={r € [0,0]:s At <r<stU{re(0,1]:s At <r <t}U{s,t}.

Similarly to the construction of real trees, we now identify times in [0, ¢]| using the excursion X.
However, the jumps of X make this a bit more complicated, but still possible in the following way.
In fact, it is easier to introduce the equivalence relation first, rather than the metric, on which we

will not comment. Define the equivalence relation ~ on [0, ¢] to be such that for all s,t € [0, o],
s~t lf, and Ol’lly if Is/\t,s\/t = X(s/\t)— = Xth-

The equivalence relation ~ is in fact induced by a pseudo-distance d on [0, o], that we are not intro-
ducing here (see |3]). We then consider the quotient space £, := [0, 0]/ ~ with the metric induced by
d. Topologically, this space is not a real tree in the sense of Definition [I.1] but a looptree. Informally,
a looptree a concatenation of tangent closed curves (normally drawn as circumferences) that form
the structure of a tree. The equivalence relation ~ is constructed in a way such that each jump of

X corresponds to a loop in the looptree. Better than words, Figure 4.1} is self-explanatory.

Now we assign labels to the looptree in a similar way to the Brownian sphere. To do so, assume
further that there is a probability space (€2, F, P) supporting an iid sequence (b;);eny of Brownian
bridges with lifetime 1, starting and ending at 0, independent of X. Let (¢;);en be a measurable
enumeration of the set of jump times {t € [0,0] : A, > 0}. For each t € [0, 0], define

s
ne ¥ ()
t;

i€ENit; <t
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AN

Figure 4.1: In the first picture, an approximated graph of X and two times s,t € [0, 1]. In the second

picture, the associated looptree drawn at scale. The red dots are the set Branch(s,t).

where the series is proven to converge in L2, and the process t — Z, has a continuous modification
with a.s. (i — ¢)-Holder continuous sample paths, for all € € (0, %), see propositions 5 and 6 in
. We consider such a modification from now on. Similarly to the label process of the Brownian
sphere, the process Z = (Z;)o<t<o, can be seen as indexed by L£,. Equivalently, this process can be
seen as the Gaussian Free Field in £, see Section 3.1 in [3]. The construction of the a-stable gasket
and carpet now continues as we already have seen for the Brownian sphere. Using the convention
[s,t] =1[0,¢] U [s, 1] if t < s, define for all s, € [0, 0],
D:(s,t) == Zs+ Z; — 2max {min Z, min Z} :

[s,t] [t,s]

Consider the D, to be the largest pseudo-distance bounded by D¢, and define S, := [0, 0|\ {D, = 0}
with the distance induced by D, still denoted D,,. Let I1, : [0,0] — S, be the canonical projection
and define the root as p,, := I1,(0). Finally, define the volume measure Vol, on S, as the pushforward

of the Lebesgue measure on [0, o] by Il,.

Definition 4.1. The compact pointed measure metric space (Sa, Do, VOla, pa) is called a-stable
gasket (resp. carpet) if a € (1,3/2) (resp. o € [3/2,2)).
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The terminology changes with the value of a since there is a phase transition for the topology of
(Sas Do), as shown in Section 8 of [3]. For a € [3/2,2), the loops of L, are converted in the holes of
S«, whose boundaries are simple and non-intersecting loops. Furthermore, the topology of (S,, D)
in this phase is that of the Sierpinski carpet. For a € (1,3/2), the boundaries of the holes in S, do

intersect, and it is conjectured that the topology is random in this phase.

The previous facts represent the very first remarkable difference between the stable gasket/carpet
and the Brownian sphere, since the latter is homeomorphic to the 2-dimensional sphere. Another
inmediate consequence of the topology of S, is that there is no notion of exit measures. However, the
holes in S, also facilitate other computations, such as the identification of the equivalence classes of
{D = 0}. There is actually a trade-off in terms of geometric and probabilistic properties associated to

the change from the Brownian geometry to the stable geometry, that the reader is invited to reflect on.

