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Abstract

This is the last paper of a series of four papers in which we prove the following relaxation
of the Loebl-Komlés—Sé6s Conjecture: For every a > 0 there exists a number kg such that for
every k > kg every n-vertex graph G with at least (% + a)n vertices of degree at least (1 + a)k
contains each tree T' of order k as a subgraph.

In the first two papers of this series, we decomposed the host graph G, and found a suitable
combinatorial structure inside the decomposition. In the third paper, we refined this structure,
and proved that any graph satisfying the conditions of the above approximate version of the
Loebl-Komlés—Sés Conjecture contains one of ten specific configurations. In this paper we
embed the tree T in each of the ten configurations.
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1 Introduction

This is the fourth and last of a series of four papers [HKPTa, HKP*b, HKP*c, HKP"d] in which
we provide an approximate solution of the Loebl-Komlés—S6s Conjecture. The conjecture reads as
follows.

Conjecture 1.1 (Loebl-Komldés—S6s Conjecture 1995 [EFLS95]). Suppose that G is an n-vertex
graph with at least n/2 vertices of degree more than k — 2. Then G contains each tree of order k.

We discuss the history and state of the art in detail in the first paper [HKPta] of our series.
Our main result, which we prove in the present paper, is the approximate solution of the Loebl-
Komlos—Sés Conjecture, and reads as follows.

Theorem 1.2 (Main result). For every a > 0 there exists ko such that for any k > ko we have the
following. Fach n-vertex graph G with at least (% + a)n vertices of degree at least (14 a)k contains
each tree T of order k.

In the first paper [HKPTa] we exposed the decomposition techniques (the sparse decomposition),
and in the second paper [HKP'b], we found a rough combinatorial structure in the host graph G.
In [HKP*¢|, we refined this structure, and obtained one of ten possible configurations, which appear
in any graph satisfying the hypotheses of Theorem 1.2. These configurations will be reintroduced
in Section 5. All the configurations are build up from basic elements which are inherited from the
sparse decomposition.

In the present paper, we will embed the tree T' in the thus prepared host graph G. Let us give
a short outline of this procedure. First, we cut the tree into smaller subtrees, connected by few
vertices. This will be done in Section 3.

We then develop techniques to embed the smaller subtrees in different building blocks of the
configurations. Then, for each of the configurations, we show how to combine the embedding
techniques for smaller trees to embed the whole tree T'. All of this will be done in Section 6. For
the reader not interested in the details, we mention that Section 6.1 contains a 5-page overview of
the embedding procedures, with all the relevant ideas.

Finally, in Section 7, we prove Theorem 1.2, with the help of the main results from the earlier
papers [HKP*a, HKP™b, HKP*].

2 Notation and preliminaries

2.1 General notation

The set {1,2,...,n} of the first n positive integers is denoted by [n]. We frequently employ
indexing by many indices. We write superscript indices in parentheses (such as a(g)), as opposed to
notation of powers (such as a®). We use sometimes subscript to refer to parameters appearing in
a fact/lemma/theorem. For example a9 refers to the parameter a from Theorem 1.2. We omit
rounding symbols when this does not affect the correctness of the arguments.

We use lower case Greek letters to denote small positive constants. The exception is the letter ¢
which is reserved for embedding of a tree T in a graph G, ¢ : V(T') — V(G). The capital Greek
letters are used for large constants.

We write V(G) and E(G) for the vertex set and edge set of a graph G, respectively. Further,
v(G) = |V(G)] is the order of G, and e(G) = |E(G)| is its number of edges. If X,Y C V(G) are



2.2 Regular pairs

two, not necessarily disjoint, sets of vertices we write e(X) for the number of edges induced by X,
and e(X,Y) for the number of ordered pairs (z,y) € X x Y such that zy € E(G). In particular,
note that 2e(X) = e(X, X).

For a graph G, a vertex v € V(G) and a set U C V(G), we write deg(v) and deg(v,U) for the
degree of v, and for the number of neighbours of v in U, respectively. We write deg™"(G) for the
minimum degree of G, deg™®(U) := min{deg(u) : u € U}, and deg™®(V1, V2) = min{deg(u, V3) :
u € Vi } for two sets V1, V, C V(G). Similar notation is used for the maximum degree, denoted by
deg™™((). The neighbourhood of a vertex v is denoted by N(v). We set N(U) := J,cy N(u). The
symbol — is used for two graph operations: if U C V(G) is a vertex set then G — U is the subgraph
of G induced by the set V(G) \ U. If H C G is a subgraph of G then the graph G — H is defined
on the vertex set V(G) and corresponds to deletion of edges of H from G.

2.2 Regular pairs

In this section we introduce the notion of regular pairs which is central for Szemerédi’s regularity
lemma. We also list some simple properties of regular pairs that will be useful in our embedding
process.

Given a graph H and a pair (U, W) of disjoint sets U, W C V(H) the density of the pair (U, W)
is defined as

_e(U, W)

d(U, W) : s

Similarly, for a bipartite graph G with colour classes U, W we talk about its bipartite density
d(G) = % For a given € > 0, a pair (U, W) of disjoint sets U,W C V(H) is called an e-regular
pair if |d(U,W) —d(U',W")| < e for every U' CU, W CW with |U’'| > ¢|U|, |[W'| > e|W]|. If the
pair (U, W) is not e-regular, then we call it e-irregular. A stronger notion than regularity is that of
super-regularity which we recall now. A pair (A4, B) is (g, 7)-super-regular if it is e-regular, and we
have deg™" (A, B) > v|B|, and deg™®(B, A) > v|A|. Note that then (A, B) has bipartite density
at least .

The following well-known property of regular pairs will be useful.

Fact 2.1. Suppose that (U, W) is an e-reqular pair of density d. Let U' C W, W' C W be sets of
vertices with |U'| > o|U|, |[W'| > o|W|, where a > €. Then the pair (U',W') is a 2e/a-reqular pair
of density at least d — €.

2.3 LKS graphs

Write LKS(n, k, ) for the class of all n-vertex graphs with at least (% + a)n vertices of degrees at
least (14 «)k. With this notation Conjecture 1.1 states that every graph in LKS(n, k,0) contains
every tree from trees(k + 1).

Define LKSmin(n, k,n) as the set of all graphs G € LKS(n, k,n) that are edge-minimal with
respect to the membership in LKS(n, k, n).

Definition 2.2. Let LKSsmall(n, k,n) be the class of those graphs G € LKS(n,k,n) for which
we have the following three properties:

1. All the neighbours of every vertex v € V(G) with deg(v) > [(1 + 2n)k]| have degrees at most
[(1+2n)k].



2. All the neighbours of every vertex of Sy (G) have degree exactly [(1 4 n)k].
3. We have e(G) < kn.

3 Trees

In this section we will show how to partition any given tree into small subtrees, connected by only
a few vertices; this is what we call an ¢-fine partition. This notion is essential for our proof of
Theorem 1.2, as we can embed these small subtrees one at a time.

Similar but simpler tree-cutting procedures were used earlier for the dense case of the Loebl-
Komlés—Sés Conjecture [AKS95, HP, PS12, Zhall]. There, the small trees were embedded in
regular pairs of a regularity lemma decomposition of the host graph G. Since here, we use the
sparse decomposition instead, we had to take more care when cutting the tree. (In particular,
features (h), (i), (j) of Definition 3.3 are needed for the more complex setting here.)

If T is a tree and r € V(T), then the pair (T,r) is a rooted tree with root r. We write
Voada(T,r) € V(T') for the set of vertices of T' of odd distance from r, and analogously define
Veven (T, 7). Note that 7 € Veyen (T, 7). The distance between two vertices v; and vy in a tree is
denoted by dist(vy,v2).

We start with a simple well-known fact about the number of leaves in a tree. For completeness
we include a proof.

Fact 3.1. Let T be a tree with £ vertices of degree at least three. Then T has at least £ 4+ 2 leaves.

Proof. Let Dy be the set of leaves, D5 the set of vertices of degree two and D3 be the set of vertices
of degree of at least three. Then

2(1D1| + |Da| + [Dsl) =2 =20(T) =2 =2e(T) = ) deg(v) > |Di| +2|Ds| +3|Ds ,
veV(T)

and the statement follows. O

Let T be a tree rooted at r, inducing the partial order < on V(T') (with r as the minimal
element). If @ < b and ab € E(T) then we say b is a child of a and a is the parent of b. Ch(a)
denotes the set of children of a, and the parent of a vertex b # r is denoted Par(b). For a set
U C V(T) write Par(U) := Uy, g,y Par(u) \ U and Ch(U) := U,y Ch(u) \ U.

The next simple fact has already appeared in [Zhall, HP] (and most likely in some more classic
texts as well). Nevertheless, for completeness we give a proof here.

Fact 3.2. Let T be a tree with color-classes X and Y, and v(T) > 2. Then the set X contains at
least | X| — Y|+ 1 leaves of T.

Proof. Root T' at an arbitrary vertex r € Y. Let I be the set of internal vertices of T" that belong
to X. Each v € I has at least one immediate successor in the tree order induced by r. These
successors are distinct for distinct v € I and all lie in Y\ {r}. Thus |I| < |Y| — 1. The claim
follows. O



We say that a tree T" C T is induced by a vertex = € V(T') if V(T”) is the up-closure of z in
V(T), ie., V(T") ={v e V(T) : x <v}. We then write 7" = T(r,1 ), or T’ = T(T x), if the root
is obvious from the context and call 77 an end subtree. Subtrees of T' that are not end subtrees are
called internal subtrees.

Let T be a tree rooted at r and let 77 C T be a subtree with » € V(T"). The seed of T" is the
=<-maximal vertex z € V(T') \ V(T”") such that x < v for all v € V(T"). We write Seed(T") = x.
A fruit in a rooted tree (T,r) is any vertex u € V(T') whose distance from r is even and at least
four.

We can now state the most important definition of this section.

Definition 3.3 (¢-fine partition). Let T € trees(k) be a tree rooted at r. An (-fine partition of
T is a quadruple (Wa,Wp,S4,8B), where Wa, W CV(T) and Sa, Sp are families of subtrees of
T such that

(a) the three sets Wa, W and {V(T™*)}r-cs,usy partition V(T),
(b) re WaUWp,
(¢) max{|Wal, [Wg|} < 336k/(,

(d) for wy,wy € Wy UWpg the distance dist(wy,ws) is odd if and only if one of them lies in Wa
and the other one in Wp,

(e) v(T*) < ¢ for every tree T* € Sy USp,

(f) V(T*)NNWpg) =0 for every T* € Sq and V(T*) NN(Wa) =0 for every T* € Sp,
(g9) each tree of S4 USp has its seed in W U Wp,

(h) [V(T*)NN(W4UWg)| <2 for each T* € Sy USp,

(i) if V(T*) N N(W4 U Wp) contains two distinct vertices y1, ya for some T% € Sa U Sp, then
diSt(yla y2) 2 47

(G) if T, Ty € Sa U Sp are two internal subtrees of T such that vy € T} precedes vy € Ty then
distp (v, v2) > 2,

(k) Sp does not contain any internal tree of T', and

() > 1resy  0(T7) =Y gees, 0(TF) -
T* end tree of T

Remark 3.4. Suppose that (Wa,Wg,Sa,Sg) is an (-fine partition of a tree (T,r), and suppose
that T* € S4 U Sp is such that |V (T*) N N(WaUWpg)| = 2. Let us root T* at the neighbour r1 of
its seed, and let ro be the other vertex of V(T*) N N(W4 U Wpg). Then (d), (f), and (i) imply that
ro 18 a fruit in (T™,ry).

The following is the main lemma of this section.

Lemma 3.5. Let T € trees(k) be a tree rooted at r and let ¢ € N with £ < k. Then T has an (-fine
partition.



Proof. First we shall use an inductive construction to get candidates for W4, Wg, Sa and Sp,
which we shall modify later on, so that they satisfy all the conditions required by Definition 3.3.

Set Ty := T. Now, inductively for ¢ > 1 choose a <-maximal vertex z; € V(T;_1) with the
property that v(T;_1 (1 ;) > £. We set T; := T; 1 — (V(Ti—1(T 25)) \ {:}). If, say at step i = icna,
no such z; exists, then v(T;_1) < £. In that case, set z; := r, set Wj := {x;};* and terminate.
The fact that v(T;—1 — V(T;)) = ¢ for each ¢ < i¢nq implies that

(Wi| = 1= dena — 1 < K/ . (3.1)

Let C be the set of all components of the forest T'— Wj. Observe that by the choice of the z;
each T* € C has order at most /.

Let A and B be the colour classes of T" such that » € A. Now, choosing W4 as W1 N A and Wp
as W1 N B and dividing C adequately into sets S4 and Sp would yield a quadruple that satisfies
conditions (a), (b), (c), (d), (e) and (g). In order to find also the remaining properties satisfied,
we shall refine our tree partition by adding more vertices to Wy, thus making the trees in Sy USp
smaller. In doing so, we have to be careful not to end up violating (c). We shall enlarge the set
of cut vertices in several steps, accomplishing sequentially, in this order, also properties (h), (j),
(f), (i), and in the last step at the same time (k) and (1). It will be easy to check that in each of
the steps none of the previously established properties is lost, so we will not explicitly check them,
except for (c).

For condition (h), first define 7" as the subtree of T' that contains all vertices of Wj and all
vertices that lie on paths in 7" which have both endvertices in Wy. Now, if a subtree T € C does
not already satisfy (h) for Wy, then V/(7™) N V(T”) must contain some vertices of degree at least
three. We will add the set Y(7) of all these vertices to Wj. Formally, let Y be the union of the
sets Y(T™) over all T* € C, and set Wy := W, UY. Then the components of T — W5 satisfy (h).

Let us bound the size of the set W5. For each T* € C, note that by Fact 3.1 for T* N'T", we
know that |Y(T*)] is at most the number of leaves of 7*NT" (minus two). On the other hand, each
leaf of 7* N'T" has a child in Wi (in 7). As these children are distinct for different trees T* € C,
we find that |Y| < |[W;| and thus

Wa| < 20w (3:2)

Next, for condition (j), observe that by setting W5 := Wy UPary(W3) the components of T'— W3
fulfill (j). We have
(32)
|Ws| < 2|Wo| < 4|Wq]. (3.3)
In order to ensure condition (f), let R* be the set of the roots (<-minimal vertices) of those
components T of T'— W3 which contain neighbours of both colour classes of T'. Setting Wy :=
W3 U R* we see that (f) is satisfied for Wy. Furthermore, as for each vertex in R* there is a distinct
member of W3 above it in the order on T', we obtain

(3.3)
(Wal < 2\Ws| < 8[WAl. (3.4)

Next, we shall aim for a stronger version of property (i), namely,

() i V(T*)NNp(WaUWg) = {y1,y2} with y; # yo for some T* € Sy USp, then dist(y1,y2) = 6.



The reason for requiring this strengthening is that later we might introduce additional cut vertices
which would “shorten T™ by two”.

Consider a component 7™ of T'— Wy which is an internal tree of T'. If T™ contains two distinct
neighbours yy, y2 of Wy such that disty«(y1,y2) < 6, then we call T* short. Observe that there are
at most |Wy| short trees, because each of these trees has a unique vertex from Wy above it. Let
Z(T*) C V(T™*) be the vertices on the path from y; to ya. Then |Z(T™*)| < 6. Letting Z be the
union of the sets Z(T™) over all short trees in T'— Wy, and set W5 := W, U Z, we obtain

(3.4) (3.1)
W] < [Wal +6|Wa] < 56|Wi| < 112k/¢. (3.5)

We still need to ensure (k) and (1). To this end, consider the set C’ of all components of 7' — Ws.
Set Cy :={T* € C' : Seed(T™) € A} and set C}; :=C'\ C/y. We assume that

> o(T*) > > o(T™) (3.6)

T*eC!y : T* end tree of T' T*eCly : T* end tree of T

as otherwise we can simply swap A and B. Now, for each T* € C; that is not a end subtree of T,
set X(T7) := V(T™) N Np(Ws). Let X be the union of all such sets X (7). Observe that

1X| < 2|Ws N B| < 2|Ws|. (3.7)

For W := W5 U X, all internal trees of T'— W have their seeds in A. This will guarantee (k), and,
together with (3.6), also (1).

Finally, set W4 := WNA and Wp := WNB, and let S4 and Sp be the sets of those components
of T — W that have their seeds in W4 and Wp, respectively. By construction, (W4, Wg,S4,Sg)
has all the properties of an ¢-fine partition. In particular, for (c), we find with (3.5) and (3.7) that
|[W| < |Ws| + 2|Ws N B| < 336k/¢. O

For an /(-fine partition (W4, Wp,S4,Sp) of a rooted tree (T,7), the trees T* € Sy U Sp are
called shrubs. An end shrub is a shrub that is an end subtree. An internal shrub is a shrub that is
an internal subtree. A knag is a component of the forest T[W4 U Wg].

Remark 3.6. (i) In our proof of Theorem 1.2, we shall apply Lemma 3.5 to a tree Trio €
trees(k). The number {135 will be linear in k, and thus (c) of Definition 3.3 tells us that the
size of the sets W, and Wp is bounded by an absolute constant.

(i) Each internal tree in S of an {-fine partition has a unique vertex from W above it. Thus
with l1,3.5 as above also the number of internal trees in Sa is bounded by an absolute constant.
This need not not be the case for the number of end trees. For instance, if (Tr1.2,7) is a star
with k —1 leaves and rooted at its centre r then W4 = {r} while the k —1 leaves of Tr1.2 form
the end shrubs in S4.

For an (-fine partition (W4, Wg,S4,Sp) of a rooted tree (T,7), the trees T* € S4 U Sp are
called shrubs. An end shrub is a shrub which is an end subtree. An internal shrub is a shrub which
is an internal subtree. A knag is a component of the forest T[W4 U Wg|. Suppose that T* € Sy
is an internal shrub, and r* its <,-minimal vertex. Then T™ — r* contains a unique component
with a vertex from Np(W,4). We call this component principal subshrub, and the other components
peripheral subshrubs.



Definition 3.7 (ordered skeleton). We say that the sequence (Xo,Xl, ... ,Xm) is an ordered
skeleton of the (-fine partition (W4, Wp,S4,SB) of a rooted tree (T,r) if

e X is a knag and contains r, and all other X; are either knags or shrubs,

o V(Ui Xi) = V(T), and

e for eachi=1,...,m, the subgraph formed by XoU X1 U...UX; is connected in T.
Directly from Definition 3.3 we get:

Lemma 3.8. Any (-fine partition of any rooted tree has an ordered skeleton.

4 Necessary facts and notation from [HKP*a, HKP*b, HKP ']

4.1 Sparse decomposition

We first recall the notion of dense spots and related concepts from the earlier papers.

Definition 4.1 ((m,~)-dense spot, (m,~y)-nowhere-dense). An (m,~y)-dense spot in a graph
G is a non-empty bipartite subgraph D = (U,W; F) of G with d(D) > v and deg™™(D) > m. We
call G (m,~y)-nowhere-dense if it does not contain any (m,~y)-dense spot.

Definition 4.2 ((m,~y)-dense cover). A (m,~)-dense cover of a graph G is a family D of edge-
disjoint (m,~)-dense spots such that E(G) = Upep E(D).

The proofs of the following facts can be found in [HKPTb].

Fact 4.3. Let (U,W; F) be a (vk,~)-dense spot in a graph G of mazimum degree at most Qk. Then
mas(U] [V} < 2K

Fact 4.4. Let H be a graph of mazimum degree at most Qk, let v € V(H), and let D be a family
of edge-disjoint (vk,~y)-dense spots. Then less than % dense spots from D contain v.

In the following definition, note that a subset of a (A,e,7, k)-avoiding set is also (A,¢,~, k)-
avoiding.

Definition 4.5 ((A,e,~, k)-avoiding set). Suppose that G is a graph and D is a family of dense
spots in G. A set A C Jpep V(D) is (A, e,7, k)-avoiding with respect to D if for every UCV(G)
with |[U| < Ak the following holds that for all but at most €k vertices v € A. There is a dense spot
D € D with |UNV(D)| < ~*k that contains v.

Through the two definitions below, we expose the most important tool in the proof of our main
result (Theorem 1.2): the sparse decomposition. It generalises the notion of equitable partition
from Szemerédi’s regularity lemma.

Definition 4.6 ((k,A,~,e,v, p)-bounded decomposition). Let V = {Vi,Va,..., Vi} be a parti-
tion of the vertex set of a graph G. We say that (V,D, Greg, Gexp, ) is a (k,A,v,€,v, p)-bounded
decomposition of G with respect to V if the following properties are satisfied:

1. The elements of V are disjoint subsets of V(G).



4.1 Sparse decomposition

2. Greg is a subgraph of G — Gexp on the vertex set |JV. For each edge xy € E(Greg) there are
distinct Cy, > x and Cy 3 y from V, and G[Cy,Cy] = Greg|Cy, Cy]. Furthermore, G[Cy, C,y]
forms an e-reqular pair of density at least +>.

3. We have vk < |C| = |C'| < €k for all C,C" € V.

4. D is a family of edge-disjoint (vk,v)-dense spots in G — Gexp. For each D = (U, W; F) € D
all the edges of G[U, W] are covered by D (but not necessarily by D ).

5. If Greg contains at least one edge between C1,Cy € 'V then there exists a dense spot D =
(UW; F) €D such that C; CU and Cy CW.

6. For all C € V there is V €V so that either C CV NV (Gexp) or C CV \ V(Gexp). For all
CeVand D= (U W;F) €D we have CNU € {0,C}.

7. Gexp is a (vk,vy)-nowhere-dense subgraph of G with deg™™(Gexp) > pk.
8. Wis a (A e,v,k)-avoiding subset of V(G) \ UV with respect to dense spots D.

We say that the bounded decomposition (V,D,Greg, Gexp, ) respects the avoiding threshold b
if for each C € V we either have deg™® (C,A) < b, or deg™",(C,2A) > b.

The members of V are called clusters. Define the cluster graph Gyeg as the graph on the vertex
set V that has an edge C1C5 for each pair (C, Cy) which has density at least 72 in the graph Greg-

Definition 4.7 ((k,Q**,Q* A,v,¢e,v, p)-sparse decomposition). Let V = {V1,Va,...,Vi} be a
partition of the vertex set of a graph G. We say that V = (¥, V, D, Greg, Gexp,A) is a
(k, v, Q* A, ~,¢e,v, p)-sparse decomposition of G with respect to Vi,Va,..., Vs if the following
holds.
1. ¥ C V(Q), deg™® (W) > Q*Fk, deg™® ;,(V(G)\¥) < Q*k, where H is spanned by the edges
of UD, Gexp, and edges incident with ¥,

2. (V,D,Greg, Gexp,A) is a (k, A, v,e,v, p)-bounded decomposition of G — ¥ with respect to Vi \
T V\ ... V,\ P

If the parameters do not matter, we call V simply a sparse decomposition, and similarly we
speak about a bounded decomposition.

Fact 4.8 ([HKPTa, Fact 3.10]). Let V = (¥, V,D,Greg, Gexp,A) be a (k, X*, Q% A, v,e,v,p)-
sparse decomposition of a graph G. Let x € V(G)\ . Assume that V #£ (), and let ¢ be the size of
each of the members of V. Then there are less than
2(0%)%k - 2(02%)2
2o S A2

clusters C' € V with degq (z,C) > 0.

Definition 4.9 (captured edges). In the situation of Definition 4.7, we refer to the edges in
E(Greg) U E(Gexp) U Eg(¥,V(G)) U Eq(RL,A U JV) as captured by the sparse decomposition.
We write Gy for the subgraph of G on the same vertex set which consists of the captured edges.
Likewise, the captured edges of a bounded decomposition (V, D, Greg, Gexp, ) of a graph G are those
in E(Greg) U E(Gexp) U Eq(A,AUJV).



4.2 Shadows

The last definition we need is the notion of a semiregular matching.

Definition 4.10 ((e,d, f)-semiregular matching). A collection N of pairs (A, B) with A, B C
V(H) is called an (e,d,{)-semiregular matching of a graph H if

(i) |A| = |B| = ¢ for each (A,B) € N,
(i) (A, B) induces in H an e-regular pair of density at least d, for each (A,B) € N, and
(iii) all involved sets A and B are pairwise disjoint.
Sometimes, when the parameters do not matter we simply write semiregular matching.
Fact 4.11 ([HKP*b, Fact 4.3]). Suppose that M is an (g,d,)-semiregular matching in a graph
H. Then |C| < %X(H) for each C € V(M).
4.2 Shadows

We recall the notion of a shadow given in [HKP*c]. Given a graph H, a set U C V(H), and a
number ¢ we define inductively

shadowg)(U, ¢):=U, and
shadow(f_il)(U, ) ={veV(H): degH(v,shadowg_l)(U, 0)) > £} fori > 1.
We abbreviate shadowg)(U, ?0) as shadowy (U, ¢). Further, the graph H is omitted from the sub-

script if it is clear from the context. Note that the shadow of a set U might intersect U.
The proofs of the following facts can be found in [HKP¢].

Fact 4.12. Suppose H is a graph with deg™*(H) < Qk. Then for each o > 0,3 € {0,1,...}, and
each set U C V(H), we have

, O\’
shadow™ (U, ak)| < (E) U] .
Fact 4.13. Let a,v,Q > 0 be three numbers such that Q > 1 and 16Q < % Suppose that H is a
(vk,~y)-nowhere-dense graph, and let U C V(H) with |U| < Qk. Then we have
16Q%y
et

|shadow (U, k)| < k.

5 Configurations

5.1 Common settings
We repeat some common settings that already appeared in [HKP .
Setting 5.1. We assume that the constants A, Q*, Q** kg and @,~,e,&',n,m, p,T,d satisfy

1 _
>>p>>fy>>d>K>a>7r>a>€’

1
Zv>T>—>0, (5.1)

1
> == >

Q* Q**



5.1 Common settings

and that k > ko. Here, by writing ¢ > a1 > ao > ... > ay > 0 we mean that there exist non-
decreasing functions f; : (0,¢)" — (0,¢) (i = 1,...,¢ — 1) such that for each i € [{ — 1] we have
aiv1 < fiar, ... a;).

Suppose that G € LKSsmall(n, k,n) is given together with its (k,Q**,Q* A, v,& v, p)-sparse
decomposition
V= (‘Ila Va Da Grega Gexpa Q[) )

with respect to the partition {S, ,(G), Ly, (G)}, and with respect to the avoiding threshold 1—0%.
We write

k
Vg := shadowgg _w (2, 10’%?) and Vg :={C eV :CCV.g}. (5.2)

The graph Gyeg is the corresponding cluster graph. Let ¢ be the size of an arbitrary cluster in
V.2 Let Gy be the spanning subgraph of G formed by the edges captured by V. There are two
(e,d, mc)-semireqular matchings My and Mp in Gp, with the following properties (we abbreviate
XA :=XA(n,V,Ma,Mp), XB :=XB(n, V, M4, Mp), and XC := XC(n,V, M4, Mp)):

1. VM) NV (Mp) =0,

2. Vi(Mp) C S, where
SV =8 1(G) \ (V(Gexp) UA) (5.3)

3. for each (X,Y) € Mg UMgp, there is a dense spot (U W;F) € D with X CU and Y C W,
and further, either X C S, x(G) or X C L, x(G), and Y C S, 1(G) or Y C L, 1(G),

4. for each X1 € V1(My U Mp) there exists a cluster C; € V such that X1 C Cy, and for each
Xy € Vo(M4 U Mp) there exists Co € V U {LLy, 1 (G) NA} such that Xy C Cy,

5. each pair of the semiregular matching Mgooq = {(X1, X2) € M4 : X1 U Xy C XA} corre-
sponds to an edge in Greg,

6. ey (XA, SO\ V(MA)) < vkn,
7. €G,ey(V(G) \ V(Ma UMBp)) < y%kn,

8. for the semireqular matching Ny = {(X,Y) € MaUMp : (X UY)NA # 0} we have
€Gres (V(G) \ V(MaUMB), V(Na)) < 7%kn,

9. |E(G)\ E(Gv)| < 2pkn,
10. |E(Gp) \ (E(Greg) U Ec[A,AUJ V])| < 27kn.

!The precise relation between the parameters will be determined in [HKP'd].
2The number ¢ is not defined when V = (). However in that case ¢ is never actually used.
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5.1 Common settings

We write
Vi :=V(G)\ (S°\V(M4UMp)) (5.4)
=Ly p(G) UV (Gexp) UAUV (M4 UMB) , (5.5)
L# = Ln,k(G) \Ll_gomk(Gv) ) and (5.6)
Vgood = V+ \ (‘Il U L#) ; (57)
YA := shadowg <V+ \ Ly, (1+ ﬁ)k) \ shadowg_g (V(G) ik) (5.8)
v ARET) v 100/
n.\k n
YB := shadowg, <V+ \ Ly, (1+ E)§> \ shadowg—_ g <V(G), mk) , (5.9)
— e
Vg = (XA UXB) N shadowg (\Il - k:) , (5.10)
Py := shadowg,,, (V(Na),vk) \ V(M4 U Mp),
Py := shadowg,,, V(@) \V(MaUMB),vk) \ V(M4 UMB),
P:= (XA\YA)U((XAUXB)\ YB) U Vg ULy UP;
2
U shadowg,uco (View U Ly UPy U P, %) ,
Py := XA N shadowgg (SY \ V(Ma), v7k) ,
P3 := XA N shadowg, (XA, n°k/10°)
F:={C eV(My,):CCXA}UV,(Mp). (5.11)

Lemma 5.2. For each p € N and a > 0 there exists kg > 0 such that for each k > ko we have the
following.

Suppose G is a graph of order n > ko and deg™™(G) < Q*k with its (k,A,v,e,k7%% p)-
bounded decomposition (V,D,Greg, Gexp, ). As usual, we write Gy for the subgraph captured by
(V,D,Greg, Gexp, A), and Gp for the spanning subgraph of G consisting of the edges in D. Let
M be an (e, d, k%) -semireqular matching in G, and Uy, ... 3, be subsets of V(G). Suppose that
Q> 1 and Q* )y < kK%L,

Suppose that qi,...,qp, € {0} U a,1] are reals with Y q; < 1. Then there exists a partition
D U...UQ, =V(Q), and sets V C V(G), YV CV(M), V C 'V with the following properties.

(1) V] < exp(=k"N)n, [UV| < exp(=k*)n, [U V] < exp(—=k21)n.
(2) For each i € [p] and each C € V\'V we have |C N Q;| > q;|Q;] — k9.
(3) For each i € [p] and each C € V(M) \ V we have |C N Q;| > q;|Q;] — k7.
(4) For each i € [p|, D = (U,W;F) € D and deg™™ (U \ V,W N Q;) > q;vk — k9.
(5) For each i,j € [p] we have |Q; N8| > g;]U;] — n®2.
(6) For each i € [p] each J C [p] and each v € V(G) \ V we have
deg (v, Q; N8hy) > q; degpy (v, 8hy) — 2Pk

for each of the graphs H € {G,Gv, Gexp, Gp, GvUGD}, where iy := (ﬂjeJﬂj)\(Uje[p]\Jﬂj)'

11



5.1 Common settings

(7) For each i,i,j,j" € [p| (j #7'), we have

eH(Q, ﬂﬂj,ﬂi/ ﬂﬂj ) = quZ/eH(ﬂ],il 1) — 96506 ,
err(Qi N4y, Qi N4) = qiqee( HILL,)) — kO0n00 if i £, and
Zq

(HI N4 > Pe(Hsy]) — K505
for each of the graphs H € {G,Gv,Gexp, Gp,Gv U Gp}.
(8) For each i € [p] if q; = 0 then Q; = 0.

Definition 5.3 (Proportional splitting). Let po, p1,p2 > 0 be three positive reals with Y, p; < 1
Under Setting 5.1, suppose that (Po, P1,WP2) is a partition of V(G) \ ¥ which satisfies assertions
of Lemma 5.2 with parameter prs.2 := 10 for graph Gis, = (Gyv — ¥) U Gp (here, by the union,
we mean union of the edges), bounded decomposition (V,D,Greg,Gexp,2l), matching Misa =
MaUMp, sets i := Vyooq, Yo := XA\ (P UP), Uz := XB\ P, Uy := V(Geyp), U5 := 2,
g := Vg, Uz := Py, Ug 1= Ln,k(G); g = L#, o = V%q; and reals qy := Po, q2 = P1, q3 = P2,
q4 :=...q10 = 0. Note that by Lemma 5.2(8) we have that (Po,P1,P2) is a partition of V(G)\ .
We call (Po,P1,P2) proportional (po : p1 : p2) splitting.

We refer to properties of the proportional (po : p1 : p2) splitting (Bo, P1,Pe) using the numbering
of Lemma 5.2; for example, “Definition 5.3(5)” tells us among other things that |(XA \ P) N‘Po| =
pol XA\ (P U )| — 0.

Setting 5.4. Under Setting 5.1, suppose that we are given a proportional (po : p1 : p2) splitting
(PBo,P1,P2) of V(G) \ ®. We assume that

n
Z 5.12
Po, P1,p2 = 100 (5.12)
Let V,V,V be the exceptional sets as in Definition 5.3(1).
We write
. k
F := shadowg,, (U vulJvrul v, 1010) , (5.13)
where V* are the partners of V in MU Mgp.
We have
Fl<en. (5.14)

For an arbitrary set U C V(G) and for i € {0,1,2} we write U for the set U NE;.

For each (X,Y) € M4 U Mgp such that X,Y ¢ V we write (X,Y)I" for an arbitrary fived pair
(X' C X,Y' CY) with the property that |X'| = |Y'| = min{|X|,|Y[}. We extend this notion of
restriction to an arbitrary semireqular matching N C M4 U Mp as follows. We set

N ={(X, ) (X,Y) €N with X,Y ¢V} .

In [HKP"¢] it was shown that the above setting yields the following property.

Lemma 5.5 ([HKP "¢, Lemma 3.8]). Assume Setting 5.4. Then for eachi € {0,1,2}, and for each
N C My UMp we have that N is a (4077057 g, 355 ¢)-semireqular matching satisfying

VN = pi| VIN)| — 26790, (5.15)

Moreover for allv ¢ F and for all i = 0,1,2 we have degg, (v, V(N)I"\ V(N17)) < ’ZQTIQ.

12



5.2 The ten configurations

5.2 The ten configurations

We start by giving definitions of Configuration (¢1). This is a very easy configuration in which a
modification of the greedy tree-embedding strategy works.

Definition 5.6 (Configuration (¢1)). We say that a graph G is in Configuration (¢1) if there
exists a non-empty bipartite graph H C G with deg™®(V (H)) > k and deg™™(H) > k/2.

We now introduce the configurations (¢2)—(¢5) which make use of the set W. These configura-
tions build on Preconfiguration (é).

Definition 5.7 (Preconfiguration (&)). Suppose that we are in Setting 5.1. We say that the
graph G is in Preconfiguration (&)(2*) if the following conditions are met. G contains non-empty
sets L" C L' C Lgn w(Gv)\ ¥, and a non-empty set ¥’ C W such that

10"

k
deg™™ (L', ¥\ ¥') < - 1
eg™ o ( \¥) < 100 ° (5.16)
degmmGV (O L") > 0k, and (5.17)

k.

max " /
deg™ o (L7 Lo 1 (G9) \ (R UL)) < 145 -

(5.18)
Definition 5.8 (Configuration (¢2)). Suppose that we are in Setting 5.1. We say that the graph
G is in Configuration (02)(Q*,Q, ) if the following conditions are met.

The triple L", L', ¥" witnesses preconfiguration (&)(Q*) in G. There exist a non-empty set
O CW, aset Vi CV(Gexp) NYBNL", and a set Vo C V(Gexp) with the following properties.

deg™" ¢ (B, V1) = Qk

deg™™ o (V1, ") > Bk,
deg™"c, ., (V1,Va) = Bk,
deg™ ¢, (Va, Vi) = Bk .

exp

Definition 5.9 (Configuration (¢3)). Suppose that we are in Setting 5.1. We say that the graph
G s in Configuration (©3)(Q*, Q. ¢, d) if the following conditions are met.

The triple L" L', W' witnesses preconfiguration (&)(2*) in G. There exist a non-empty set
O CW aset Vi CANYBNL", and a set Vo CV(G)\ ¥ such that the following properties are
satisfied.

deg™" o (¥, V1) > Qk
deg™" G (V1, ®") > 6k,

deg™™ ¢, (Vi, V(G) \ (V2 U W) < Ck, 5.19
deg™™ . (Va, V1) > 6k . (5.20)

Definition 5.10 (Configuration (¢4)). Suppose that we are in Setting 5.1. We say that the
graph G is in Configuration (¢4)(Q*,Q,(,0) if the following conditions are met.

13



5.2 The ten configurations

The triple L", L', W' witnesses preconfiguration (&)(2*) in G. There exists a non-empty set
U C W sets Vi CYBNL", A' CA, and Vo CV(G) \ ¥ with the followz’ng properties

degmln (‘Il// Vl)

degmmGv (V1,9") > 6k ,
deg™ Goua, (V1,2 = 0k, (5.21)
deg™" o uap, (A, V1) = 6k (5.22)
deg™ Gouay (Va, A) = 0k (5.23)
deg™™ o uap (A V(G) \ (T UTVR)) < Ck (5.24)

Definition 5.11 (Configuration (¢5)). Suppose that we are in Setting 5.1. We say that the
graph G is in Configuration (05)(Q*,Q,8,(,7) if the following conditions are met.

The triple L, L', W' witnesses preconfiguration (&)(2*) in G. There exists a non-empty set
" C W, and a set Vi C (YBNL"NYV)\V(Gexp) such that the following conditions are fulfilled.

deg™" o (¥, V1) > Ok (5.25)
degmva(Vl, ") > 6k, (5.26)
deg™" (Vi) > Gk (5.27)
Further, we have
CNnVi=0or|CNnWy| = 7|C| (5.28)

for every C € V.

In remains to introduce configurations (¢6)—(¢10). In these configurations the set ¥ is not
utilized. All these configurations make use of Setting 5.4, i.e., the set V(G) \ W is partitioned into
three sets o, P1 and Po. The purpose of Py, P1 and Po is to make possible to embed the knags,
the internal shrubs, and the end shrubs of Ty o, respectively. Thus the parameters po,p; and po
are chosen proportionally to the sizes of these respective parts of T o.

We first introduce four preconfigurations (1), (©2), (exp) and (reg) which are building bricks
for configurations (¢6)—(¢9). The preconfigurations (V1) and (©2) will be used for embedding end
shrubs of a fine partition of the tree Trrq.2, and preconfigurations (exp) and (reg) will be used for
embedding its knags.

An M-cover of a semiregular matching M is a family F C V(M) with the property that at
least one of the elements S and Sy is a member of F, for each (S, S52) € M.

Definition 5.12 (Preconfiguration (01)). Suppose that we are in Setting 5.1 and Setting 5.4.
We say that the graph G is in Preconfiguration (V1)(y/,h) of V(G) if there are two non-empty sets

Vo, Vi C%PBo \ (F U shadowg, (View, %)) with the following properties.

degminG <Vb, V’g[()Qod) h/2 and (529)
deg™ g (Vi V[2,) = b (5.30)

Further, there is an (My U Mp)-cover F such that

gmax (Vl, Uf) (5.31)
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5.2 The ten configurations

Definition 5.13 (Preconfiguration (©2)). Suppose that we are in Setting 5.1 and Setting 5.4.
We say that the graph G is in Preconfiguration (0V2)(h) of V(G) if there are two non-empty sets

Vo, Vi € %o \ (F U shadowg, (View, 117%)) with the following properties.

deg™ g (VoU VA, Vig) = b (5.32)

Definition 5.14 (Preconfiguration (exp)). Suppose that we are in Setting 5.1 and Setting 5.4.
We say that the graph G is in Preconfiguration (exp) (/) if there are two non-empty sets Vo, V1 C Py
with the following properties.

min

deg Gexp (V()? Vl)

Gy (V15 V0)

Definition 5.15 (Preconfiguration (reg)). Suppose that we are in Setting 5.1 and Setting 5.4.
We say that the graph G is in Preconfiguration (reg)(,d’,p) if there are two non- empty sets

min

VoWV

Bk, (5.33)
B

deg k . (5.34)

Vo, Vi € Bo and a non-empty family of vertex-disjoint (£,d’)-super- regular pairs {(QO ,Ql }] Y
(with respect to the edge set E(G)) with Vy := UQé]) and Vi = UQ1 such that

min {1Q§”1, 1Q1} > uk (5.35)

Definition 5.16 (Configuration (¢6)). Suppose that we are in Settings 5.1 and 5.4. We say that
the graph G is in Configuration (06)(9,,d’, 1,7, he) if the following conditions are met.

The vertex sets Vi, Vi witness Preconfiguration (reg)(g,d’, u) or Preconfiguration (exp)(d) and
either Preconfiguration (V1)(y',h2) or Preconfiguration (V2)(ha). There exist non-empty sets

Vo, Vs C By such that

deg™" (1, V2) > 0k (5.36)
deg™™ - (Va, V1) > 6k , (5.37)
gmin Gorp(V2,V3) = 0k, and (5.38)
g™ (Va, Vo) = ok . (5.39)

Definition 5.17 (Configuration (¢7)). Suppose that we are in Settings 5.1 and 5.4. We say that
the graph G is in Configuration (o7)(8, p',&,d’, u,7', ha) if the following conditions are met.

The sets Vi, Vi witness Preconfiguration (reg)(€,d’, u) and either Preconfiguration (V1)(', ha)
or Preconfiguration (V2)(hs). There exist non-empty sets Vo C AN\ V and V3 C By such that

deg™",(V1, Vo) > Ok , (5.40)
deg™" (Vo V1) > 0k, (5.41)
deg™™ o (V2,B1 \ V3) < o'k an (5.42)
degmmGD (V3,V2) = 6k . (5.43)

Definition 5.18 (Configuration (¢8)). Suppose that we are in Settings 5.1 and 5.4. We say that
the graph G is in Configuration (¢8)(0, p’,e1,e2,d1,da, p1, pio, h1, ha) if the following conditions are
met.
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5.2 The ten configurations

The vertex sets Vi, Vi witness Preconfiguration (reg)(g2,ds, pio) and Preconfiguration (V2)(hg).
There exist non-empty sets Vo C Po, V3,Va € P1, V3 C A\ V, and an (e1,dy, u1k)-semireqular
matching N absorbed by (Ma U Mp) \ Na, V(N) € B\ V3 such that

deg™"(V1, Vo) > (5.44)

deg™n (Vo V1) > 0k, (5.45)

deg™ o (Vo, V3) = 0k , (5.46)

deg™™ < (V3,V2) = 6k , (5.47)

deg™™ ¢, (V, B1 \ Va) < o'k, (5.48)

deg™™ > V1, V3) = 0k , and (5.49)

dege, (v, V3) + degg,,, (v, V(N)) = hy for each v € Va. (5.50)

Definition 5.19 (Configuration (¢9)). Suppose that we are in Settings 5.1, and 5.4. We say
that the graph G is in Configuration (¢9) (8,7, h1, ha,e1,d1, p1, €2, dz, p2) if the following conditions
are met.