The construction of (S, Dy, Voly, po) is the same when D(R,, R) is endowed with N(*). Note that
the distribution of the stable gasket/carpet is N ® P. However, we will abuse of notation by always

dropping from the notation the measure P, so that the distribution of the stable gasket/carpet is
denoted just by N. We still denote B(x,r) = {y € S, : Do(z,y) <7}

Let us briefly comment on the point with minimal label of Z. It turns out that such a point is
almost surely unique as in the Brownian sphere, and it is a typical point in S,. We record this in

the following proposition, for which we refer to the original reference for the proof.
Proposition 4.2 (Propositions 4.3 and 7.1 in [3]).

e The (two-sided) local minima of Z are distinct. Denote by t, € [0,1] the (a.s. unique) time
such that Z;,, = miny 1) Z and let p, = I,(t.).

e Re-rooting property: Conditionally on o,
(Say D, Vola, pa) L (Sa, D, Vola, p) L (Sa, D, Vola, T (U)),

where U is an uniform random variable on [0, o].

4.2 Heuristics for geodesics stars

In this section, we aim to give some heuristics to prove the extension of Theorem to stable
geometry. One should not expect to replicate the exact same computations done for the Brownian
sphere. This is mainly because of the presence of faces and the weaker Markovian structure in stable
geometry. However, we can still try to translate some objects in Brownian geometry to the stable

language. Let & be the set of geodesic m-stars in S,,.
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Conjecture 4.1. dimyg(B) =2+ 1 —m.

Note that if & — 2, the conjecture matches Theorem [3.2] In fact, this is expected since the basic
underlying process ruling the Brownian sphere is the Brownian motion, whose Laplace exponent is
A — A2 For the a-stable geometry with a € (1,2), the latter is replaced by A — A%, so that « is
changed only in a linear way. There are also other quantities that show this linear dependence of
observables with respect to «, such as the Hausdorff dimension of the a-stable gasket/carpet itself:

we have dimy(S,) = 2¢, while dimy(my,) = 4.

Towards a first moment estimate

Let us sketch some ideas to prove the lower bound of the previous conjecture, and more specifically,
a first moment estimate as done in for the Brownian sphere. To do so, let us identify the key

ingredients used in the latter that allowed to prove such an estimate.

Note from the proof of that the first moment estimate comes from two essential properties of
the Brownian sphere, namely, its Markov property and the Poissonian structure governing hulls.
In fact, after applying the Markov property, the estimate is simplified to analize the probability of
events related to independent parts of m,,, where the hull is easily handled thanks to its Poissonian
structure (recall Section [I.3.3). Then, it makes sense to pose the question:

Can we find a structure in the stable gasket/carpet with nice Markovian and Poissonian properties?

A first answer might come from the spinal decomposition of S, discussed in Section 6.2 of [3]. First,

define the measure N*® by the relation

N*(F(X,Z,t*) =N (/OU dtF(X, Z, t)) ,

for all £ : D(R.,R) x C(Ry,R) x Ry — R, measurable. The measure N*® can be seen as N
together with a distinguished uniformly distributed point ¢*. The spinal decomposition describes the
interaction between the loops visited along the branch connecting 0 and ¢* and the remaining parts
of S,. Roughly speaking, when performing such an exploration and conditionally on the labels across
the branch, for each visited loop we have a Poissonian structure for the labeled looptrees attached

to them, see Figure 4.2] To state this property formally, we need to introduce further objects.

e For each fixed t > 0, let
t

1
H, = lgr(l)g ; dS]]'{X5<Is,t+8}7
where the limit is proved to exist in probability, see [11]. The process (H;):>o has a continuous
modification, that we consider from now and still denote it by (H:)i>o. We call (Hy)i>o the

height process associated to X.
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e For each t > 0 and r € [0, H;), define
&(r) :==inf{s <t: H, >rforall u e (s,t]},
and set & (r) =t for all r > H,.
e For ¢ > 0 such that A, > 0, let fi(s) :=inf{r > ¢: X, = X; — sA,;} for all s € [0,1].