The sets Vi, Vi together with the (M U Mpg)-cover F' witness Preconfiguration (V1)(v/, hs).
There exists an (1, dl, /“k:) semzregular matching N absorbed by MaUMp, V(N) CBy. Further,
there is a family {(QO , )}jey as in Preconfiguration (reg)(e2,da, p2). There is a set Vo C
VIM)\UF CUV with the following properties:

deg™ ¢, (V1,V2)
deg™" ¢, (Va, VA1)

hy, (5.51)
5k . (5.52)

VoWV

Our last configuration, Configuration (¢10), will lead to an embedding very similar to the one
in the dense case (as treated in [PS12]; this will be explained in detail in [HKP*d]). In order
to be able to formalize the configuration we need a preliminary definition. We shall generalize
the standard concept of a regularity graph (in the context of regular partitions and Szemerédi’s
regularity lemma) to graphs with clusters whose sizes are only bounded from below.

Definition 5.20 ((¢,d, (1, ¢2)-regularized graph). Let G be a graph, and let V be an ¢1-ensemble
that partitions V(G). Suppose that G| X] is empty for each X €V and suppose G[X,Y] is e-reqular
and of density either O or at least d for each X,Y € V. Further suppose that for all X €V it holds
that ||JNg(X)| < lo. Then we say that (G,V) is an (e,d, {1, s)-regularized graph.

A semiregular matching M of G is consistent with (G,V) if V(M) C V.

Definition 5.21 (Configuration (010)(¢,d’, (1, (2,7')). Assume Setting 5.1. The graph G con-
tains an (£, d’,fllfg)—regularized graph (G,V) and there is a (£,d',01)-semireqular matching M
consistent with (G, V). There are a family L* CV and distinct clusters A, B € V with

(a) E(G[A,B]) #9,

(b) degg (v, V(M)UUL*) = (1+ 1)k for all but at most &|A| vertices v € A and for all but at
most €| B| vertices v € B, and

(c) for each X € L* we have degs(v) = (14 1)k for all but at most £|X| vertices v € X.
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6 Embedding trees

In this section we provide an embedding of a tree Ty o € trees(k) in the setting of the configurations
introduced in Subsection 5.2. In Section 6.1 we first give a fairly detailed overview of the embedding
techniques used. In Section 6.3 we introduce a class of stochastic processes which will be used for
some embeddings. Section 6.4 contains a number of lemmas about embedding small trees, and use
them for embedding knags and shrubs of a given fine partition of T 5. Embedding the entire tree
Tr12 is then handled in the final Section 6.5. There we have to distinguish between particular
configurations. The configurations are grouped into three categories (Section 6.5.1, Section 6.5.2,
and Section 6.5.3) corresponding to the similarities between the configurations.

6.1 Overview of the embedding procedures

Recall that we are working under Setting 5.1. Given a host graph G125 with one of the Configura-
tions (02)—(¢10), we have to embed in it a given tree T' = Ty o € trees(k), which comes with its
(Tk)-fine partition (W4, Wp,S4,SB). The Tk-fine partition of T will make it possible to combine
embeddings of smaller parts of 7" into one embedding of the whole tree. This means that we will
first develop tools for embedding singular shrubs and knags of the (7k)-fine partition into various
basic building bricks of the configurations: the avoiding set 2, the expander Gexp, regular pairs,
and vertices of huge degree W. Second, we will combine these basic techniques to embed the entire
tree T'. Here, the order in which different parts of T' are embedded is important. Also, it will be
crucial at some points to reserve places for parts of the tree which will be embedded only later.

In the following subsections, we draft our embedding techniques. We group them into five cat-
egories comprising of related configurations®: Configurations (¢2)—(¢5), Configurations (06)—(o7),
Configuration (¢8), Configuration (¢9), and Configuration (¢10), treated in Sections 6.1.1, 6.1.2,
6.1.3, 6.1.4, 6.1.5, respectively.

6.1.1 Embedding overview for Configurations (¢2)—(¢5)

In each of the Configurations (¢2)—(¢5) we have sets ¥/, W” L” L[’ and V;. Further, we have some
additional sets (Vo and/or 2') depending on the particular configuration.

A common embedding scheme for Configurations (¢2)—(¢5) is illustrated in Figure 6.1. There
are two stages of the embedding procedure: the knags, the shrubs S4 and some parts of the shrubs
Sp are embedded in Stage 1, and then in Stage 2 the remainders of Sp are embedded. Recall that
S4 contains both internal and end shrubs while Sp contains exclusively end shrubs. We note that
here the shrubs Sp are further subdivided and some parts of them are embedded in the Stage 1
and some in Stage 2.

e In Stage 1, the knags of T' are embedded in ¥” and V; so that W, is mapped to ¥’ and Wg
is mapped to V.

e In Stage 1, the internal and end shrubs of S4 are embedded using the sets V7, V5 and 1" which
are specific to the particular Configurations (¢2)—(¢5). The vertices of S4 neighbouring Wy
are always embedded in V7. Parts of the shrubs Sg are embedded while the ancestors of the
unembedded remainders are embedded on vertices which have large degrees in W’.

3Configuration (¢1) is trivial (see Section 6.5.1) and needs no draft.
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6.1 Overview of the embedding procedures

cut vertices W4

@& O D

ancestors of “suspended” part of Sp

=

shrubs S4

Figure 6.1: An overview of embedding of a tree T' € trees(k) given with its fine partition
(Wa,Wg,S84,Sg) using Configurations (02)—(¢5). The knags are embedded between ¥" and
V1, all the shrubs S4 are embedded into sets specific to particular configurations so that the
vertices neighbouring W, are embedded in V;. Parts of the shrubs Sp are embedded directly
(using various embedding techniques), while the rest is “suspended”, i.e., the ancestors of the un-
embedded remainders are embedded on vertices which have large degrees in ¥’. The embedding
of Sp is then finalized in the last stage.

e In Stage 2, the embedding of Sp is finalized. The remainders of Sp are embedded starting
with embedding their roots in ¥’.

A hierarchy of the embedding lemmas used to resolve Configurations (¢2)—(¢5) is given in Table 6.1.

6.1.2 Embedding overview for Configurations (¢6)—(¢7)

Suppose Setting 5.1 and 5.4 (see Remark 6.1 below for a comment on the constants pg,p1,p2).
Recall that we have in each of these configurations sets Vo U Vi C By, sets Vo U V3 C Py and Vgrozo dq-
A common embedding scheme for Configurations (¢6)—(¢7) is illustrated in Figure 6.2. The

embedding has three parts.

e The knags of T" are embedded between V and V; so that W4 is mapped to V7 and Wp is
mapped to Vj using either the Preconfiguration (exp) or (reg). Thus W4 U Wp ar mapped

to C mo.

e The internal shrubs of T are embedded in V5 U V3, always putting neighbours of W4 into V5.
Note that the internal shrubs are therefore embedded in 931, and thus there is no interference
with embedding the knags. We need to understand why a mere degree of 0k (from V; to
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6.1 Overview of the embedding procedures

‘ Main embedding lemma: Lemma 6.19 ‘

fr
Shrubs Sy | Shrubs Sp (Stage 1): Lemma 6.18 | | Shrubs Sp (Stage 2): Lemma 6.17 |
(02): Lemma 6.5
(¢3): Lemma 6.14
(04): Lemma 6.15
(05): regularity

Table 6.1: Embedding lemmas employed for Configurations (¢2)—(05).

; cut vertices Wy
internal shrubs

cut vertices Wy

Figure 6.2: An overview of embedding a fine partition (W4, Wg,Sa,Sp) of a tree T € trees(k)
using Configurations (¢6)—(¢7). The knags are embedded between Vj and V3, the internal shrubs

are embedded in V5 U V3, and the end shrubs are embedded using VgrOQO d-

Vo, ensured by (5.36) and (5.40), with 6 < 1) is sufficient for embedding internal shrubs of
potentially big total order, that is, how to ensure that already embedded internal trees do
not cause a blockage later. Here the expansion® ruling between the Va and V3 comes into
play. This property (together with other properties of Preconfigurations (exp) and (reg))
will allow that, once finished embedding an internal tree, the follow-up knag can be embedded
in a place (in V) which sees very little of the previously embedded internal shrubs.

This is the only part of the embedding process which makes use of the specifics of Configu-
rations (¢6) and (¢7). For this reason we will be able to follow the same embedding scheme
as presented here also for Configuration (¢8), the only difference being the embedding of the
internal shrubs (see Section 6.1.3).

e The end shrubs are embedded in the yet unoccupied part of G. For this we use the properties
of Preconfigurations (V1) or (©2). The end shrubs are embedded using (but not entirely

into) the designated vertex set Vgrozo q-

“This expansion is given by the presence of Gexp in Configurations (06) (cf. (5.38)—(5.39)), and by the presence
of the avoiding set 2 in Configurations (¢7) (Vo C A"\ V).
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6.1 Overview of the embedding procedures

‘ Main embedding lemma: Lemma 6.24

r r
Internal part End shrubs
(¢6), (¢7): Lemma 6.20 (©1): Lemma 6.22
(¢8): Lemma 6.21 (©2): Lemma 6.23
fr fr
Knags Internal shrubs
(exp): Lemma 6.5 (¢6): Lemma 6.12
(reg): Lemma 6.8 (¢7): Lemma 6.13
(¢8): Lemmas 6.13, 6.9, 6.6

Table 6.2: Embedding lemmas employed for Configurations (¢6)—(¢8) when embedding a tree
T € trees(k) with a given fine partition.

The above embedding scheme is divided in two main steps: first the knags and the internal trees
are embedded (see Lemma 6.20), and this partial embedding is then extended to end shrubs (see
Lemmas 6.22 and 6.23). A more detailed hierarchy of the embedding lemmas which are used is
given in Table 6.2.

Remark 6.1. In Configuration (¢6), the number p; will be approrimately the proportion of the
total order of the internal shrubs of a given fine partition (Wa,Wpg,S84,8p) of T while py will be
approzimately the proportion of the total order of the end shrubs. The number pg is just a small
constant.

These numbers — scaled up by k — determine the parameter hy =~ p1k (in Configurations (©8)
and (¢9)) and hy = pok (in Configurations (06)—(¢9)). The properties of these configurations will
then allow to embed all the internal shrubs and end shrubs. Note that the parameter hy does not
appear in Configurations (06) and (7). This suggests that the total order of the internal shrubs is
not at all important in Configurations (06)—(o7). Indeed, we would succeed even embedding a tree
with internal shrubs of total order say 100k.

In view of this it might be tempting to think that the end shrubs in S4 could also be embedded
using the same technique as the internal shrubs into the sets Vo UV3 provided by these configurations
(cf. Figure 6.2). This is however not the case. Indeed, the minimum degree conditions (5.36), (5.40),
and (5.44) allow embedding only a small number of shrubs from a single cut-verter x € W4 while
there may be many end shrubs attached to x; cf. Remark 3.6(ii).

6.1.3 Embedding overview for Configuration (¢8)

Suppose Setting 5.1 and 5.4. We are working with sets Vg, Vi, Vgrfod,
semiregular matching N coming from the configuration.

The embedding scheme follows Table 6.2, and is illustrated in Figure 6.3. Embedding of the
knags and of the external shrubs is done in the same way as in Configurations (¢6)—(¢7). We only
describe here the way the internal shrubs are embedded. Their roots are embedded in V5. From that
point we proceed embedding subshrub by subshrub. Some of the subshrubs get embedded between
V3 and V. This pair of sets has the same expansion property as the pair V5, V3 in Configuration (¢7).

Vo, V3 and V4 and with

®Configuration (¢8) has this property only in part. We would succeed even embedding a tree with principal
subshrubs of total order say 100k provided that the total order of peripheral subshrubs is somewhat smaller than h;.
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6.1 Overview of the embedding procedures

internal shrubs
(principal subshrubs and some peripheral subshrubs)

roots of internal shrubs

cut vertices W4y

cut vertices Wp

jend shrubs

internal shrubs
(remaining peripheral subshrubs)

Figure 6.3: An overview of embedding a fine partition (Wa, Wg,Sa,Sg) of a tree T € trees(k)
using Configuration (¢8). The knags are embedded between Vj and V4. The roots of the internal
shrubs are embedded in V5. Some of the subshrubs of the internal shrubs are embedded in
V3 UV, and some in N; principal subshrubs are always embedded in V3 U V. The end shrubs

o 12
are embedded in using V5 ;-

In particular, it allows to avoid the shadow of the already occupied set so that the follow-up knag
can be embedded in location almost isolated from the previous images, similarly as described in
Section 6.1.2. For this reason we make sure that principal subshrubs get embedded here. The
degree condition from V5 to V3 is too weak to ensure that all remaining subshrubs are embedded
between V3 and V. Therefore we might have to embed some subshrubs in N. Condition (5.50)
— where hy is approximately the order of the internal shrubs, as in Remark 6.1 — indicates that
it should be possible to accommodate all the subshrubs. For technical reasons, the order in which
different types of subshrubs are embedded is very important.

6.1.4 Embedding overview for Configuration (¢9)

The embedding process in Configuration (¢9) follows the same scheme as in Configurations (¢6)—
(¢8), but the embedding of the internal shrubs follows the regularity method. Assuming the simplest
situation F = Va(N) and V5 = V1(N), we would have degmingreg(Vl, Vi(N)) = hy (cf. (5.51)). See
Figure 6.4 for an illustration. Similarly as above, the knags are embedded between Vj and V.
The internal shrubs are accommodated using the regularity method in A/, and the end shrubs are
embedded in V.* 4 using Preconfiguration (©1). The embedding lemma for this configuration is

g00
given in Lemma 6.25.
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6.1 Overview of the embedding procedures

cut vertices Wy

internal shrubs

cut vertices Wy end shrubs

Figure 6.4: An overview of embedding a fine partition (Wa, Wg,Sa,Sg) of a tree T € trees(k)
using Configuration (¢9). The knags are embedded between Vj and V1, the internal shrubs using

the regularity method in N and the end shrubs are embedded using ngo d-

6.1.5 Embedding overview for Configuration (¢10)

Configuration (¢10) is very closely related to the structure obtained by Piguet and Stein [PS12] in
their solution of the dense approximate case of Conjecture 1.1.

Theorem 6.2 (Piguet—Stein [PS12]). For any ¢ > 0 and « > 0 there exists a number ng such that
for any n > ng and k > qn the following holds. For each n-vertex graph G with at least n/2 vertices
of degree at least (1 4+ a)k we have trees(k+ 1) C G.

Let us describe their proof first. Piguet and Stein prove that when k > gn (for some fixed
q > 0 and k sufficiently large) the cluster graph® Geg Of a graph G € LKS(n, k,n) contains the
following structure (cf. [PS12, Lemma 8]). There is a set of clusters L C 'V such that each cluster
in L contains only vertices of captured degrees at least (14 Z)k. There is a matching M C G,
and an edge AB, with A, B € L. One of the following conditions is satisfied

(H1) M covers Ng,,, ({4, B}), or

H2) M covers Ng.. (A), and the vertices in B have captured degrees at least (1 + 2)% into
reg 2/)2

UL U V(M)). Further, each edge in M has at most one endvertex in Ng,,, (4).

Piguet and Stein use structures (H1) and (H2) to embed any given tree T’ € trees(k) into G using
the regularity method; see Sections 3.6 and 3.7 in [PS12], respectively. Actually, a slight relaxation
of (H1) and (H2) would be sufficient for the embedding to work, as can be easily seen from their
proof: Again, there is a set of clusters L C V such that each cluster in L contains only vertices of
captured degrees at least (1+ )k, there is a matching M C Gy, and an edge AB, A, B € L. One
of the following conditions is satisfied

(H1’) the vertices in AU DB have captured degrees at least (1+ %)k into the vertices of (J(LUV (M)),
or

Sordinary, in the sense of the classic regularity lemma
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6.2 The role of random splitting

(H2’) the vertices in A have captured degrees at least (1 +

[

)k into the vertices of |JV (M), and
the vertices in B have captured degrees at least (1 + #)% into (J(L U V(M)). Further, each

edge in M has at most one endvertex in Ng,., (4).

NS

It can be seen that Configuration (010) is a direct counterpart to (H1’).” (The counterpart
of (H2’) is contained in Configuration (¢9) and the similarity is somewhat weaker.)

The embedding lemma for Configuration (¢10) is stated in Lemma 6.26.

6.2 The role of random splitting

The random splitting as introduced in Setting 5.4 is used in Configurations (¢6)—(¢9); the set Py
will host the cut-vertices W4 U Wp, the set 1 will host the internal shrubs, and the set o will
(essentially) host the end shrubs of a (7k)-fine partition of Ty 5.

The need for introducing the random splitting is dictated by Configurations (¢6)—(¢9). To see
this, let us try to follow the embedding plan from, for example, Section 6.1.2 without the random
splitting, i.e., dropping the conditions C By, C By, C Po from Definitions 5.12-5.17. Then the
sets Vo and V3 in Figure 6.2, which will host the internal shrubs, may interfere with V{ and V;
primarily designated for W, and Wp. In particular, the conditions on degrees between Vj and
V1 given by (5.33)—(5.34) in Definition 5.14, or given by the super-regularity in Definition 5.15 (in
which Bps.14 > 0, or d;35,15MD5.15 > 0 are tiny) need not be sufficient for embedding greedily all the
cut-vertices and all the internal shrubs of T'r1.5. It should be noted that this problem occurs even in
Preconfiguration (exp), i.e., the expanding property does not add enough strength to the minimum
degree conditions. ® Restricting Vo and V4 to host only the cut-vertices (only O(1/7) = o(k) of
them in total, cf. Definition 3.3(c)), resolves the problem.

The above justifies the distinction between the space B for embedding the cut-vertices and the
space P1 UPs for embedding the shrubs. There are some other approaches which do not need to
further split 1 U P2 but doing so seems to be the most convenient.

6.3 Stochastic process Duplicate(?)

Let us introduce a class of stochastic processes, which we call Duplicate(¢) (¢ € N). These are
discrete processes (X1, Y1), (X2, Y2), ..., (X, Yy) € {0,1}? (where ¢ € N is arbitrary) satisfying the
following.

e For each i € [g], we have either

(a) X; =Y; =0 (deterministically), or
(b) X; =Y; =1 (deterministically), or
(c) exactly one of X; and Y; is one, and in that case P[X; = 1] =

[N

e If the distribution of (Xj, Y;) is according to (c), then the random choice is made independently
of the values (X;,Y;) (5 <1).

e We have > 7 (X, +Y;) <.

"Observe that some parts of Greg are irrelevan~t in the embedding process of [PS12]. The objects Greg, L, and M
in the structural result of [PS12] correspond to (G, V), L*, and M in Configuration (¢10).
8See [HKPTa, Section 3.6] for details.
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6.4 Embedding small trees

Needless to say that this definition is not deep and its purpose is only to adopt the language we
shall be using later. The following lemma asserts that the first and second component of a process
Duplicate(?) are typically balanced.

Lemma 6.3. Suppose that (X1,Y1),(X2,Y2),...,(X,,Yy) is a process in Duplicate(¢). Then for

any a > 0 we have
a2
X, — Y, >a| < —— .
> X3z al <ew (-5;)

i=1 i=1
Proof. We shall be using the following version of the Chernoff bound for sums of independent
random variables Z;, with distribution P[Z; = 1] = P[Z; = —1] = 1.
2

n
ZZZ- >a| <exp (_a_) . (6.1)
P 2n

Let J C [q] be the set of all indices 7 with X; +¥; = 1. By the definition of Duplicate(¢), we

have |J| < ¢. By (6.1) we have
< ex _a_2 <ex _a_2

We shall use the stochastic process Duplicate to guarantee that certain fixed vertex sets do not
get overfilled during our tree embedding procedure. Duplicate is used in Lemmas 6.12 and 6.13
through Lemma 6.11.

P

P> (Xi-Y)>a

J

O

6.4 Embedding small trees

When embedding the tree Ty 5 in our proof of Theorem 1.2 it will be important to control where
different bits of Tpi9 go. This motivates the following notation. Let Xip,..., X, C V(T) be
arbitrary vertex sets of a tree T', and let Vi,...,V; C V(G) be arbitrary vertex sets of a graph G.
Then an embedding ¢ : V(T) — V(G) of T in G is an (X; — Vi,..., Xy — V;)-embedding if
o(X;) CV; for each i € [/].
We provide several sufficient conditions for embedding a small tree with additional constraints.
The first lemma deals with embedding using an avoiding set.

Lemma 6.4. Let A,k € N and let e,y € (0, %) with v2 > e. Suppose A is a (A, e,, k)-avoiding set
with respect to a set D of (vk,v)-dense spots in a graph H. Suppose that (T1,11),...,(Ty,re) are
rooted trees with ||J, Ti| < vk/2. Let U C V(H) with |U| < Ak, and let U* C A with |U*| > ek + L.
Then there are mutually disjoint (r; — U*, V(T;)\{r;} < V(H)\U)-embeddings of the trees (T;,r;)
i H.

Proof. Since 21 is (A, ¢,, k)-avoiding, there exists a set Y C A with |Y'| < ek, such that each vertex
vin A\ Y has degree at least vk into some (vk,v)-dense spot D € D with |U N V(D)| < 7?k.
In particular, U* \ Y is large enough so that we can embed all vertices r; there. We extend this
embedding successively to an embedding of | J; T}, in each step finding a suitable image in V(D) \ U
for one neighbour of an already embedded vertex v € |J; V(T;). This is possible since the image of
v has degree at least vk — |[U NV(D)| > ~vk/2 > >, v(T;) into V(D) \ U. O
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6.4 Embedding small trees

The next lemma deals with embedding a tree into a nowhere-dense graph, a primal example of
which is the graph Geyp.

Lemma 6.5. Let k € N, let Q > 1 and let v, € (0,1) be such that 128Qy < (2. Let H
be a (yk,~)-nowhere-dense graph. Let (Th,r1),...,(Ty,1¢) be rooted trees of total order less than
Ck/4. Let V1,Vo,U,U* C V(H) be four sets with U* C Vi, |U| < Qk, |U*| > %kz—l—& and
deg™®; (Vj,Va_;) = Ck for j = 1,2. Then there are mutually disjoint (r; < U*, Veyen(T}) <
Vi\ U, Voqa(T;) = Vo \ U)-embeddings of the trees (T;,r;) in H.

Proof. Set B := shadowp(U,(k/2). By Fact 4.13, we have |B| < 32?”1{: < %k. In particular,
U*\ B is large enough to accommodate the images ¢(r;) of all vertices r;.

Successively, extend ¢, in each step mapping a neighbour u of some already embedded vertex
v e, V(T;) to a yet unused neighbour of ¢(v) in V; \ (BUU), where j is either 1 or 2, depending
on the parity of disty(r,v). This is possible as ¢(v), lying outside B, has at least (k/2 neighbours
in V;\U. Thus ¢(v) has at least (k/4 neighbours in V; \ (U U B), which is more than ), v(7;). O

The next three standard lemmas deal with embedding trees in a regular or a super-regular pair.
We omit their proofs.

Lemma 6.6. Let € > 0 and > 2¢. Let (C,D) be an e-reqular pair in a graph H, with |C| =
|D| =: ¢, and with density d(C, D) > 3/3. Suppose that there are sets X CC,Y C D, and X* C X
satisfying min{| X[, [Y|} > 43¢ and [ X™| > gf. Let (T,r) be a rooted tree of order v(T) < el. Then
there exists an (r = X, Voven (T') — X, Voaa(T) <= Y)-embedding of T' in H.

Lemma 6.7. Let 5,6 > 0 and ¢ € N be such that > 2¢. Let (C, D) be an e-regular pair with
|C| = |D| = £ of density d(C,D) > 3 in a graph H. Let (Ty,r1),(T2,72),...,(Ts,rs) be rooted
trees with v(T;) < el for alli € [s]. Let U C V(H) fulfill |CNU| = |DNU|, and let X* C (CUD)\U
be such that

I X*| = w(T;) + 5080 . (6.2)
1=1
Then there are mutually disjoint (r; — X*,V(T;) — (C U D) \ U)-embeddings of the trees (T;,r;)
in H.

Lemma 6.8. Let d > 10e > 0. Suppose that (A, B) forms an (e,d)-super-reqular pair with
|Al,|B| > ¢. Let Uy C A, Up C B be such that Ul < |A|/2 and |Ug| < d|B|/4. Let (T,r)
be a rooted tree of order at most d¢/4, and let v € A\ Uya be arbitrary. Then there exists an
(r = v, Veyen (T, 1) = A\ Ua, Voaa(T,r) — B\ Ug)-embedding of T

Suppose that we we have a rooted tree (T,r) to be embedded, and its root was already
on a vertex ¢(r). Suppose that r has degree ¢x + ¢y in a regular pair (X,Y’), where {x =
deg(o(r), X), by := deg(o(r),Y), with £x > ly, say. The hope is that we can embed 7 in (X,Y")
as long as v(7T) is a bit smaller than ¢x + ¢y. For this, the greedy strategy does not work (see
Figure 6.5) and we need to be somewhat more careful. We split the embedding process into two
stages. In the first stage we choose a subset of the components of T'—r of total order approximately
2 min (€ X, €y) = 20y. When embedding these, we choose orientations of each component in such
a way that the image is approximately balanced with respect to X and Y. In the second stage we
embed the remaining components so that their roots are embedded in X. We refer to the first stage
as embedding in an balanced way, and as embedding in an unbalanced way to the second stage.

The next lemma says that each regular pair can be filled-up in a balanced way by trees.
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6.4 Embedding small trees

O V)

b “'w y TPy
My an @y T (1 (1)

Figure 6.5: An example of a rooted tree (7', 1), depicted on the left. The forest T'— r has three
components (I), (IT), (III) of total order 12. Say the vertex r is embedded so that for the regular
pair (X,Y’) we have deg(¢(r), X) = 8, deg(¢(r),Y) = 4 (neighbourhoods of ¢(r) hatched).
While the greedy strategy does not work (middle), splitting the process into a balanced and an
unbalanced stage (right) does — here the components (I) and (IT) are embedded in the balanced
stage and the component (IIT) in the unbalanced stage.

Lemma 6.9. Let G be a graph, v € V(G) be a vertex, M be an (e,d,vk)-semiregular matching in
G, and {fcp}(c,pyem a family of integers between —7k and Tk. Suppose (T,r) is a rooted tree,

o) < (1- 22 ) i),

with the property that each component of T —r has order at most 7k. If V(M) C Ng(v) then there
exists an (r = v, V(T —r) — V(M))-embedding ¢ of T such that for each (C,D) € M we have
[C NG|+ fep = [DNG(T)| £ 7k.

The proof of Lemma 6.9 is standard, and is given for example in [HP, Lemma 5.11].

Lemma 6.9 suggests the following definitions. The discrepancy of a set X with respect to a
pair of sets (C, D) is the number |C'N X| — |DN X|. X is s-balanced with respect to a semiregular
matching M if the discrepancy of X with respect to each (C,D) € M is at most s in absolute
value.

Lemma 6.10. Let G be a graph, v € V(G) be a vertex, M be an (e,d,vk)-semiregular matching
in G with an M-cover F, and U C V(G). Suppose (T,r) is a rooted tree with

o) + U] < degg (0. )\ JF) = S uay).

such that each component of T —r has order at most Tk. Then there exists an (r — v, V(T —r) —
V(M) \ U)-embedding ¢ of T

The proof of Lemma 6.10 is again standard and we again omit it.

The following lemma uses a probabilistic technique to embed a shrub while reserving a set of
vertices in the host graph for later use. We wish the reserved set to use about as much space inside
certain given sets P; as the image of our shrub does. (In later applications the sets P; correspond
to neighbourhoods of vertices which are still ‘active’.)

Lemma 6.11 will find an immediate application in all the remaining lemmas of this subsection.
However it is really necessary only for Lemmas 6.12-6.13, which deal with embedding shrubs in
the presence of one of the Configurations (¢6)—(¢8). For Lemmas 6.14 and 6.15, which are for
Configurations (¢3) and (¢4) a simpler auxiliary lemma (without reservations) would suffice.
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6.4 Embedding small trees

Lemma 6.11. Let H be a graph, let X*, X1, Xo, Py, Po,..., P, C V(H), and let (Th,r1), ...,
(Ty,7¢) be rooted trees, such that L < k, |Pj| < k for each j € [L], and |X*| > 2¢. Suppose that
deg™™ (X1 U X", X2) > 23" 0(T;) and deg™™ (X2, X1) > 235 v(Th).

Then there exist pairwise disjoint (r; = X*, Voven (T3, 7i) \ {ri} — X1, Voad(T;,1i) — X2)-em-
beddings ¢; of T; in G and a set C C (X1 U X2)\UJ @i(T3) of size > v(T;) such that for each j € [L]
we have

1P JodT) < [P nCl+ k% (6.3)

Proof. Let m := > v(T;).

We construct pairwise disjoint random (r; < X Veyen (T3, 7i) \ {ri} — X1, Voaa(Ti, i) — Xa)-
embeddings ¢; and a set C C V(H) \ | ¢i(T;) which satisfies (6.3) with positive probability. Then
the statement follows.

Enumerate the vertices of |JT; as |V (T;) = {v1,...,vm} such that v; = r; fori =1,... ¢, and
such that for each j > ¢ we have that the parent of v; lies is the set {vq,...,v;—_1}. Pick pairwise
disjoint sets Aq,..., Ay C X* of size two. Uniformly at random denote one element of A; as x; and
the other as y;.

Now, successively for i = £+ 1,...,m, we shall define vertices x; and ;. Let r denote the root
of the tree in which v; lies, and let v, = Par(v;). We shall choose x;,y; € X;, where j; = dist(r, v;)
mod 2 + 1. In step ¢, proceed as follows. Since z, € X, (or since x5 € X*), we have

deg(xs, X5, \ [ J{an yn}) =

h<i

Hence, we may take an arbitrary subset A; C (N(z5) N Xj,) \ Up<i{zn, yn} of size exactly two. As
above, randomly label its elements as x; and y; independently of all other choices.

The choices of the maps (v; — z;)jL; determine ¢1,...,¢,. Then C = {y1,...,ym} has size
exactly m and avoids | ¢;(T;).

For each j € [L] we set up a stochastic process GU) = <(X(j),Y(j)))i1, defined by Xi(j) =

1(z,ep;y and Y(j) = 1l¢y.ep;}- Note that 6U) € Duplicate(|P;|) C Duplicate(k). Thus, for a fixed

j € [L], by Lemma 6.3, the probability that |P;N(lJ ¢:(T;))| > |P;NC|+k>/* is at most exp(—vk/2).
Using the union bound over all j € [L] we get that Property 6.5 holds with probability at least

1—L-exp <_\/TE> > 0.

This finishes the proof. U
We now get to the first application of Lemma 6.11.

Lemma 6.12. Assume we are in Setting 5.1. Suppose that the sets Vo, Vs are such that for j = 2,3
we have
deg™™ 1 (Vj, Vs—j) = ok, (6.

4)
where 6 > 300/k, and H is a (vk,v)-nowhere dense graph. Suppose that U,U*, Py, Pa,..., P, C
V(G), and L < k, are such that |U| < 24f/_kz U* CVy, U > 51{: and |P;| < k for each j € [L].
Let (T, 1) be a rooted tree of order at most dk/8.
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6.4 Embedding small trees

Then there exists a (r < U*, Veyen (T, 1) \ {r} — Vo \ U, Voaa(T,r) < V3 \ U)-embedding ¢ of T
in G and a set C C (Vo UV3)\ (UU(T)) of size v(T') such that for each j € [L] we have

[P, ()] < [Py N C| + K (6.5)

Proof. Set B := shadowg,,, (U, dk/4). By Fact 4.13, we have that |B| < 647(24ﬁ)2k: <%k-2.In
particular, X* := U* \ B has size at least 2. Set X; := V5 \ (UU B) and set Xy := V3 \ (U U B).

Using (6.4), we find that

0 0
Xj, X3-j) > 0k — deg™ ¢, (X;,U) — |B| = 0k — k- 1F=2 2v(T)

degmin

Gesp (
for j = 1,2. We may thus apply Lemma 6.11 to obtain the desired embedding ¢ and the set C. [J

Lemma 6.13. Assume Setting 5.1 and Setting 5.4. Suppose that we are given sets Y1,Ys CPB1\V
with Y1 C A, and

(i) deg™™ o (Y1, %P1\ Y2) < 455, and
(i) deg™® (Y2, Y1) > 6k.

Suppose that U,U*, Py, Pa,...,Pr, C V(G) are sets such that |U| < 2?)‘5*14 U* C Yy, with
\U*| = Sk, |Pj| < k for each j € [L], and L < k. Suppose (Ty,71),...,(Ts,1¢) are rooted trees of
total order at most 0k/1000. Suppose further that 6 < ny/100, e’ < §/1000, and k > 1000/4.

Then there exist pairwise disjoint (r; — U*, Voven (T3, 73) < Y1\ U, Voaa(T3,7i) = Y2 \ U)-em-
beddings ¢; of T; in G and a set C C V(G —J ¢i(T;)) of size > v(T;) such that for each j € [L]
we have that

1P J T < [P0 Cl+ k% (6.6)

Proof. Set U' := shadowg,, (U,0k/2) UU. By Fact 4.12, we have |U'| < Ak. As Yy isa (A, &,7,k)-
avoiding set, by Definition 4.5 there exists a set B C Y7, |B| < €'k such that for all v € Y7 \ B there
exists a dense spot D, € D with v € V(D,) and |V(D,) NU'| < 7?k. As Y; is disjoint from V/,
by Definition 5.3(4) and by (5.12), we have that degp, (v, V(Dy)'!) > g56k. By (i), we have that
degq,, (v, V(Dy)'!\ Ya) < 55k, and hence,

nmk 5 Mk
dege., (v, (V(Dy ) NYs)\ U) 400 —~?2 800 .
Thus,
min Y1\ B,Y "UB > 2 . .
deg™, (Y1 \ B, Y2\ (U'UB)) > 8m) > o(T)) (6.7)

Further, by the definition of U’ and by (ii), we have

, 5
deg™®, (Yo \ U, Y1\ (UUB)) > >2) u(Ty) . (6.8)
Set X* := U*\ B, and note that |X*| > dk/4 — 'k > 2¢. Set X3 := Y7 \ (U U B) and

Xy := Y5\ (U’ U B). Inequalities (6.7) and (6.8) guarantee that we may apply Lemma 6.11 to
obtain the desired embeddings ¢;. O
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6.4 Embedding small trees

Lemma 6.14. Assume Setting 5.1. Suppose that the sets L', L", W' ®" V, Vo witness Config-
uration (¢3)(0,0,7v/4,0). Suppose that U,U* C V(G) are sets such that |U| < k, U* C Vi,
\U*| = $k. Suppose (T,r) is a rooted tree of order at most 6k/1000. Suppose further that § < ~/100,
e/ < §/1000, and 4% /6 < A.

Then there is an (r — U*, Voyen (T, ) \ {r} = V1 \ U, Voaa(T, 1) — Vo \ U)-embedding of T in G.

Proof. The proof of this lemma is very similar to the one of Lemma 6.13 (in fact, even easier). Set
U’ := shadowg, (U, 6k/2) UU and note that |[U’| < Ak by Fact 4.12. As V; is (A, €', , k)-avoiding,
by Definition 4.5 there is a set B C V;, |B| < €'k such that for all v € V;\ B there exists a dense spot
D, € D with degp, (v,V(Dy)\U’) = vk/2. By (5.19), we know that degg_ (v, V(D) \ V2) < vk/4,
and hence, degg, (v, (V(Dy) NV2) \ U’) > vk/4. Thus,

. k
deg™™, (Vi \ B, Vo \ U') > 7? > 20(T) . (6.9)

Further, by the definition of U’ and by (5.20), we have

; ok
deg™" (V2 \U', V1 \U) > 5 >2(T) . (6.10)
Set X* := U*\ B, and note that |X*| > dk/4 — 'k > 2. Set X3 := V1 \ (U U B) and
Xy : =V, \ (U'U B). Inequalities (6.9) and (6.10) guarantee that we may apply Lemma 6.11 (with
empty sets P;) to obtain the desired embedding ¢. O

Lemma 6.15. Assume Setting 5.1. Suppose that the sets L', L", ®' ®" Vi A" Vo witness Con-
figuration (¢4)(0,0,~v/4,5). Suppose that U C V(G), U* C Vi are sets such that |U| < k and
\U*| = $k. Suppose (T,r) is a rooted tree of order at most 5k/20 with a fruit r'. Suppose further
that 4e’ < § < /100, and A > 300(£)3.

Then there exists an (r — U*,r" < Vi \ U, V(T)\ {r,r'} — (AU W)\ U)-embedding of T in G.

Proof. Set
U’ := U Ushadowgq (U, 6k/4) U Shadowg)v_q,(ﬁ,5k/4)

and let .
U" := U Ushadowg, (U, 5k /2).

We use Fact 4.12 to see that [U’| < ;2-Ak and |U”| < Ak. We then use Definition 4.5 and (5.24)
to find a set B C 2’ of size at most €’k such that
deg™™ ., (A \ B,Vo\U") > 2v(T) . (6.11)

Using (6.11), and employing (5.21) and (5.23), we see that we may apply Lemma 6.11 with
Xi611 =U" Xipenn =4\ (BUU') and Xo16.11 := Vo \ U” (and with empty sets P;) in order
to embed the tree T'— T'(r,1 ') rooted at r. Then embed T'(r,1 '), by applying Lemma 6.11 a
second time, using (5.21) and (5.22). O
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6.5 Main embedding lemmas

For this section, we need to introduce the notion of a ghost. Given a semiregular matching N,
we call an involution ? : V(N) — V(N) with the property that 9(S) = T for each (S,T) € N a
matching involution.
Assume Setting 5.1 and fix a matching involution b for M4 U Mp. For any set U C V(G) we
then define by
ghost(U) :==U Ub(UNV(MaUMp)) .

Clearly, we have that |ghost(U)| < 2|U|, and |ghost(U) N S| = |ghost(U) N T'| for each (S,T) €
MU Mp.

The notion of ghost extends to other semiregular matchings. If A/ is a semiregular matching
and 9 a matching involution for A then we write ghosty(U) := U Ud(U NV (N)).

6.5.1 Embedding in Configuration (¢1)

This subsection contains an easy observation that trees(k) C G in case G contains Configura-
tion (¢1).

Lemma 6.16. Let G be a graph, and let A, B C V(G) be such that deg™®(G[A, B]) > k/2, and
deg™®(A) > k. Then trees(k) C G.

Proof. Let T' € trees(k) have colour classes X and Y, with |X| > k/2 > |Y|. By Fact 3.2, for the
set W of those leaves of T' that lie in X, we have | X \ W| < k/2. We embed T'— W greedily in G,
mapping Y to A and X \ W to B. We then embed W using the fact that deg™™(A) > k. O

6.5.2 Embedding in Configurations (¢2)—(¢5)

In this section we show how to embed Ty o in the presence of configurations (¢2)—(¢5). As outlined
in Section 6.1.1 our main embedding lemma, Lemma 6.19, builds on Lemma 6.18 which handles
Stage 1 of the embedding, and Lemma 6.17 which handles Stage 2.

Lemma 6.17. Assume we are in Setting 5.1. Suppose L",L' and ¥’ witness Preconfiguration

& 10°9%) 1ot T,r) be a rooted tree of order at most 721/k: 6. Let U C V(G) with |U|+v(T) < k,
7

and let v e W'\ U. Then there exists an (r — v, V(T) < V(G) \ U)-embedding of (T,r).

Proof. We proceed by induction on the order of T. The base v(T) < 2 obviously holds. Let us
assume Lemma 6.17 is true for all trees 7" with v(7") < v(T).

Let Uy := shadowgg (U — ¥,nk/200), and U == J{C € V : |CNU| > 3|C|}. We have
|Ui| < %k by Fact 4.12, and |Us| < 2|U]|. Set

Ly := L" N shadowg (2, Z—]S),

50

Ly == L N shadowg,, <V(Greg), 1+ %)k —Un \11|) .

k
Ly := L" Nshadowg (‘Il, UN®|+ 77_) , and
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6.5 Main embedding lemmas

Observe that Ly C (JV and that since L” C Lo, ,(Gv) \ ¥, we have
0"
L" CV(Gexp) UAU Ly U Ly U Ly .

As by (5.18), we have degq (v, L") > 105% > 5(|[U U U UUs| 4+ v(T) + nk), one of the following
five cases must occur.

Case I: degg (v, V(Gexp) \ U) > v(T') + nk. Lemma 6.5 gives an embedding of the forest T'—r (whose
components are rooted at neighbours of r). The input sets/parameters of Lemma 6.5 are Qrg.5 := 1,
CL6.5 = 12\/"—)/, UI:k6.5 = (N(;(v) N V(Gexp)) \ U, Uigs :=U, Vi =Vy:= V(Gexp).

Case II: deg (v, A\ U) > v(T) + nk. Lemma 6.4 gives an embedding of the forest 7" — r (whose
components are rooted at neighbours of r). The input sets/parameters of Lemma 6.4 are Uy , :=
(Ng(v) N)\ U, Ures := U and e144 := ¢’ < n. Here, and below, we tacitly implicitly assume
parameters of the same name to be the same, i.e. 6.4 := 7.

Case I11: degq (v, Ly \ (U UUy)) > v(T) + nk. We only outline the strategy. Embed the children
of rin Ly \ (UUU) using a map ¢ : Chr(r) — Lo\ (UUU;). By definition of Ly, and U;, we have
deggo (9(w), A\ U) > FT% for each w € Chp(r). Now, for every w € Chp(r) we can proceed as in
Case 1II to extend this embedding to the rooted tree (T(T,T w),w). That is, Case III is “Case II
with an extra step in the beginning”.

Case IV: degg (v, Ly \ U) > v(T) + nk. We embed the children Chz(r) of r in distinct vertices of
Lg \ U. This is possible by the assumption of Case IV.
Now, (5.16) implies that deg™"_(Ly, ®') > |[UN ®¥| + %]()%' Consequently, deg™_ (Ly, ¥\

U) > %ko. Therefore, for each w € Chr(r) embedded in Lg \U we can find an embedding of Chy(w)
in W'\ U such that the images of grandchildren of r are disjoint. We fix such an embedding. We
can now apply induction. More specifically, for each grandchild u of » we embed the rooted tree
(T (r,t u),u) using Lemma 6.17 (employing induction) using the updated set U, to which the

images of the newly embedded vertices were added.

Case V:degq (v, Lv \ (UU Uy UUs)) = v(T). Let uy,...,up be the children of r. Let us consider
arbitrary distinct neighbours z1,...,2p € Lv \ (U U U; UUs) of v. Let T; := T(r,T u;). We
sequentially embed the rooted trees (7;,u;), i = 1,...,¢, writing ¢ for the embedding. In step
i, consider the set W; := (UU Uj<l- gb(TJ)) \ W. Let D; € V be the cluster containing z;. By
definition of Ly and of Uy,

nk  nk nk
d iy re 4 2 A~ Aann > At
B Ges (i: V(Greg) \Wi) 2 55 = 555 2 155

Fact 4.8 yields a cluster C; € V such that

2 !
7 ye Yy 12e%¢
— — +u(T +v(T) .
100 2(9*)2 - 2 o(T) > 2 v(T)

degGreg (:CZ', CZ \ Wl) 2

In particular there is at least one edge from E(G\cg) between C; and D;, and therefore, (Cj, D;) forms
an &’-regular pair of density at least 72 in Greg.- Map u; to z; and let Fy, ..., F, be the components
of the forest T; —u;. We now sequentially embed the trees Fj in the pair (D;, C;) using Lemma 6.6,

with Xi6.6 := C;\(WiUU,<; 9(Fy)), Xi66 = Ny (i, X16.6), Yr6.6 := Di\(WiU{z: }UU, ; 9(FY)),
L6 = €, and Pree := 72/3. U
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6.5 Main embedding lemmas

We are now ready for the lemma that will handle Stage 1 in configurations (¢2)—(¢5).