Let us now argue under N*® and let ¢* be the distinguished uniformly distributed point sampled from
such measure. For each r € [0, H|, denote Y,* := Z,, (). We have that the process Y* = (Y,*),c(0,1,0]
keeps track of the labels seen across Branch(0,t*), and that if r is a jump time of Y'*, then & (r—)
is a jump time of X (see Lemma 2.5 in [3]). Using this, we aim to describe the structure around the

loop of &.(r—) associated to a fixed jump time r of Y*. To do so, we introduce the quantities

67" = Xft' (r—=) — Xft'(T)7 and 67' = th, (r) — Xft' (r=)—-
Note that Ag,.(—) = QBT + &,.. Define also the labels seen across the segments of lengths QA5,« and &,
respectively by

~

B, =7

s
fst. (r=) <®r+®’r

) for s €[0,8,], and B,:=Z

Br+Gr—s
f5t'(’"*)( e

) for s € [0, 8,].
Now we code the labeled looptrees attached to the loop corresponding to r. Let ((u;,v;))ien be the

connected components of the set {t € [fe,e(r—)(0), fe,er—)(1)] : Xy > I¢,o(r—)+}. Using this, define the

excursions processes
Xﬁ = Xuts)r, — Xy, and Zé 1= Z(u;+s)rv; — Lu;,  for all s > 0.

Finally, introduce the point measures

Pr = E 5X _X,. Xigi and Pr = g 5X —X Xt Zi- (41>
& (r—) Wqrx ug o (r—)—> 5

1>1ui<Epe (1) 1>1ui<Epe (1)

gT_)> , denotes the

We are ready to state the spinal decomposition of the stable gasket/carpet. Here, P

law of a Brownian bridge from a to b with lifetime 7.

Proposition 4.3 (Proposition 6.2 in [3]). Under N* and conditionally on r — Y.*, the collection

(@T, &, E(r), B, 757«7 P,) forr such that AY,* :==Y?*—Y?* 0, are independent and their conditional

distribution can be determined as follows. First, the law of (QA5T, ®,.) is proportional to

(O L) 0+ £y
1 AY® 20 1(1—2 —_(AY" 2 .
51752>0| r | \/m eXp ( r ) —26162 dl,dd,

Then, conditionally on (Y, ®,,®,) : r > 0), the variables (B, B") P, . P,) : r > 0) are indepen-

dent and for all r jumping time of Y* we have:
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o The law of (B, B) is B\ . @ P& . (dBdB).

Y
° (75T,77r) are independent Poisson measures, independent of (B(’"), BM), with respective inten-
sities

L, (At @ N(AXAZ)  and  Tpe,)(H)dt @ N(dXdZ).

Figure 4.2: Figure 22 in 3. Illustration of Proposition

Using the previous fact, we can define a version of the approximated geodesic stars, that were coded
by the function Fg(T) (x,y) in the Brownian sphere, recall the definitions predecing Proposition .

In this setting, we propose to define Fg(?’m) (x,y) in the following way.

e Givenr >0, z,y € S, and s,t € [0, 0] such that II,(s) = z and I1,(¢) = y, let {(z,y,r) be the

loop associated to the furthest pinch point in Branch(s,t) at distance r from s in (L,, d).

e Fore,r >0, z,y €S, and s,t € [0, 0] as before, let Gg?;fm) (x,y) be the event where there exists

m geodesics 1y, . .., Ny, starting from ¢(x,y, r) towards y, disjoint outside B(y, €).