Lemma 6.18. Assume we are in Setting 5.1, with L, L', ¥’ witnessing (&%)(Q*) in G. Let U C
V(G)\ ¥ and let (T,r) be a rooted tree with v(T') < k/2 and |U| + v(T) < k. Suppose that each
component of T —r has order at most k. Let x € (L"NYB)\ U7, shadovvg)V (ghost(U), nk/1000).

Then there is a subtree T" of T with r € V(T") which has an (r — z, V(T")\ {r} — V(G) \ ¥)-
embedding ¢. Further, the components of T — T’ can be partitioned into two (possibly empty) sets
C1, Ca, such that the following two assertions hold.

(a) If C1 # 0, then deg™" ;. (¢(Par(V(UJC1))), ¥') > k + % —o(T"),
(b) Par(V(UCa)) C {r}, and degg (z,®') > & + 25 —o(T"UJCy).

Proof. Let C be the set of all components of T'— r. We start by defining Co. Then, we have to
distribute T'— [ J C3 between T” and C;. First, we find a set Cpy C C\ Cy which fits into the matching
M4 UMp (and thus will form part of 7). Then, we consider the remaining components of C \ Ca:
some of these will be embedded entirely, of others we only embed the root, and leave the rest for
C1. Everything embedded will become a part of T".

Throughout the proof we write shadow for shadowg,, .

Set Viood := Viood \ shadow (ghost(U), %), and choose C C C such that
d d nk
egay (7, Vgood — < Z < max < 0,degq,, (:c, Vgood) “0 (- (6.12)
seC

Set Cy := C\ C. Note that this choice clearly satisfies the first part of (b). Let us now verify the
second part of (b). For this, we calculate

k
degqo (2, ') > deggo (2, Vi \ Ly) — deggg (z, shadow(ghost(U), 77—))

1000
nk
—degg (%, Vi \ (Ly Ushadow(ghost(U), 1000) uUw))
— degg (z, ¥\ &)
k k k k k
(by (5.9), = & shadow(® (ghost (), 1255), (6.12), (5.16)) == (5 + Z—O — 175% — Z v(S) + g—o — 177%
SecC
k nk
> 5~ Z (S) + %
seC
k nk.
> 5 —o(T
; ool + g
as desired for (b).
Now, set
M= {(X1,X2) € MaUMp : degg, (z, (X1 UX2)\2A) >0} . (6.13)

Claim 6.18.1. We have |V/(M)]| < 4({32) k.
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Proof of Claim 6.18.1. Indeed, let (X1, X2) € M, ie. (X1, X2) € MaUMp with degg, (x, (X1 U
X9)\2) > 0. Then, using Property 4 of Setting 5.1, we see that there exists a cluster Cixi,x) EV
such that degq, (, C(Xl,XQ)) > 0, and either Xy C Cx, x,) or X2 C Cx, x,). In particular, there
exists a dense spot (A(x, x,), Bix,,x2); Fix1,x2)) € D such that © € A(x, x,), and X1 C Bx, x,)
or Xy C B(x,,x,)- By Fact 4.4, there are at most % such dense spots, let Z denote the union

of all vertices contained in these spots. Fact 4.3 implies that |Z] < 2(2; P k. Thus [V(M)| <

2[V(M) N 2| < 22) < 455k, O

First we shall embed as many components from C as possible in M. To this end, consider an
inclusion-maximal subset Cy; of C with

Z v(S) < deggy (z,V(M)) — ——. (6.14)
SeCur

We aim to utilize the degree of z to V(M) to embed Cjps in V(M) using the regularity method.

Remark 6.18.2. This remark (which may as well be skipped at a first reading) is aimed at those
readers that are wondering about a seeming inconsistency of the defining formulas (6.13) for M,
and (6.14) for Cps. That is, (6.13) involves the degree in Gp and excludes the set 2(, while (6.14)
involves the degree in Gy. The setting in (6.13) was chosen so that it allows us to control the size
of M in Claim 6.18.1, crucially relying on Property 4 of Setting 5.1. Such a control is necessary
to make the regularity method work. Indeed, in each regular pair there may be a small number
of atypical vertices”, and we must avoid these vertices when embedding the components by the
regularity method. Thus without the control on |M| it might happen that the degree of x is
unusable because x sees very small numbers of atypical vertices in an enormous number of sets
corresponding to M-vertices. On the other hand, the edges = sends to 2 can be utilized by other
techniques in later stages. Once we have defined M we want to use the full degree to V(M) to
ensure we can embed the shrubs as balanced as possible into the M-edges. This is necessary as
otherwise part of the degree of x might be unusable for embedding, e.g. because it might go to
M-vertices whose partners are already full.

For each (C, D) € M we choose Cocp C Cps maximal such that

>~ v(S) < deggy (@, (CU D)\ ghost(1) — (5,10 (6.15)
SeCep

and further, we require Cop to be disjoint from families Covpr defined in previous steps. We claim
that {CCD}(C,D)GM forms a partition of Cyy, i.e., all the elements of Cy; are used. Indeed, otherwise,
by the maximality of Cop and since the components of 1" — r have size at most 7k, we obtain

Z v(S) = degg (z, (C'U D)\ ghost(U)) — (%)3\0] — 7k
SeCep (616)

(5.1

> ey (2, (C U D) \ ghost(U) — 2(1°[C

9The issue of atypicality itself could be avoided by preprocessing each pair (S,T) of Ma U Mp and making it
super-regular. However this is not possible for atypicality with respect to a given (but unknown in advance) subpair
(s, 1.
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for each (C, D) € M. Then we have

Z v(S) > Z Z v(S)

SeCnpr (C,D)YeM SeCcp
ty @10y = Y (deggy(x,(CUD)\ ghost(U)) — 2(%)3@)
(C,D)eMm
2(0O)* 2
(by Claim 6.18.1 and Fact 4.11) 2 degGv (1’, V(M) \ ghost(U)) _ (l)g . ( 2) k
QO ~
nk
(as « & shadow(ghost(U))) 2 degGv (1" V(M)) — m

ty 11 = Y 0(S)

SEC}M

a contradiction.

We use Lemma 6.7 to embed the components of Cop in (C'U D) \ ghost(U) with the following
setting: Crg.7 := C, Dig7 := D, Upg7 := ghost(U), XE6.7 = (NGV (.%') N (C U D)) \ Urg.7, and
(T;,r;) are the rooted trees from Cop with the roots being the neighbours of r. The constants in
Lemma 6.7 are er67 := ¢/, Brer := Ve, and lrg7 = |C| = vmk. The rooted trees in Cop are
smaller than er6.7016.7 by (5.1). Condition (6.2) is satisfied by (6.15), and since (7/Q*)% > 50V/¢'.

It remains to deal with the components C \ Cps. In the sequel we shall assume that C \ Cps # 0
(otherwise skip this step and go directly to the definition of 7" and Cy, with p = 0). Thus, by our
choice of Cys, we have

Z v(S) = deggg (z,V(M)) — — . (6.17)
SeCu

Let Ty, Ty, ..., T, be the trees of C \ Cps rooted at the vertices r; € Ch(r) N V(T;). We shall
sequentially extend our embedding of Cjs to subtrees T} C T;. Let U; C V(G) be the union of the
images of |JCps U {r} and of T7,...,T/ under this embedding.

Suppose that we have embedded the trees 77, ...,T/ for some i =0,1,...,p— 1. We claim that
at least one of the following holds.

(V1) deggy (2, V(Gexp) \ (U UT;)) > 15,
(V2) degg (2,2\ (UUD;)) > 12, or
(V3) deggy (2, L'\ (V(Gexp) UAUU UU; Ushadow(ghost(U), 1455))) = 1.

Indeed, suppose that none of (V1)—(V3) holds. Then, first note that since U C ghost(U) and
since x ¢ shadow(ghost(U), nk/1000), we have

degq, (7, U) < nk/1000. (6.18)

Also,
degg, (7, V(MaUMp)) < degg, (, V(M) U). (6.19)

34



6.5 Main embedding lemmas

Thus,

k
deggv (ﬂf, Veood \ shadow (ghost(U), ﬁ))

(by (6.18) and (6.19), def of Vyood) << degGv <:E, (V(M) UV (Gexp) UA U L/) \ (U U shadow(ghost(U), ——

nk
+ degGv (x’L%n,k(GV) \ (‘IJ U L/)) + m

oy 518) < deggg (w, (V(Gexp) UAU L) \ (V(M) UU U shadow(ghost(U), ——

nk nk
d v, v
+deggg (2, VIM)) + 155+ To00

k k k k
(b ~(VI), ~(V2), ~(v8), by 017) < B —e Zv(Tj) + Z v(S) + LRI/ A L

1000 o St 900 100 1000
nk
< ZU(S) t90
SecC
a contradiction to (6.12).
In cases (V1)—(V2) we shall embed the entire tree T}, ; := T;; 1. In case (V3) we either embed

the entire tree T}, ; := Tj;1, or embed only one vertex T}, := r;;1 (that will only happen in case
(V3c)). In the latter case, we keep track of the components of Tj;1 — 741 in the set Cy 41 (we
tacitly assume we set Cp ;11 := ) in all cases other than (V3c)). The union of the sets C;; will
later form the set Cy. Let us go through our three cases in detail.

In case (V1) we embed T;41 rooted at ;41 using Lemma 6.5 for one tree (i.e. {145 := 1) with the
following sets/parameters: Hygs := Gexp, UrLes := UUU;, Ul 5 = Nag () N (V(Gexp) \ (U U D)),
Vi = Vo i= V(Gexp)s Ques = 1, Cues := p, and Y65 = 7. Note that |[U U U;| < k, that
INgg (@) N (V(Gexp) \ (U UU;))| = nk/1000 > 32vk/p + 1, that v(Ti41) < 7k < pk/4 and that
128y < p?.

In case (V2) we embed T;11 rooted at r;;1 using Lemma 6.4 for one tree (i.e. 164 := 1) with
the following setting: Hyg4 := G—W, A6 := A, Urga := UUU;, Ufy 4 := Ngg (2)N(A\ (U UL)),
Aiga = A, Y64 := 7, €L64 = ¢’. Note that |U U UZ| < k < Ak, that |NGV (CE) N (Ql \ (U @] Ul))| =
nk/1000 > 2&'k, and that v(T; 1) < 7k < vk/2.

We commence case (V3) with an auxiliary claim.

Claim 6.18.3. There exists Cy € V such that

k /
degq, (2,(CoN L)\ (V(Gexp) UU U U; U shadow(ghost(U ), ﬁ))) > %c .

Proof of Claim 6.18.3. Observe that L'\ (V (Gexp) UAUTUUUU;) C |JV and that (since z € |JV)

Egolw, I\ (V(Gexp) U U U U U; Ushadow(ghost(U), %))} C E(Gp) .

By Fact 4.8, there are at most 2(?%% clusters C' € V such that degg(z,C) > 0. Using the
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assumption (V3), there exists a cluster Cyp € V such that

k nk e
d CoN L)\ (V(Gexs) UU U U; U shadow(ghost(U), —e—)) | > & _ T &
ety (7.(CoN )\ (V(Giry) shadow(ghost(U). 1160 ) > 100+ 5
(5.1) ¢
2 ?C,
as desired. ]

Let us take a cluster Cy from Claim 6.18.3. We embed the root r;y1 of Tjy1 in an arbitrary
neighbour y of z in (Co N L") \ (V(Gexp) UU U U; Ushadow(ghost(U), %)).

Let H C G be the subgraph of G consisting of all edges in dense spots D, and all edges incident
with ¥'. As by (5.16), y has at most nk/100 neighbours in ¥\ ¥', and since y € L' C Ly, 19 1(Gv)

and y ¢ shadow (U, %ko), we find that

degy (y, V(G)\ (UL T) U (¥ \ ¥))) > (1 - 91)—@ - %go — Uil - %

k
>k — ‘UZ’ + ne .
2
Therefore, one of the three following subcases must occur. (Recall that y ¢ A as y € Cyp € V.)

(V3a) degq (y,2\ (UUL;)) > &,

(V3b) degq, (v, UV \(UUT;) > %, or
(V3c) deggy, (4, ¥') = k — |Us| + %-
In case (V3a) we embed the components of T;11 — 7,41 (as trees rooted at the children of 7;41)

using the same technique as in case (V2), with Lemma 6.4.

In (V3b) we embed the components of T;11 — ;11 (as trees rooted at the children of r; ;). By
Fact 4.8 there exists a cluster D € V such that

2 2

’I’]k‘ Y= ¢ Yy
degq D\NUUU;)) > —- —. 6.20
eg reg(y’ \( )) 6 2(9*)2]{3 > 2 ¢ ( )

We use Lemma 6.6 with input er66 := €', Bres := 72, Cres := D, Dige := Co, Xise = X166 =
D\ (UUU;) and Yige := Co \ (UUU; U{y}) to embed the tree T;;1 into the pair (Cy, D),
by embedding the components of T;,1 — r;11 one after the other. The numerical conditions of
Lemma 6.6 hold because of Claim (6.18.3) and because of (6.20).

In case (V3c) we set Ti,+1 = 141 and define Cy ;41 as set of all components of T 11 — riy.
Then ¢(Par(JC1,i+1) NV (T}, ,)) = {y} and
nk
6
When all the trees Ty,...,T, are processed, we define 77 := {r} UJCpy U U_; T/, and set

Cy := U C1;. Thus also (a) is satisfied by (6.21) for i = p, since |T"| = |Up|. This finishes the
proof of the lemma. O

deggy (v, ') > k — |Ui| + (6.21)
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It turns out that our techniques for embedding a tree T' € trees(k) for Configurations (¢02)—(05)
are very similar. In Lemma 6.19 below we resolve these tasks at once. The proof of Lemma 6.19
follows the same basic strategy for each of the configurations (¢2)—(¢5) and deviates only in the
elementary procedures of embedding shrubs of T'.

Lemma 6.19. Suppose that we are in Setting 5.1, and one of the following configurations can be
found in G:

a) Configuration (02) ((2*)2,5(Q2%)%, p%),

b) Configuration (o3) ((2%)%,5(2*)?,~v/2,+3/100),

¢) Configuration (o4) (%)%, 5(Q)?,~v/2,+*/100), or

d) Configuration (©5) ((Q*)2,5(9*)978/,2/(9*)3, ﬁ),

Let (T,r) be a rooted tree of order k with a (7k)-fine partition (Wa,Wpg,S84,8p). Then T C G.

Proof. First observe that each of the configurations given by a)-d) contains two sets ¥/ C ¥ and
Vi CV(G)\ ¥ with

degminGV (‘I’//, Vl)
degrninGV (Vla \I’//)

50k , (6.22)

>
>k . (6.23)

For any vertex z € W4 U Wp we define T'(z) as the forest consisting of all components of
T — (W4 UWpg) that contain children of z. Throughout the proof, we write ¢ for the current partial
embedding of T" into G.

Overview of the embedding procedure. As outlined in Section 6.1.1 the embedding scheme
is the same for Configurations (¢2)—(¢5). The embedding ¢ is defined in two stages. In Stage 1,
we embed W4 U Wp, all the internal shrubs, all the end shrubs of Su, and a part'® of the end
shrubs of Sp. In Stage 2 we embed the rest of Sp. Which part of Sp are embedded in Stage 1
and which part in Stage 2 will be determined during Stage 1. We first give a rough outline of both
stages listing some conditions which we require to be met, and then we describe each of the stages
in detail.

Stage 1 is defined in |W4 U {r}| steps. First we map r to any vertex in ¥”. Then in each step
we pick a vertex x € W4 for which the embedding ¢ has already been defined but such that ¢ is not
yet defined for any of the children of z. In this step we embed T'(z), together with all the children
and grandchildren of z in the knag which contains z. For each y € Wp N Ch(x), Lemma 6.18
determines a subforest 7’(y) C T'(y) which is embedded in Stage 1, and sets C1(y) and Ca(y), which
will be embedded in Stage 2.

The embedding in each step of Stage 1 will be defined so that the following properties hold.

(*1) All vertices from Wy are mapped to ¥”.

(*2) All vertices except for W4 are mapped to V(G) \ .

%in the sense that individual shrubs Sp may be embedded only in part
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6.5 Main embedding lemmas

Figure 6.6: Stage 1 of the embedding in the proof of Lemma 6.19. Starting from an already
embedded vertex x € W4 we extend the embedding to (in this order)

(1) all the children y € Wy of = in the same knag (in grey),

(2) a part T’(y) of the forest T'(y),

(3) all the grandchildren o’ € W4 of x in the same knag,

(4) the forest T'(x) together with the bordering cut-vertices a* € Wy.

(*3) For each y € Wp, for each v € Par(V(|JC1(y))) it holds that
degg(¢(v), ¥') > ki + fig — v(T'(y) -
(*4) For each y € Wp, for each v € Par(V(|JC2(y))) it holds that
degq (9(v), ¥') > § + {5 —o(T'(y) U JC1(y)) -

In Stage 2, we shall utilize properties (*3) and (*4) to embed 7% = USs — Uyew, 7' (v)-
Stage 2 is substantially simpler than Stage 1; this is due to the fact that 7% consists only of end
shrubs.

The embedding step of Stage 1. The embedding step is the same for Configurations (¢2)—
(05), except for the embedding of internal shrubs. The order of the embedding steps is illustrated
in Figure 6.6.

In each step we have picked x € W4 already embedded in G but such that none of Ch(x) are
embedded. By (*1), or by the choice of ¢(r), we have ¢(z) € ¥”. So by (6.22) we have

deggo (d(x), Vi \U) = 5(Q)°k — k. (6.24)

First, we embed successively in |[Wpg N Ch(x)| steps the vertices y € Wp N Ch(z) together
with components 7”(y) C T'(y) which will be determined on the way. Suppose that in a cer-
tain step we are to embed y € Wp N Ch(z) and the (to be determined) tree T7(y). Let F :=
U?:o Shadowg)v_‘p(ghost(U), %), where U is the set of vertices used by the embedding ¢ in previ-
ous steps, so |U| < k. By Fact 4.12, |F| < 101075#)21{. We embed y anywhere in (Ng(¢(x))NVi)\ F,
cf. (6.22). Note that then (*2) holds for y. We use Lemma 6.18 in order to embed T"(y) C T'(y)
(the subtree T"(y) is determined by Lemma 6.18). Lemma 6.18 ensures that (*3) and (*4) hold
and that we have ¢(V(T"(y))) C V(G) \ .
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Also, we map the vertices 2/ € W4 N Ch(y) to "\ U. To justify this step, employing (*2), it
is enough to prove that

deg(p(y), ") = [Wal . (6.25)

Indeed, on one hand, we have |W4| < 336/7 by Definition 3.3(c). On the other hand, we have that
¢(y) € V1, and thus (6.23) applies. We can thus embed 2’ as planned, ensuring (*1), and finishing
the step for y.

Next, we sequentially embed the components Tof T (). In the following, we describe such an
embedding procedure only for an internal shrub 7', with z* denoting the other neighbour of T in
Wy (cf. (¥1)). The case when T is an end shrub is analoguous: actually it is even easier as we do
not have to worry about placing z* well. The actual embedding of T' together with z* depends on
the configuration we are in. We shall slightly abuse notation by letting U now denote everything
embedded before the tree 7.

For Configuration (62), we use Lemma 6.5 for one tree, namely T — z*, using the following
setting: Ques := 1,765 = 7, CL65 = p°, Hies := Gexp, Unes = U, and U5 = (Nag (¢(z)) N
Vi)\U (this last set is large enough by (6.24)). The child of = gets embedded in (N, (¢(x))NVi)\U,
the vertices at odd distance from = get embedded in V7, and the vertices at even distance from =z
get embedded in V5. In particular, Parp(z*) gets embedded in V. After this, we accomodate x*
in a vertex in W’ \ U which is adjacent to ¢(Parp(z*)). This is possible by the same reasoning as
in (6.25).

For Configuration (¢3), we use Lemma 6.14 to embed T with the setting vi6.14 := 7, 0L6.14 :=
v?/100,Urg.14 := U and Ut 14 == (Ngg(#(x)) NV1) \ U (this last set is large enough by (6.24)).
Then the child of = gets embedded in (Ng, (¢())NVi)\U, vertices of T of odd distance to z (i.e. of
even distance to the root of T') get embedded in Vi \ U, and vertices of even distance get embedded
in Vo \ U. We extend the embedding by mapping z* to a suitable vertex in ¥” \ U adjacent to
¢(Parp(z*)) in the same way as above.

*

For Configuration (¢4), we use Lemma 6.15 to embed T with the setting vi6.15 := 7, 016.15 :=
v4/100,Urg.15 :== U and Ufg 15 := (Ngg (¢(x)) NV1) \ U (this last set is large enough by (6.24)).
The fruit 74 s 5 in the lemma is chosen as Pary(2*), note that this is indeed a fruit (in T') because
of Definition 3.3 (i). Then the child of = gets embedded in (Ngg (¢(z)) N'Vi) \ U, the vertex
71 615 = Parp(z*) gets embedded in V; \ U, and the rest of T’ gets embedded in (21" UV3) \ U. This
allows us to extend the embedding to z* as above.

In Configuration (¢5), let W C V denote the set of those clusters, which have at least an
m—fraction of their vertices contained in the set U’ := U Ushadowg,,, (U, k/(2*)3). We get from
Fact 4.12 that |U’| < 2(2*)*k, and consequently |U’ U|JW| < 4(Q*)°k. By (6.24) we can find a
vertex v € (Ng(o(z)) NVy) \ (U UJW).

We use the fact that v ¢ shadowg,,, (U, k/(2*)?) together with inequality (5.27) to see that
degg,,, (0, V(Greg) \U) = k/ (2%)3. Now, since there are only boundedly many clusters seen from v

(cf. Fact 4.8), there must be a cluster D € V such that

2

degGreg (/U’ D \ U) 2 2 ’y

Let C be the cluster containing v. We have [(CNV))\U| > ﬁ]C\ > +3|C| because of (5.28) and
since C ¢ W. Thus, by Fact 2.1, ((CNVy)\ U, D\ U) is an 2’ /y3-regular pair of density at least
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72/2. We can therefore embed T in this pair using the regularity method. Moreover, by (6.26), we
can do so by mapping the child z of z to v. Thus the parent of x* (lying at even distance to z) will
be embedded in (C'NV;)\ U. We can then extend our embedding to z* as above.

This finishes our embedding of T'(). Note that in all cases we have ¢(z*) € ¥” and ¢(V (T)) C
V(G) \ ¥, as required by (*1) and (*2).

The embedding steps of Stage 2. Fori= 1,2, set Z; := ey, Ch(T"(y)) NUCi(y).
First, we embed all the vertices z € Z in W'. By (*2), until now, only vertices of W4 U Z, are
mapped to ¥, and using (*4) and the properties (c¢), (k) and (1) of Definiton 3.3, we see that

degg(6(Par(2)), ) > (2 | ) () uJew)
yeEWp
> |Wal+ |2 .

So there is space for the vertex z in W' N ¢(Ng(Par(z))).
Next, we embed all the vertices z € Z; in ¥’'. By (*2), until now, only vertices of W4 U Zs U Z;
are mapped to W', and by (*3) we have, similarly as above,

degg(¢(Par(2)), ') > [Wal +[Z2| + |21 -

So z can be embedded in ¥/ N Ng(¢p(Par(z))) as planned.

Finally, for z € Z; U Z3, denote by T, the component of C; U Cy that contains z. We use
Lemma 6.17 to embed the rest of the rooted tree (7%, z). (Note that our parameters work because
of (5.1).) Once all rooted trees (7%, z), z € Z; U Z3 have been processed, we have finished Stage 2
and thus the proof of the lemma. O

6.5.3 Embedding in Configurations (¢6)—(¢10)

We follow the schemes outlined in Sections 6.1.2, 6.1.3, 6.1.4, and 6.1.5.

Embedding a tree T2 € trees(k) using Configurations (06), (¢7), (¢8) has two parts: first
the internal part of Try 5 is embedded, and then this partial embedding is extended to end shrubs
of Tr1.2 as well. Lemma 6.20 (for configurations (¢6) and (¢7)) and Lemma 6.21 (for configuration
(08)) are used for the former part, and Lemmas 6.22 and 6.23 (depending on whether we have (©1)
or (©2)) for the latter. Lemma 6.24 then puts these two pieces together.

Embedding using Configurations (¢9) and (¢10) is resolved in Lemmas 6.25 and 6.26, respec-
tively.

Lemma 6.20. Suppose we are in Setting 5.1 and 5.4, and we have one of the following two
configurations:

e Configuration (©6)(dg,&,d’, u,1,0), or
o Configuration (o7)(d7, 755,€,d', 11, 1,0),

with 10°,/4(Q%)? < 65 < 1, 102/4(Q*)? /A < 62 < P43/10%, &' > 10 > 0, and d'prk > 4 - 103
Both configurations contain distinguished sets Vo, Vi C Py and Vo, V3 C By
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Suppose that (Wa,Wpg,S84,8B) is a (T7k)-fine partition of a rooted tree (T,r) of order at most k
such that |[WoUWp| < EOL. Let T' be the tree induced by all the cut-vertices Wa U Wpg and all the
internal shrubs.

Then there exists an embedding ¢ of T' such that (W) C Vi, ¢(Wg) C Vo, and (T" — (W4 U

Wg)) € Pi1.

Proof. For simplicity, let us assume that r € W4. The case when r € Wp is similar. The (7k)-fine
partition (W4, Wg,S4,Sp) induces a (7k)-fine partition in 7’. By Lemma 3.8, the tree 7" has an
ordered skeleton (X, X1, ..., X,,) where the X; are either shrubs or knags (X, being a knag).

Our strategy is as follows. We sequentially embed the knags and the internal shrubs in the
order given by the ordered skeleton. For embedding the knags we use Lemma 6.5 in Preconfigura-
tion (exp), and Lemma 6.8 in Preconfiguration (reg). For embedding the internal shrubs, we use
Lemmas 6.12 and 6.13 if we have Configurations (¢6), and (©7), respectively.

Throughout, ¢ denotes the current (partial) embedding of (Xo, X;...,X,,). In consecutive
steps, we extend ¢. We define auxiliary sets D; C V(G) which will serve for reserving space for
the roots of the shrubs X;. So the set Z; := {J;;(¢(X;) U D;) contains what is already used and
what should (mainly) be avoided.

Let Wa,; :=WanV(X;), and Wg; := Wp NV (X;). For each y € W4 ; with j < let

Sy = (Va N Ng(o(y))) \ Z<i,

except if the latter set has size > k, in that case we choose a subset of size k. This is a target set
for the roots of shrubs adjacent to y.

Also, in the case X; is a shrub, we write r; for its root, and f; for the only other vertex
neighbouring W4 U Wx. Note that f; is a fruit of (X;,r;).

The value h = 6 or h = 7 indicates whether we have configuration (¢6) or (¢7). Define

Suk
F; := shadowg_w <Z<i, %) UZei. (6.27)

Define U; := F; if we have Preconfiguration (exp) (note that in that case we have Configura-
tion (¢6)). To define U; in case of Preconfiguration (reg) we make use of the super-regular pairs

Q7. Q1) (G € Y). Set
: , ()
Ui::FiuU{ % :jey,\czﬁ”ﬂﬂvw—;’}- (6.28)
In either case, we have |U;| < 2|F;].

Finally, set

Sk
W, := shadowe_g (U %) UZi. (6.29)

We will now show how to embed successively all X;. At each step i, our embedding ¢ will have
the following properties:

(a‘) ¢(WA72) c ‘/1 \E and ¢(WB,Z) - %7
(b) for each y € Wy ; with j < we have |S, N ¢(X;)| < [Sy N D;| + j3/4
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(c
(d) Di © %\ ((Xi) U Z<i),

)
)
e) ¢(X; — ;) is disjoint from
)
)

‘Z<z+1‘

( 1< Dj’
(f) o(fi) € Vo \ W; if X; is a shrub,

(g) &(X;) C Py if X; is a shrub.

(We remark that since r; is not defined for knags X;, condition (e) means that ¢(X;) is disjoint
from (J;_; UD; for knags X;.)

It is clear that the first together with the last condition ensures that in step m we have found
the desired embedding for 7T".

Before we show how to embed each X; fulfilling the properties above, let us quickly calculate a
useful bound. By Fact 4.12 and (c), we have that |F;| < 93; k for all i < m. Thus, using |U;| < 2|F;]
and again Fact 4.12 and (c), this shows

38(0%)2
o,

W;| < k. (6.30)

Now suppose we are at step ¢ with 0 <7 < m. That is, we have already embedded all X; with
j < i, and are about to embed Xj.

First assume that X; is a knag. Note that if ¢ # 0, then there is exactly one fruit f, with
¢ < 1 which neighbours X;. Set N; := Ng(¢(fy)) in this case, and let N; := V(G) for i = 0. We
distinguish between the two preconfigurations we might be in.

Suppose first we are in Preconfiguration (exp). Recall that then we are in Configuration (¢6).

We use Lemma 6.5 to embed the single tree X; with the following setting: f16.5 := 1, V1 165 :=
Vi, Vares := Vo, Ufgs == (NN Vi) \ Uy = (Nin Vi) \ B, Uwes = U = Fi, Quos = 5
CL6.5 == 6, and 65 := 7. Note that Uy 5 is large enough by (f) for £ and by (5.37) and (5. 41)
respectively. Lemma 6.5 gives an embedding of the tree X; such that ¢(Voyen(X;)) C V1 \ F; and
?(Voaa(X;)) € Vo \ F; , which maps the root of X; to the neighbourhood of its parent’s image. Note
that this ensures (a) and (e) for step ¢, and setting D; := () we also ensure (c) and (d). Property (b)
holds since Vo N ¢(X;) = 0. Since X; is a knag, (f) and (g) are empty.

Suppose now we are in Preconfiguration (reg). Then let j € ) be such that (1V; ﬂng))\Ui # 0.
Such an index j exists by (f) for ¢ and by (5.37) and (5.41), respectively, if i # 0, and trivially if
i = 0. We shall use Lemma 6.8 to embed X; in ( (()j ), gj )). More precisely, we use Lemma 6.8 with
Argg = Q)ABLGS Qg)7&m8I:=57dL68i=<f7ﬁﬁ8i::Mk,UA:=:Uéﬂx47UBi==¢(Wﬁi<0rWB
(then |Uy4| < |A|/2 by the definition of U; and the choice of 7).

Lemma 6.8 yields a (Voven(X;) < Vi \ Fi, Voaa(Xi) < Vp)-embedding of X;, which maps the
root of X; to the neighbourhood of its parent’s image. Setting D; := (), we have (a)—(g).

So let us now assume that X; is a shrub. The parent y of the root r; of X; lies in W4 4 for some
¢ < i. By (a) for ¢, we mapped y to a vertex ¢(y) € Vi \ Fy. As degq(¢(y), Va) = dnk (by (5.36)
and (5.40), respectively), and since ¢(y) ¢ Fy, we have

30k

Sy| =
151> =

(6.31)
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Using (b) for all j with ¢ < j < 4, and using that the sets D; are pairwise disjoint by (d), we
see that

|SyNG(XoU. . .UX;_1)| = [Syne(XeU. . UX; 1) < [Syn | Djl+mk¥* < [Syn | Djl+me-k*%.

<5<t 0<y<i

Therefore, and as by (d) and (e), the sets ¢(Xo U...X;_1) and [gc,.; D; are disjoint except for
the at most m < |Wa U Wp| < k%! roots r; of shrubs X, and since k > 1, we have

1Sy =[Sy Né(XoU...UX; 1) +19,n | Djl =m=>2[S,n¢(XoU...UX,; )| — k7.
0<y<i

Thus,
— 0.9 (6.31 0.9
1S, \ $(Xo U... UX; )| > ’Sy‘%(;¥—% > %

So for U* := S, \ ¢(Xo U...U X;_1) we have that |U*| > %. If we have Configuration (¢6)
or (¢7) we use Lemma 6.12 or 6.13, respectively, with input Ure.12-6.13 := Wi, Ufg 19615 = U™,
Lig12-6.13 = [Wail, 7u6.12-6.13 = 7, the family {P}r6.12-6.13 := {Sy}yew, ; j<i, and the rooted
tree (X;,7;) with fruit f;. Further, for Configuration (¢6), set di6.12 := d¢, Vo612 = Vo and
Vs 16.12 := V3 and for Configuration (¢7), set dr6.13 := 07, 1613 := 1, Y1 1613 := V2 and Ya 1,613 ==
V3. The output of Lemma 6.12 or 6.13, respectively, is the extension of our embedding ¢ to X,
and a set D; := Crg.12-6.13 C (Vo U V3) \ (W; U ¢(X;)) for which properties (a) (which is empty)
and properties (b)—(g) hold.

O

Lemma 6.21. Suppose we are in Setting 5.1 and 5.4 and suppose further we have Configura-
tion (08)(9, 155, €1, €2, d1, da, p1, pi2, k1, 0), with 2 - 10°(Q*)0/A < 6%, 6 < +*n*/(101°(Q*)?), do >
10e2 > 0, dopiotk > 4-103, and max{ey,7/p1} < n?v2d1/(10'°(Q*)3). Recall that we have distin-
guished sets Vy, ..., Vy and a semireqular matching N .
Let (WA, Wpg,84,88) be a (tk)-fine partition of a rooted tree (T,r) of order at most k. Let T’
be the tree induced by all the cut-vertices W4 U Wpg and all the internal shrubs. Suppose that
1’k

Then there exists an embedding ¢ of T' such that ¢(Wy) C Vi, ¢(Wg) C Vg, and ¢(T") C
Bo UPi.

Proof. We assume that r € W4. The case when r € Wp is similar.

Let K be the set of all knags of the (7k)-fine partition (W4, Wp,S4,Sp) of T'. For each such knag
K € K set Y := KUChy/(K). We call the subgraphs Y extended knags. Set ) := {Yi : K € K}
and W :=V(JY \ UK). Since W C V(T"), we clearly have that |[We| < [W4 UWp|.

Note that the forest 7" — | J) consists of the set P of peripheral subshrubs of internal shrubs
of (Wa,Wpg,84,S88), and the set S of principal subshrubs of internal shrubs of (W4, Wg,S4,SB).
It is not difficult to observe that there is a sequence (Xo, X1,...,X,,) such that X; = (M;,Y;, P;)
such that M; € § and P; C P for each ¢ < m, and such that the following holds.

(I) My =0 and Yj contains r.
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(I

(ITII) The parent f; of ¥; lies in M; (unless i = 0).

I) P; are exactly those peripheral subshrubs whose parents lie in Y;.

)
(IV) The parent r; of M; lies in some Y; with j < i (unless ¢ = 0),

)

See Figure 6.7 for an illustration.

P1 (part) N L - ‘1 E—"""p, (part)

Legend
L BW,uUWpg
= Po m We
e other vertices

Figure 6.7: An example of a sequence (Xg, X1, X9, X3,...) in Lemma 6.21.

We now successively embed the elements of X, except possibly for a part of the subshrubs in
P;. The omitted peripheral subshrubs will be embedded at the very end, after having completed
the inductive procedure we are about to describe now.

We shall make use of the following lemmas: Lemma 6.8 (for embedding knags), Lemmas 6.9
and 6.6 (for embedding peripheral subshrubs in '), Lemma 6.13 (for embedding principal subshrubs
in V3 U Vy).

Throughout, ¢ denotes the current (partial) embedding of 7”. In each step ¢ we embed M; UY;
and a subset of P;, and denote by ¢(X;) the image of these sets (as far as it is defined). We also
define an auxiliary set D; C V(G) which will serve to ensure there is enough space for the roots of
the subshrubs M, with ¢ > ¢. Set

Zoi = | J(6(X;) U D)

j<i

Our plan for embedding the various parts of X; is depicted in Figure 6.8, which is a refined version
of Figure 6.3.
Let Wo ;i :==Wo NV (Y;) for O =A,B,C. For each y € W¢; let

Sy = (VaNNa(eé(y)) \ Z<i,

except if this set has size more than k, in which case we choose any subset of size k. Similar as in
the preceding lemma, this is a target set for the roots of the principal subshrub adjacent to .
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We
Wa

M, .
VEJ, WB K

@
O

) C % >
N
-

32
32

}extended knag Y;

part of P;

Figure 6.8: Embedding a part of the internal tree in Lemma 6.21.

Fix a matching involution d for N, and for £ = 1,2 define
© . © Ok
F;" .= Z.;Ushadow g | ghost,(Z<;), <) (6.33)

We use the super-regular pairs ( (Oj ), gj )) (j € V) to define

. . ()
U= FPulJ {Qi” el nE®) > 9 } . (6.34)
We have
Uil < 2F?). (6.35)
Finally, for £ = 1,2 set
W := shadow') <U %k> . (6.36)

We will now show how to define successively our embedding. At each step i, the embedding ¢
will be defined for M; UY; and a subset of P;, and it will have the following properties:

(a) ¢(Wai) CVi\F? and ¢(Wp,) C Vo,
(b) 6(Wez) € Va\ FY,

(c) o(f;) € Va\ (FY uw),

(d) for each y € W ; with j < i we have |S, N ¢(X;)| < |S, N D;| + 2k3/4,
(e) |Z<ita] < 2k,

(f) Di CV3\ (6(Xi) U Z),
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6.5 Main embedding lemmas

(g) o(X;\ (V(M;) N Ch(W¢))) is disjoint from [

(h) ¢(X;) S PrUG(Y; U fi),
(i) if P € P; is not embedded in step 4 then for its parent w € W¢ we have that degg (¢(w), V3) >

hi = [$(X:) NV(N)| — Lk

11
i<iDj;

Note that for (h), since fy is not defined, we assume ¢(fy) = 0.
Before we go on let us remark that (h) together with (f) implies that at each step i we have

D3.3(c) 2016 Ok
< —.

[Z<iNPol < 3-(Wal+[Ws]) < —— < (6.37)
Also note that by Fact 4.12 and by (e), we have
2 65(2%)?
IF?| < (52 ) k, (6.38)
and @y
2 520(Q*
W] < ke (6.39)

By (b) and by (5.46) we have that |S,| > 72—’“. Now, using (d), (f) and (g), we can calculate
similarly as in the previous lemma that at each step ¢ we have

s\ o(xn) > 228 (6.40)

8
0<i

Now assume we are at step ¢ of the inductive procedure, that is, we have already dealt with
Xo,...,X;—1 and wish to embed (parts of) Xj.

We start with embedding M;, except if ¢ = 0, in that case we go directly to embedding Yy. We
shall embed M; in V3 U Vy, except for the fruit f;, which will be mapped to V5. The embedding has
three stages. First we embed M; — M;(1 f;), then we embed f;, and finally we embed the forest
M;(t fi) — fi- The embedding of M; — M;(T f;) is an application of Lemma 6.13 analogous to the
case of Configuration (¢7) in the previous Lemma 6.20. That is, set Y1 16.13 := V3, Ya16.13 := Vi,
let

Ullg.13 = Sri \ U O(Xi),

1<
where r; lies in W by (IV), and
Urgis = Fz(2) @] WZ(Q) .

Note that 3y SA
10°(Q*
< k< k,
|Uvg.13| 5 50"
and by (6.40) (which we use for ¢ — 1), also
. 30k
Ulasl = —5

"'Note that V (M;) N Ch(We) contains a single vertex, the root of M;.
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6.5 Main embedding lemmas

The family {P,..., Pr}r6.13 is {Sy}yGUKi we,;- There is only one tree to be embedded, namely
M; — M;(1 fi). It is not difficult to check that all the conditions of Lemma 6.13 are fulfilled.
Lemma 6.13 gives an embedding of M; — M;(T f;) in V53U Vy C Py with the property that Par(f;) is
mapped to V3 '\ (FZ-(2) U WZ-(2)). The lemma further gives a set D' := Cl6.13 of size v(M; — M;(1 fi))
such that
Sy N @(M; — Mi( )] < |8y N D'| + K72
for each y € U, ., We;.
Using the degree condition (5.47) we can embed f; to

o\ (B o)

(recall that (6.37) asserts that only very little space in V5 is occupied). This ensures (c) for i.
To embed M;(1 f;) — fi we use again Lemma 6.13. The parameters are this time Y7 1613 := V3,
Y2 16.13 := Vi,

Urpas == (Na(o(fi)) N V3) \ (Z<i U ¢(M; — My(1 fi))) , and
Ug.as = Z<i UG(M; — Mi(1 fi)) UD" .

Note that |Ufy 15| > %k by (5.46), by the fact that ¢(f;) & I/Vi(l), and as v(7T;)+1i < 0k/8. The family
{P1,...,Pr}16.13 is {Sy}yer<i We.,- The trees to be embedded are the components of M;(1 f;)— f;
rooted at the children of f;. All the conditions of Lemma 6.13 are fulfilled. The lemma provides
an embedding in V3 UV, CPBy. It further gives a set D" := Cl.13 of size v(M;(1 fi)) — 1 such that

1Sy M o(M;(T fi) — fo)l < |SyN D" + k0T

for each y € |J._, We;. Then D; := V3N (D" U D”) is such that for each y € |J._, We 5,

j<i Jj<i

1S, N d(M;)| < |S, N D;| + 2k%7 | (6.41)

as Sy C V3 and ¢(f;) ¢ V3. Note that this choice of D; also ensures (e) for i, and we have by the
choices of Uy 13 and Urg.13 in both applications of Lemma 6.13 that

D; CVs\ (p(M;)UZs;) and  ¢(X; \ (V(M;) N Ch(We))n | D; = 0. (6.42)

Jj<i

We now turn to embedding Y;. Our plan is to use first Lemma 6.8 to embed Y; \ W¢ in
( (()j ), gj )) for an appropriate index j. After that, we shall show how to embed W¢ ;.

If i = 0 then take an arbitrary j € ). Otherwise note that by (III), the parent f; of the root
of Y; lies in M;. Note that f; is a fruit in M;. Let j € ) be such that (Ng(o(f;)) N ng)) \ Ui # 0.
Such an index j exists by (5.45) and the fact that ¢(f;) & Wi(l) by (c) for i.