e Finally, define Fa(?’m)(x, y) = Lm0

Now, recall that to estimate the proportion of geodesic stars in the Brownian sphere we used the
point with minimal label as a reference point, since we can then consider the geodesics following
the running infimum along the neighboring labeled trees (recall Lemma . In this setting, the
goal is to implement the same idea, for which we would need a version of the spinal decomposition
for the branch connecting 0 with ¢,. In fact, this would allow us to study the event Ggf?m)(pa, P,
since it can be translated to an event concerning the properties of the labeled looptrees attached to
L(pa, ps, ) which we expect to behave in a Poissonian way (recall the event , as in Proposition
4.3
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Heuristically, assume that a version of Proposition holds with ¢* replaced by t,. By Proposition
[4.2] we expect that an identity of the form

1
N </ %a—(dx)FQ?’m)(pa,m)) = N (£ (pas )

o

holds, and there we should have a suitable Poissonian structure to make computations using the
conjectured spinal decomposition. In fact, by the previous discussion we can relate this quantity to

the probability of the event

A, ={#{i>1:2Z, <minZ'+ Bg:) < Zy, +¢€} >m}.

where s; € |0, QA5,, + &,] is defined to be such that fere(rm) (6 i’@ ) = u; (this corresponds to adding

the label at the root to recover the actual labels in S,). If we define

AL = {#{i > 1 such that u; < &, (r) : Z,, <minZ' + Eé’”) < Zy, + €} =m},
AZe = {#{i > 1 such that u; > &, (r) : Z, <minZ' + Bg) < Zi, +e} =m},

which corresponds to separate the looptrees emerging from both sides of the loop associated to
o (r—) (see Figure , then we can write

€ __ 1« 2,
A=U U (A na,).
k>m mi,mo€N
mi+mo=Fk

Conditionally on the labels seen across Branch(0,t,), ®, and &,, the probability of each term in
the previous writing of AZ can be determined as the probability related to a Poisson random vari-
able, thanks to the (expected) Poissonian mechanism ruling the labeled looptrees emerging from
U(pa, P, 7). By estimating properly such probabilities, we could obtain a first moment estimate for

the approximated geodesic stars in the a-stable gasket/carpet.
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Final comments

In this document, we have reviewed the Brownian sphere along with a proof involving many of its
properties, remarkably its Markov property that gives the Poissonian mechanism of the hull part.
The latter fact simplifies the seemingly difficult estimation of the probability for the existence of
geodesics towards a point, disjoint outside a small neighborhood of it. This is the notion of approx-
imated geodesic stars, that in the limit to zero of the radius of such neighborhood, turns out to be
actual geodesic stars in the sense of Chapter 3 (just like remarked for the Brownian cone points in
Chapter 2). This gives, after some additional arguments, the lower bound of the Hausdorff dimension
of the geodesic stars. On the other hand, the upper bound is obtained as —essentially— a conse-
quence of the strong confluence of geodesics. In fact, the probability for the existence of geodesics
towards a point in a neighborhood of a typical point, is estimated by identifying these geodesics
with geodesics towards the typical point in all but a constant number of layers across the Brownian
sphere. Here, the independence properties of the Brownian sphere again play a fundamental role in

the computations.

For our purposes, we pose the question of how can we adapt these techniques to the stable geometry
setting. As we saw, there is less independence in this structure, due to the jumps of the underlying
Lévy excursion. However, such a process within its labels (on the associated looptree) still Markovian
when performing appropriate explorations, and the Poissonian behavior still holds in a weaker form,
since many additional conditionings have to be made. In this sense, if we think about adapting the
arguments given for the Brownian sphere to the stable geometry setting, a good starting point might
be to find a spinal decomposition for the branch connecting the root and the point with minimal label
in the stable geometry setting. Here, we think that the analog structure of hulls in the Brownian
sphere is any loop associated to a jump time of the label process in such a branch, to which labeled
looptrees are attached according to independent Poisson measures. This gives a way to define and
also mathematically treat the notion of approximated geodesic stars in the stable gasket/carpet, in

case that we let such geodesics to start at the loop. These ideas are left as future work.
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