We use Lemma 6.8 with ALG.g = ng), BL6.8 = Q(()j), £1.6.8 ‘= €2, dLG.g = dg, €L6.8 = Mgk,
Upg :=U;NAgs, Ug := Z-; N Brgs. By the choice of j and the definition of U;, we find that
Uy, is small enough, and using (6.37) we see that Up is also small enough. Lemma 6.8 yields
a (Veyen(Yi — We) — Wi \ﬂ(z),Vodd(Yz‘ — We) <= Vy)-embedding of Y; — We. We clearly see
condition (a) satisfied for 1.
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6.5 Main embedding lemmas

We now embed successively the vertices of the set We; = {wy : £ = 1,...,|Wc,|}. By the
definition of the set W, we know that the parent = of wy lies in Wy ;. Combining (5.44) with the

fact that ¢(z) € V) \Fi(z) by (a) for i, we have that

No (6(0), 13\ (EO 220) | 2

8
Thus by (6.37) and since Vo C Py, we can accommodate wy in V5 \Fi(l). This is as desired for (b)
in step 7.

We now turn to P;. We will embed a subset of these peripheral subshrubs in A/. This procedure
is divided into two stages. First we shall aim to embed as many subshrubs as possible in AV in a
balanced way, with the help of Lemma 6.9. When it is no longer possible to embed any subshrub
in a balanced way in N, we embed in N as many of the leftover subshrubs as possible, in an
unbalanced way. For this part of the embedding we use Lemma 6.6.

By (II) all the parents of the subshrubs in P; lie in W¢;. For w, € Wy, let P;, denote
the set of all subshrubs in P; adjacent to wy. In the first stage, we shall embed, successively for
Jj=1,...,|Wcyl, either all or none of P; ; in a balanced way in N. Assume inductively that

(b( U Pi,p) is (7k)-balanced with respect to N. (6.43)
p<j

Construct a semiregular matching N absorbed by N as follows. Let N, := {(X], X))
(X1,X2) € N}, where for (X1, X3) € N we define (X], X)) as the maximal balanced unoccupied
subpair seen from ¢(w;), i.e., for b = 1,2, we take

X} C (X N NG, (0(w)) \ | o(| Pip) U | o(X0)

p<jg <1

maximal subject to | X{| = |X5|. If [V(N;)| > 10”72% then we shall embed P; ;, otherwise we do not

embed P; ; in this step. So assume we decided to embed P; ;. Recall that the total order of the

subshrubs in this set is at most 7k. Using the same argument as for Claim 6.18.1 we have

4(9*)2
2

‘U{XUY L (X,Y) € N, degg, (p(w;), X UY) > 0| < k.

Thus, there exists a subpair (X7, X5) € N; of some (X1, Xy) € N with

2
| X1 S 101;9*]“ S 7
74092, 7 108(0O*)3
| X1 | 4(72) o 103(Q%)

(6.44)

In particular, (X7, X%) forms a %—reglﬂar pair of density at least d;/2 by Fact 2.1. We

use Lemma 6.9 to embed P; ; in Mygg := {(X], X5)}. The family {fcp}reo comprises of a single
number f(x: y;) which is the discrepancy of |J,; ¢(Pi) with respect to (X1, X2). This guarantees
that (6.43) is preserved. This finishes the j-th step. We repeat this step until j = |W¢ |, then we
go to the next stage.
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6.5 Main embedding lemmas

Denote by Q; the set of all P € P; that have not been embedded in the first stage. Note that
for each @ € Q;, with Q € P; j, say, and for each (X1, X3) € N there is a b(x, x,) € {1,2} such
that for

0j = U <Xb(xl,x2) N NG e (¢(w3)> \ ¢(U Pip) U U $(X0)

(X1,X2)eN p<j (<i

we have that

7’k
1070
The fact that O; is small implies that there an N-cover such that the Greg-neighborhood of w;
restricted to this cover is essentially exhausted by the image of T”.

0] < (6.45)

In the second stage, we shall embed some of the peripheral subshrubs of Q;. They will be
mapped in an unbalanced way to N'. We will do this in steps j = 1,...,|W¢;|, and denote by R;
the set of those P C Q; embedded until step j. At step j, we decide to embed P; ; if P; ; € Q; and

degge, (é(wj)aV(N) \o(UPi\ Q) ) URj1l = —k : (6.46)
Let N -

N = {(X,Y) EN : [(XUY)NZsy| < %m} .
As by (b) we know that w; was embedded in V5 \ Fi(l), we have

~ 2-10°(Q%)2 5k _ n?
degc;reg(dﬂwj),V(N\N))<T-§ 107k (6.47)

Using (6.45), (6.46) and (6.47), similar calculations as in (6.44) show the existence of a pair
(X,Y) € N with

7

> ———|XUY]|.
> T Y

degg, ., (6(w;), (X UY)\ (0; U (| JPi\ Q) — (X uY) e R;-1)
Then by the definition of A, and setting Zi‘i := ghosty(Z<;) we get that

degg,,, (6(w;), (X UY)\ (25, U0; U JPi\ Q) — (X UY)no( Rl
v*n?

By the definition of Oj, all of the degree counted here goes to one side of the matching edge (X,Y),
say to X. So

2,.2
degg,,, (d(w;), X\ (2L, Us(lJPi\ QU JRj—1) — Y no( JRj-1)] >%|X| (6.48)

12—]X\ + 7k (6.49)
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6.5 Main embedding lemmas

We claim that furthermore,

2,2
T €1
Indeed, otherwise we get by (6.48) that
7’
X\ (25 0P\ Q) > Y \ (25 ue(JPi\ Q) + 51 X1,

OIO(Q*)
which is impossible by (6.43) and since | X| > u1k.

Hence, by (6.49) and (6.50), we can embed P; ; into the unoccupied part (X, Y") using Lemma 6.6
repeatedly.!?

Note that if some P; ; has not been embedded in either of the two stages, then the vertex
w; must have a somewhat insufficient degree in /. More precisely, employing (6.46) we see that

degg,,, (A(w)), VIN)) — [¢(Xi) NVN)| < 106 Combined with (5.50), we find that
7’k

degg, (0(wj),V3) = hy — |¢(X;) NV(N)| — 106
in other words, (i) holds for 7.

This finishes step i of the embedding procedure. Recall that the sets V3 and V(N) are disjoint.
Hence, by (a) and (b), the principal subshrubs are the only parts of 7" that were embedded in V3
(and possibly elsewhere). Thus, using (6.42), we see that (f), (g) and (h) are satisfied for 7. Also,
by (6.41), (d) holds for 1.

After having completed the inductive procedure, we still have to embed some peripheral sub-
shrubs. Let us take sequentially those P € P which were not embedded. Say w is the parent of P.
By (i) we have

772k (6.32) 772k7
dega, (P(w), Vs \ Im(e)) = hy — [Im(¢) N V(N)| — [Im(¢) N V5] — 106 = 106
An application of Lemma 6.13 in which Y1 1613 := V3, Ya16.13 := Vi, Ureas := Im(¢), Ug 15 :=
Negp (p(w)) NV \ Im(¢), and {P,..., Pr}1e.13 := 0 gives an embedding of P in V3 U Vy C P;.
By conditions (a), (b), (¢) and (h) we have thus found the desired embedding for 7". O

Lemma 6.22. Suppose we are in Setting 5.1 and 5.4, and that the sets Vo and Vi witness Pre-
configuration (V1)(2n3k/103,h). Suppose that U C Po U Py. Suppose that {$J}§=1 C Vy and
{yj}f:l C V1 are sets of mutually distinct vertices. Let {(Tj,rj) —y and {(Tj,7%) ?:1 be families
of rooted trees such that each component of T; — r; and of T]( — 7“ has order at most Tk.

If

h 0’k
TH)< = — —— .51
%jv( ) <5~ 1000 (6.51)
/ 772k3
Zv(Tj) + ZU(T].) <h= 1505 > (6.52)

U| + Z Z (6.53)

2Recall that the total order of Pi.; is at most Tk.
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6.5 Main embedding lemmas

then there exist (r; — x;, V(Tj)\{r;} = V(G)\U)-embeddings of Tj and (r; — y;, V(T})\{r;} —
V(G) \ U)-embeddings ofTJ{ in G, all mutually disjoint.

Proof. The embedding has three stages. In Stage I we embed some components of T; — r; (for
all j = 1,...,¢) in the parts of (M4 U Mp)-edges which are “seen in a balanced way from z;”.
In Stage II we embed the remaining components of T — r;. Last, in Stage III we embed all the
components 7} — 7% (for all j =1,...,¢").

Let us first give a bound on the total size of (M 4 UM p)-vertices C € V(IMaUMp), C C UV
seen from a given vertex via edges of Gp. This bound will be used repeatedly.

Claim 6.22.1. Let v € V(G). Then for U := {C € V(IMaUMp) : C CJV,degg, (z,C) > 0} we
have

2(0*)2k

Jul < (72) ,and (6.54)
2(0*)2k

Ul < (,YZW)C . (6.55)

Proof of Claim 6.22.1. Let U C 'V be the set of those clusters which intersect Ng,(z;). Using
the same argument as in the proof of Claim 6.18.1 we get that || JU| < 2(9;2)2]6, i.e. (6.54) holds.
Also, (6.55) follows since M4 U Mp is (g, d, wc)-semiregular. O

Stage I: We proceed inductively for j = 1,...,¢. Suppose that we embedded some components
Fi,...,Fj—1 of the forests T1 — r1,...,Tj_1 — rj—1. We write F;_; for the partial images of this
embedding. We inductively assume that

Fj_1 is Tk-balanced w.r.t. M4 U Mp. (6.56)
For each (A, B) € M4 U Mp with degg (7;,(AUB) \ ) > 0 take a subpair (A’, B'),
A" C (AN Nepuge (2)? \ Fjm1 and B’ € (BN Nepuey (7)) \ Fj-1 .
such that
4’| = |B'| = min {|(4A N Nepuae (27))? \ Fj-1l, [(B N Napuge (€5))1\ Ej-al} -

These pairs comprise a semiregular matching Nj. (Pairs (A4, B) € M4 U Mp with degg (2, (AU
B)\ ) = 0 are not considered for the construction of N;.)
Let M :={(A",B) e N : |A'| > alA|}, for

. 32
: 1010(9*)2'
By Fact 2.1 M, is a (2¢/c, d/2, amc)-semiregular matching.

. 3
Claim 6.22.2. We have |V (M;)| = |[V(N;)| — ?T{;.

Proof of Claim 6.22.2. By (6.54), and by Property 4 of Setting 5.1, we have [V/(M;)| > |[V(N;)| —

a-Q-Q(%%)Qk. Ol

o1



6.5 Main embedding lemmas

Let F; be a maximal set of components of T} — r; such that

’k
u(F) < VIMj) = {59 - (6.57)
Observe that if F; does not contain all the components of T; — r; then
3k 203k
v(F5) 2 VM)l = {55 =7k = VM)l = 55 (6.58)

Lemma 6.9 yields an embedding of F; in M;. Further the lemma together with the induction
hypothesis (6.56) guarantees that the embedding can be chosen so that the new image set Fj is
Tk-balanced w.r.t. M4 U Mp. We fix this embedding, thus ensuring (6.56) for step i. If F; does
not contain all the components of T — r; then (6.58) gives

20’k

|V(MJ)\FJ| < 1—09 .

(6.59)

After Stage I: Let A* be a maximal semiregular matching contained in (M4 UM p)!? which avoids
Fy. We need two auxiliary claims.

Claim 6.22.3. We have

3
deg™™, (v0 UV V(MaUMp)2\ (VN UF, U 2{)) < % .
Proof of Claim 6.22.3. Let us consider an arbitrary vertex = € V5 U Vj. By (6.55) the number of

(Ma U Mp)-vertices C' C |JV such that degq (x,C) > 0 is at most 2(3*)%

e
Due to (6.56), we have for each (M4 U Mp)-edge (A, B) that
‘(AUB)” \ (V (V) UFg)‘ <k (6.60)
Thus summing (6.60) over all (MU Mp)-edges (A, B) with degq (7, (AUB)\2) > 0 we get

(@)%

ey (.V (M4 UMp)?\ (V) U B UR)) < "

v2me
The claim now follows by (5.1). O

Claim 6.22.4. Let j € [¢] be such that F; does not consist of all the components of T; — 7;. Then
there exists an N*-cover &; such that degg, (z;,J X)) < 31"0—3;“.

Proof of Claim 6.22.4. First, we define an (M4 U Mp)-cover R; as follows. For an (M4 U Mp)-
edge (A, B) let R; contain A if

(AN Nepuey ()1 \ Ej—1] < [(B N Nepuae () \ Fjil ,
and B otherwise. Observe that by the definition of N, we have

desgry (2R \ VX)) = 0. (6.61)
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Also, we have VIN*)NUR; NV(M;) C V(N*) NV (M;) C V(M;)\ F;. In particular, (6.59)
gives that
(V(/\/*)mURnV(M»)( < 2k (6.62)
; <37 - .

Let &) be the restriction of R; to N*. We then have

degg, (xj, UXj> = degg,, (xj, V(NN URJ>
ooy < deggy (25, VN N Ry N VM) +degay, (25, VING) \ V(M)

3’k
109

(by (6.62), Claim 6.22.2) <

For every j € [{] we define NJ C N* as those N*-edges (A, B) for which we have

(AuB)\[Jx)na=0.

Stage II: We shall inductively for j = 1,...,/ embed those components of T; — r; that are not
included in Fj; let us denote the set of these components by ;. There is nothing to do when
KC; =0, so let us assume otherwise.

We write L := {C € V : C C L,,(G)}. Let K € K; be a component that has not been
embedded yet. We write U’ for the total image of what has been embedded (in Stage I, and
Stage II so far), combined with U. We claim that x; has a substantial degree into one of four
specific vertex sets.

Claim 6.22.5. At least one of the following four cases occurs.
(U1) degg, (5, VN \UX;) = 107 0 VNG| > %k

(U2) degg,, (2, 2\ U") > %,

(U3) deggy (25, V(Gexp) \ U") > Ik,

2
(U4) degg, (27, UL\ (Lg UV(Gexp) UU")) > LE.
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Proof. Write U” := (U')12 = U'\ U. By (5.29), we have
g < deggyg (2, Vg[oQOd)
<degg, (2, VNP %) +deggy (2, 202\ (VNG UV (Ge) U X))
+ deggy (7 V(Gexp) ) + deg, (25, JLI?\ (L UV (Grp) UVNG)))
+ degg, (25, V(MaUMp)2\ (VN UR)) + degg,, (2, %))
v oo comn < deggy (25, VIN)\JA) = [0 n V(NG|
+degg,, (25, 42\ (VN U UU")) + degey (2, V(Gep) 2\ U”)

+ deggy, (%‘a ULP\ (L UV(Gep) UV(N]) U U”))
43k

+ 109

+ ‘U//‘ .

2

The claim follows since [U”| < % — % by (6.51). O

We now now briefly describe how to embed K in each of the cases (U1)-(U4).

e In case (U1) recall that each (M4 UM p)-edge contains at most one N -edge. Thus by (6.54)
we get that there is an (M4 U Mp)-edge (A, B) with

2 2
« N AT kv

degc, (25 (VN N (AUB)\ ) - IVNHND'N(AUB)| > Tor s Al (663)

Let us fix this edge (A, B), and let (A, B') be the corresponding edge in N. Suppose

without loss of generality that B € Xj. We can now embed K in (A’, B') using Lemma 6.6

with the following input: Cre¢ := A’, Diges = B', X166 := A\ U, X{s6 := Nap(zj, A"\

U"),Yi66 := B\ U e166 := %,ﬁmﬁ := d/6. With the help of (6.63), we calculate

h in{ X Y > | XF > 722 Al > 4EL66 | A/
that mln{ L6.65 LG.G}/’ L6.6‘ Z T8 )2 = 5L6A6’ ’

e In Case (U2) we embed K using Lemma 6.4 with the following input: ep64 := &', ULgsq :=
U, Ufs:=Nap(x;, A\ U'), £ := 1.

e In Case (U3) we embed K using Lemma 6.5 with the following input: Hye5 := Gexp, V1,165 =

Vo165 := V(Gexp), ULes := U, U 5 := NG, (25, V(Gexp)\U'), Que.s := 1,CL6.5 1= p, lLes =
1.

e In Case (U4) we proceed as follows. As degg, (zj, Vew) < % (cf. Definition 5.12), we have

d L\ (Lt UV (Goxp) U Vg UUY) > 21
86 (255 JL\ (L UV (Garp) UViw U ) > T
As for (6.63), we use (6.54) to find a cluster A € L with
Mm2k 2 722
AN (L Gexp) UVg UU')) > —— . A = ——~—— -|A|. (6.64
degG’D (1'], \( #UV( P) 7/*‘1’ )) 105 2(9*)2]{3 ’ ‘ 105(9*)2 ‘ ’ ( )
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Recall that by the definition of Ly and Vg, we have that deg™"_ (A\ (LxUVyw), V(G)\
) > (1+ 4?77)/2: Thus at least one of the following subcases must occur for the set A* :=
(Nep (@) N A4) \ (g UV (Gesp) U Vg UUY):

(Uda) For at least §|A*| vertices v € A* we have degg (v, 2\ U’) > %
(U4b) For at least 1|A*| vertices v € A* we have degg,,, (v,UV\U") > %

In case (U4a) we embed K using Lemma 6.4. Details are very similar to (U2). As for case
(U2b), let as take an arbitrary vertex v € A* with degg,, (v, UV \U’) > 2—75& In particular,
using (6.54), we find a cluster B € V with

7%
10(2)2

degg,,, (v, B\U') > B . (6.65)
Map the root rx of K to v and embed K — rx in (A, B) using Lemma 6.6'% with the
following input: Cre.6 := B, Dre.6 := A, X16.6 := B\U', Yi6.6 := A\U', X{ 6 := Ny, (v, B\
U"), Bres = v°1n/(10(2%)2),e166 := €. By (6.64) and (6.65) we see that X166, Yi6.6 and
X[ are large enough.

Stage III: In this stage we embed the trees {Tj’}f:1 The embedding techniques are as in Stage II.
The cover F' from Definition 5.12 plays the same role as the covers X in Stage II. Observe that F’
is universal whereas the covers X are specific for each vertex x;. A second simplification is that in
Stage I1I we use the semiregular matching (M4 UM pg)!? for embedding (in a counterpart of (U1))
instead of N7

Again we proceed inductively for j = 1,..., ¢ with embedding the components of TJ’ — 7“3-, which
we denote by IC;. Let K € IC; be a component that has not been embedded yet. We write U’ for
the total image of what has been embedded (in Stage I, II, and Stage III so far), combined with U
and let U” = U’ N*P2. We claim that y; has a substantial degree into one of four specific vertex
sets.

Claim 6.22.6. At least one of the following four cases occurs.

(UY) degg,, (v, V(IMaUMp)2)\ (AUUF))
—|U" N (UF U (V((MaUMp)2)\ )| = 2k

(U2') degg, (y;, 2\ U") = Tk,

(U3') degag (4, V(Gexp) \ U') = Tk

(U4) dega, (45, UL\ (L UV (Gexp) UU)) = 5.

3Lemma 6.6 deals with embedding a single tree in a regular pair, whereas K — rx has several components. We
therefore apply the lemma repeatedly for each component.
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6.5 Main embedding lemmas

Proof. As y; € Vi, we have that
h < deggg (¥ Vg[c?od)
< deggy, (15 V(M UME))\ AUV (Gop) U F)) +degey, (15 22\ (V(Gerp) U F)
+ deg (v () + desr (432[ J L2\ (L UV (Garp) UV (Ma U M)
+deggrg (47, V(Goxp)) + ey (7, V(Ma UM\ V(M UMp) "))
bisn < deggy (47 V(Ma UMB)?)\ AUV (Gag) U F))
oo (UF 0 0 ((Ma U M) )\ ) \ V(G|

+degg,, (4522 \ (U UV (Gep) UUJF)) + degag (435 (Gexp) 2\ U”)

2%k n’k
. 2 " sk R "
+degy (45 UL\ (L UV (Garp) UV(MAUMp) UT")) + 705 + T2 4+ U]
The claim follows since [U"| <37, T; + >, Tj < h — {702—0%.
U
Cases (U1’)-(U4') are treated analogously as Cases (U1)-(U4).
U

Lemma 6.23. Suppose we are in Setting 5.1 and 5.4, and that the sets Vy and Vi witness Precon-
figuration (V2)(h). Suppose that U C Bo UP1, such that |U| < k. Suppose that {xj}§:1 CVWhuWn
are distinct vertices. Let {(Tj,r;) ?:1 be a family of rooted trees such that each component of T —1;
has order at most k.

If520(T) < h — 17%k/1000 and |U| + > v(T}) < k then there exist disjoint (r; < 3, V(T}) \
{rj} —= V( ) \ U)-embeddings of T; in G.

Proof. The proof is contained in the proof of Lemma 6.22. It suffices to repeat the first two stages
of the embedding process in the proof. In that setting, we use hyg.20 = 2h. Note that the condition
{z;} € Vb in the setting of Lemma 6.22 gives us the same possibilities for embedding as the
condition {z;} C Vo UVj in the current setting (cf. (5.29) and (5.32)). O

Lemma 6.24. Suppose we are in Setting 5.1 and 5.4, and at least one of the following configurations
occurs:

3 4 3
1014(9*) I 4

v 3

e Configuration (6)( S0 217104’ 5105 )
3,\/3

1012(Q*)%)° 100"

2 3
by L 3 h), or

e Configuration (oT)( ) 329*, ST0T) 5105

niy? 4 T
e Configuration (o8) (g 5&2*)5)’ 1007 p€’4”’ 5B g 104’h1’ h).

Suppose that (Wa,Wg,Sa,Sp) is a (Tk) ﬁne partition of a rooted tree (T, r) of order k. If the total
order of the end shrubs is at most h — 22X and the total order of the internal shrubs is at most

10°
hy — 2"05, then T C G.

o6



6.5 Main embedding lemmas

Proof. Let T' be the tree induced by all the cut-vertices W4 U Wpg and all the internal shrubs.
Summing up the order of the internal shrub and the cut-vertices, we get that v(T") < hy — 12’;
Fix an embedding of 7" as in Lemma 6.20 (in configurations (¢6) and (7)), or as in Lemma 6.21
(in configuration (¢8)). This embedding now extends to external shrubs by Lemma 6.22 (in Pre-
configuration (¥1), which can only occur in Configuration (¢6) and (¢7)), or by Lemma 6.23 (in
Preconfiguration (©2)). It is important to remember here that by Definition 3.3(1), the total order
of end shrubs in Sp is at most half the size of the total order of end shrubs. O

The next lemma completely resolves Theorem 1.2 in the presence of Configuration (¢9).

Lemma 6.25. Suppose we are in Setting 5.1 and 5.4, and assume we have Configuration (¢9)(0, =L
hl,hg,z’fl,dl,ul,z’fg,dg,ug) with doy > 10e9 > 0, 4 - 103 < dQ,U,QTk, max{dl,T/,ul} < ")/2772/(4 .
107(Q%)2), d2/6 > &1 > 7/p1 and 5k > 103/7.

Suppose that (W4, Wg,Sa,Sg) is a (Tk)-fine partition of a rooted tree (T r) of order k. If the
total order of the internal shrubs of (W, Wp,S4,SgB) is at most hy — 105 , and the total order of

the end shrubs is at most ho — 2% then T C G.

Proof. Let Vo, Vi, Vo, N, {Q((]J), ng)}jey and F' witness (¢9). The embedding process has two
stages. In the first stage we embed the knags and the internal shrubs of 7. In the second stage
we embed the end shrubs. The knags will be embedded in V) U V7, and the internal shrubs will be
embedded in V(N). Lemma 6.22 will be used to embed the end shrubs.

The knags of (W4, Wp,S4,Sp) are embedded in such a way that Wy is embedded in V; and Wp
is embedded in Vj. Since no other part of 7" is embedded in Vo U Vj in the first stage, each knag can
be embedded greedily using the minimum degree condition arising from the super-regularity of the
pairs {(Qg ) QY ))}]ey using the bound on the total order of knags coming from Definition 3.3(c),
and using Lemma 6.8 with the following input: e14.8 := €9, dL6 8 = do, l16.8 := pok, UpUUp is the
image of W4 U Wp embedded so far and {Ar¢.8, Bres} := {QO , gj)} where j € ) is arbitrary for
the first knag, and for all other knags P has the property that

Nop (¢(Par(P)) N Q" \ Ua # 0.
The existence of such an index j follows from the fact that
$(Par(P)) € Vi, (6.66)

together with condition (5.52). We shall ensure (6.66) during our embedding of the internal shrubs,
see below.

We now describe how to embed an internal shrub 7% € S4 whose parent u € W4 is embedded
in a vertex x € Vj. Let w € V(T*) be the unique neighbor of a vertex from W4 \ {u} (cf.
Definition 3.3(h)). Let U be the image of the part of 7' embedded so far. The next claim will be
useful for finding a suitable N-edge for accommodating T*.

Claim 6.25.1. There exists an N-edge (A, B), or an N-edge (B, A) such that

min {|Ng,, (z) N Va N (A\U)|,|B\U|} = 100d; |A| + Tk .
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6.5 Main embedding lemmas

Proof of Claim 6.25.1. For the purpose of this claim we reorient A so that Vo(N) C |JF'.
Suppose the claim fails to be true. Then for each (A4, B) € N we have [Ng, (z)NVaN(A\U)| <
100d; |A| + 7k or |[B\ U| < 100d; |A| + Tk. In either case we get

INep (2) N Va N Al — |U N (AU B)| < 100d; |A] + 7k . (6.67)

We write S := ({V (D) : D € D,z € V(D)}. Combining Fact 4.3 and Fact 4.4 we get that

2(0%)%k
5 < 28k (6.68)
0
Let us look at the number
Ai= Y (INgp(x)NVanAl—[UN(AUB)|) . (6.69)

(A,B)EN

For a lower bound on A, we write A = [Ng,, (z) N Va| — [U NV(N)|. (Note that Vo C V(N) as we
are in Configuration (¢9).) The first term is at least hy by (5.51), while the second term is at most
hy — 117% by the assumptions of the lemma. Thus A > %.

For an upper bound on A we only consider those N-edges (4, B) for which Ng, ()N A # (. In
that case A C S (cf. 3 of Setting 5.1). Thus, since N is (g1, dy, u1k)-semiregular we get that

5]

1
Thus,
A< > (INGp (z) N Van Al — [UN (AU B))|)
(A,B)eN Ng., (x)NAF#D
S
(by (6.67), (6.70)) < 100d1‘5‘ + u7'/<7
prk
2k
(by (6.68)) < % )
a contradiction. This finishes the proof of the claim. U

By symmetry we suppose that Claim 6.25.1 gives an N-edge (A, B) such that min {|Ng, (z) N
Vo (A\U)|,|B\ Ul} > 100d:|A| + 7k. We apply Lemma 6.6 with input Cre¢ := A, Dige := B
X166 = XE6.6 = NGD(I') NVeN (A \ U), Yige := B \ U, cre6 := €1, PLee := d1/3 Then there
exists an embedding of 7 in V(N) \ U such that w is embedded in V5. This ensures (6.66).

We remark that there may be several internal shrubs extending from u € Wj4. However
Claim 6.25.1 and the subsequent application of Lemma 6.6 allows a sequential embedding of these
shrubs. This finishes the first stage of the embedding process.

For the second stage, i.e., the embedding of the end shrubs of (W4, Wg,S4,Sg), we first recall
that the total order of end shrubs in S4 is at most hy — 2%, and the total order of end shrubs in
Sp is at most %(hg — 2%) by Definition 3.3(1). The embedding is a straightforward application of
Lemma 6.22. U

The next lemma resolves Theorem 1.2 in the presence of Configuration (¢10).
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6.5 Main embedding lemmas

Lemma 6.26. Suppose we are in Setting 5.1. For every n',d',Q > 0 there exists € > 0 such that
for every v' > 0 with the property that

77/7//
5000 > T (6.71)

there exists a number ko such that the following holds for each k > ky.
If G is a graph with Configuration (¢10)(¢,d',v'k,Qk,n’) then trees(k) C G.

Proof. We give a sketch of a proof, following [PS12]. The main difference is indicated in Sec-
tion 6.1.5.

Suppose we have Configuration (¢10)(¢,d’, 'k, Qk,n’), and are given a rooted tree (T,7) of
order k with a (7k)-fine partition (W4, Wg,S4,Sp) given by Lemma 3.5. By replacing £* by
L5\ V(M),* we can assume that £* and V(M) are disjoint.

For each shrub F' € S4 U Sp, let xp € V(F) be its root, i.e., its minimal element in the
topological order. If F' is internal then we also define yp as its (unique) maximal element that
neighbours W4. We can partition the semiregular matching M and the set £* into two parts:
MU LY and Mp U L} so that the partition satisfies

n'k

degs (v, V(Ma) U UEZ) > v(Sa) + T and (6.72)
degs (w,V(Mp) U UE*B) > v(Sp) + Z—k , (6.73)

for all but at most 2&|A| vertices v € A and for all but at most 2¢|B| vertices w € B. To see this,
observe that the nature of the regularized graph allows us to treat!s conditions (6.72), (6.73), or
that of Definition 5.21(b) in terms of average degrees of vertices in A and B, rather than in terms
of individual degrees.' If A and B were connected to each cluster X € £* U V(M) by regular
pairs of the same density, say dx, it would suffice to split £* and M in the ratio v(S4) : v(Sp). In
the general setting, this can also be achieved, as was done in [PS12, Lemma 9]. Let ha g+, hp r+,
ha,m, hp.am be the average degrees of vertices of A and B into L%, L3, My, Mp.

We will now use the regularity to embed the shrubs and the seeds in G. We start with mapping
r to A or B (depending whether » € W4 or » € Wpg), and proceed along a topological order on
T. We denote the partial embedding of T" at any particular stage as ¢. The vertices of W4 are
mapped to A, the vertices of W are mapped to B. As for embedding the shrubs, initially we start
with embedding the shrubs of S4 to My (we say that A is in the M-mode), and embedding the
shrubs of Sp to Mp (B is in the M-mode). By filling up the M-edges with the shrubs as balanced
as possible we can guarantee that we do not run out of space in M 4 before embedding S4-shrubs
of total order at least ha g —n'k/100. An analogous property holds for embedding Sp-shrubs. We
omit details and instead refer to a very similar procedure in Lemma 6.25.7

At some moment we may run out of space in M 4, or in Mp. Say that this happens first with
the matching M 4. Let &% C Sa be the set of shrubs not embedded so far. We now describe how
to proceed when A is in the L*-mode. In this mode, we will not embed an upcoming shrub F' € &7,
but only reserve a set Up, |Ur| < v(F') which serves a reminder that we want to accommodate F

4This does not change validity of the conditions in Definition 5.21.

15up to a small error

6 This property is also key in the classical dense setting of the regularity lemma.

"In Lemma 6.25 it was shown how to utilize (5.51) for embedding shrubs of order up to ~ hi in regular pairs.
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later on. Suppose that the parent Par(F') € W4 of F has been mapped to a typical'® vertex z € A

already. We have
degé(Z,Uﬁ*A)>U +m/2| F|+100

where the sum ranges over the already processed S%-shrubs F’. Consequently, there is a cluster
X €V such that
d « X“JU)>”W’ (6.74)
a5 =) 7 1000 '

Let us view F' as a bipartite graph, and let ap be the size of its color class that contains zp. Let
Ur be an arbitrary set of (Niz(2) N X)\ Uz Upr of size ap, and also let us fix an image ¢(zr) € Up
arbitrarily. If F' is an internal shrub, we further define ¢(yr) € Ur \ {¢(xp)} arbitrarily. At this
stage we consider F' as processed.

Later, of course, also B can switch in the £*-mode as well. At that moment, we define Sj, and
start to only make reservations Uy in clusters of L% instead of embedding shrubs K € Sj.

After all shrubs of &% U Sj have been processed we finalize the embedding. Consider a shrub
F € 8§ US§. Suppose that Up € X for some X € V. We use Definition 5.21(c) to find a cluster
Y such that

‘Y n (lm((b) U UF/ yet unembedded UF/) n ’I’}/
V] 10092 °

, we can additionally require that

d(X,Y) >

As ¢(xr) and ¢(yr) are typical'®

degé((b(xF)? Y)? deg@(¢(yF)a Y) > (d(X7 Y) - \/E)‘Y’ :

Therefore, the regularity method allows us to embed F' in the pair (X,Y) avoiding the already
defined image of ¢, and the sets Ups corresponding to yet unembedded shrubs F’. The fact that
the threshold in (6.74) was taken quite high (compared to the size of the shrubs, see (6.71)) allows
us to avoid atypical vertices. We also need this embedding to be compatible with the existing
placements ¢(zr) and ¢(yr). In particular, we need to find a path of length distp(zp,yr) from
é(zp) to ¢(yr). Here, it is crucial that distg(zp,yr) = 4 (cf. Definition 3.3(1)).2° We remark, that
in general we cannot guarantee that X N ¢(F) = Up. So the set Ur should be regarded merely as
a measure of future occupation of X, rather than an indication of exact future placement. O

7 Proof of Theorem 1.2

The proof builds on the main results from [HKP*a, HKP™h, HKP*c]. We extend our subscript
notation to allow referencing to parameters from [HKPa, HKP*b, HKP*¢|. For example, 711,313
refers to the parameter 1 from Lemma 3.13 from the I*® paper, that is, from [HKP"a].
Let a > 0 be given. We set
o

30’ 2}

7 := min{—

!8in the sense of Definition 5.21(b)

in the sense of Definition 5.21(c)

Tndeed, it could be that N(¢(z7)) NN(¢(yr)) = @, which would make it impossible to find a path of length 2 from
¢(xr) to ¢(yr). If, on the other hand distr(zr,yr) > 4, then we can always find such a path using a look-ahead
embedding in the regular pair (X,Y).
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We wish to fix further constants satisfying (5.1). A trouble is that we do not know the right choice
of " and Q** yet. Therefore we take g := L%J + 1 and fix suitable constants

1 1 1 R 1
N> —>—>>...> Sp>y>d>—zezmzazed zr>T>—>0.
Q7 Q Qg1 A ko

where the relations between the parameters are more exactly as follows:
1 9
1
Qp ~10%
1 . 7727
Q1 1007Q

779

PS 10505
102505, |

7718P24

S 28
109(]Qg+1

foreach j=1,...,9,

2,2
2
10802,

1 n?in24) }
— <mink d, —————

= ) 36 )
A { 1096(294_1

d< min{ a/BH.LS.l(UH.LE;.l =1, Q1151 1= Qg+1,’)’H.L5.1 = ’Y)} )

< mi 1 Ynldp / .= /40, | — 2d/QQ = I
€ S min A,7101393“7&6.26(%6.26 =n/2Y,drege = Y »3L16.26 1= 2 )¢

7 < min {e, mrrs51(Mes.a =7, Qs = Q1. VLL51 = 7, E€ILL5.1 =€)}

2
a < mi Oripag = Q =L - =2
QX NN § 7, I1.1L4.4 I1.L4.4 = dig+1, PI1.L44 ‘= 4 yEILL4.4 = T, TI1.L4.4 ‘= 4P 5

~2_ 6,2
/ < : & / o 9) —e) o o
€ < min 10304 y€mnsa (MmrLs. =1, Qs = g+1, VILL5.1 ‘= 7, €ILL5.1 *= )¢ s
g+1
ap / — A = A o ) o
€ aVI.L3.13(771.L3.13 = O, NA1L3.13 = Y1313 = 7,€1L3.13 ‘= €, P1LL3.13 ‘= P) )

v < min {
Qg1

1 Somdrv 1
_gmm{l@li_}’

10393, 7 kg

/
kg = max {ko,I.Lg.ls(m.Lg.m = o, A113.13 = A, 113,13 1= 7V, ELL3.13 = €, PLL3.13 1= P),

2 2[)

i ~
kO,H.L4.4(QH.L4.4 = Qg—i—lapH.L4.4 = ZaglI.L4.4 =T, TILLA4 = 2P7 AI[.14.4 ‘= O, V[[.14.4 ‘= Q .
g+

),

korrrsi(mrrsa := 0, res.1 = g1, MLL51 = 7, ELL5.1 := €, VILL5.1 := V),
ko,5.2(prs.2 == 10, ars.2 := 1/100),

- Qoi1)?
ko.16.26(M6.26 °= 1/40,d1g26 7= V°d/2,E16.26 = €, Qug26 = (:+)= V626 = W\/g”)}'
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In particular, this gives a relation between between a and k.

Suppose now that k > kg, and G € LKS(n, k,«) is a graph, and T € trees(k) is a tree. It is
our goal to show that T' C G.

Let us now turn to the proof. First, we process the tree T' by considering any (7k)-fine partition
(Wa,Wpg,84,8B) of T rooted at an arbitrary root r. Such a partition exists by Lemma 3.5. Let
m1 and my be the total order of internal shrubs and the end shrubs, respectively. Set

n my

n i .
e M = 1,2.
Po=qo0 M P T Ty e T

In particular we have p; € [, 1] for i = 1,2,3.

To find a suitable structure in the graph G we proceed as follows. We apply [HKP*a, Lemma 3.13]
with input graph Gr.13.13 := G and parameters 113.13 := @, Arr3.13 = A, Y0313 := 7, €1.13.13 := €,
prL3.13 = p, the sequence (Qj)?ii, krisi1s = k and brrsiz = 10’6%. The lemma gives a
graph Gii5,3 € LKSsmall(n,k,n), and an index i € [g]. Slightly abusing notation, we call
this graph still G. Set Q* := Q; and Q** := Q,;;. Now, [HKP"a, Lemma 3.13(c)] yields a
(k, ¥, 0%, A, v,€', v, p)-sparse decomposition V = (¥, V, D, Greg, Gexp, 2A). Let ¢ be the size of any
cluster in V.

We now apply [HKP™b, Lemma 5.1] with parameters nir.r5.1 := 7, Qr.ps.1 = Qgi1, MLLs.1 =7,
E1L.L5.1 = €, krrsa =k, and Qf 15, := Q. Given the graph G with its sparse decomposition V
the lemma gives three (e, d, wc)-semiregular matchings M4, Mp, and Mgooq C My which fulfill
the assertion either of case (K1), or of (K2). The matchings M4 and Mp also define the sets XA
and XB.

The additional features provided by [HKP*a, Lemma 3.13] and [HKP*b, Lemma 5.1] guar-
antee that we are in the situation described in Setting 5.1. We apply Lemma 5.2 as described in
Definition 5.3; the numbers pg, p1, po are as defined above. This puts us in the setting described in
Setting 5.4. We now use [HKP "¢, Lemma 4.17] to obtain one of the following configurations.

o (o1),

o (02)

77279** W n9p2
4. 1066(9*)11 ) 2 0 128-1022-(9*)5

e (03)

77279** W ol 77972
4-1066(Q*)11> 2 27 1281022 (Q*)5

(
(

. (04)( o VO g y >,
(

4-1066(QF)1T2 ~ 2 5 2 384-1022(Q%)5

o (05) 77279** W 779 7 779
Z1000(Q7)1T) ~ 2 2 1281022 ()3 27 1281022 ()7
6 n’p 4 v 31 1 k
o (06)(grre (Q*)4’ 4y 329*’ 2567 5a00- P2 (1 + 55)k),
3.3 3 2 3
n°Yp 1y Yp v 31
° (07)(1012(9*)4’ 360> 47, 3hke 33075 3107 P21 + 36)K),
n'ylp oy 400 YPp  qme v n
o (o8)(1ghs ()50 4000 0 4T 5+ 355> b0 aoms PL(L + 35k, p2(L + 55)k),
o® 2P 400e n’v
° (09)(1027(9*)3’ 107 P+ 45)k, p2 (1 + 55)k, 5%, % 2b0% 47, Tk 329*’ 2507)
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o (010)(c, B0, wv/evk, Lk 1)
Depending on the actual configuration Lemma 6.16, Lemma 6.19, Lemma 6.24, Lemma 6.25,

or Lemma 6.26 guarantees that " C (. This finishes the proof of the theorem.

8 Theorem 1.2 algorithmically

We now discuss the algorithmic aspects of our proof of Theorem 1.2, covering also its parts developed
in [HKP*a, HKP™b, HKP*¢].

That is, we would like to find an algorithm which finds a copy of a given tree T' € trees(k) in
any given graph G € LKS(n, k, a) in time O(n%). Here the degree C of the polynomial is allowed
to depend on «, but not on k. It can be verified that each of the steps of our proof — except
the extraction of dense spots (cf. [HKPTa, Section 3.8]) — can be turned into a polynomial time
algorithm. The two randomized steps — random splitting in [HKP "¢, Section 3.2], and the use of
the stochastic process Duplicate in Section 6 — can be also efficiently derandomized using a standard
technique for derandomizing the Chernoff bound. Let us sketch how to deal with extracting dense
spots.

The idea is as follows. Initially, we pretend that Geyp consists of the entire bounded-degree
part G — ¥ (cleaned for minimum degree pk as in [HKP*a, (3.7)]). With such a supposed sparse
decomposition Vi we go through [HKP*b, Lemma 5.1] and [HKP*¢, Lemma 4.17] to obtain a
configuration. We now start embedding 71" as in Section 6. Note that at this moment G,z and 2
are absent, and so, the only embedding techniques are those involving ¥ and Geyxp. Now, either
we embed T', or we fail. The only possible reason for failure is that we were unable to perform
the one-step look-ahead strategy described in [HKPTa, Section 3.6], because Gexp was not really
nowhere-dense. But then we actually localized a dense spot D;. We get an updated supposed
sparse decomposition Vg in which Dy is removed from Gy, and added to D (and modify Gyeg or
accordingly). We keep iterating. Since in each step we extract at least O(k?) edges we iterate the
above at most e(G)/O(k?*) = O(%) times. We are certain to succeed eventually, since after ©(%)
iterations we get an honest sparse decomposition.

It seems that this iterative method is generally applicable for problems which employ a sparse
decomposition.
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SYMBOL INDEX

Symbol index

M-cover, 14
Ch(U), 3
Ch(v), 3

d(G), 2

d(U, W), 2
deg, 2

deg™a*, 2
deg™in, 2
dist(v1, v2), 3
Duplicate(¢), 23
EG), 1

e(G), 1

e(X), 2
e(X,Y), 2

F, 12

Gy, 10

ghost, 30

Greg, 8, 10
Gv, 8

Ly, 11
LKS(n,k,n), 2
LKSsmall(n, k,n), 2
N 12
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N(v), 2
Ny, 10

Bi, 12

P, 11

Py, 11

Py, 11

Py, 11

pi, 12
Par(U), 3
Par(v), 3
shadow, 9
Seed, 4
T(r,Tz), 4
Ul 12
Viw, 11
V, 12

Y, 12

V*, 12

V, 12
V.., 10
Vg, 10
V(G), 1
v(G), 1
Vi, 11
‘/even(TaT), 3
Vgood7 11
Vodd(TaT)’ 3
YA, 11
YB, 11



GENERAL INDEX

General index

(X1 = W,..., Xy — Vp)-embedding, 24

avoiding, 7
avoiding threshold, 8

balanced set, 26

balanced way of embedding, 25
bipartite density, 2

bounded decomposition, 7

captured edges, 8
child, 3

cluster, 8

consistent matching, 16
cover, 14

dense cover, 7
dense spot, 7
density, 2
discrepancy, 26

end subtree, 4

fine partition, 4
fruit, 4

ghost, 30

induced tree, 4
internal subtree, 4
irregular, 2

knag, 6

matching involution, 30
nowhere-dense, 7
ordered skeleton, 7

parent, 3

peripheral subshrub, 6
principal subshrub, 6
proportional splitting, 12

regular pair, 2
regularized graph, 16
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rooted tree, 3

seed, 4

semiregular matching, 9
shrub, 6

sparse decomposition, 8
subshrub, 6
super-regular pair, 2

unbalanced way of embedding, 25
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