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Abstract

Kalai conjectured that every n-vertex r-uniform hypergraph with

more than =1 (Tﬁl) edges contains all tight r-trees of some fixed size .

We prove K;lai’s conjecture for r-partite r-uniform hypergraphs. Our
result is asymptotically best possible up to replacing the term %
with the term #

We apply our main result in graphs to show an upper bound for

the Turdn number of trees.

1 Introduction

For graphs, the well-known Erdds-Sés conjecture from 1963 states that any
graph with more than (¢ — 1)% edges contains, as subgraphs, all trees with ¢
edges. In 1984, Kalai introduced a natural generalisation of this conjecture
to uniform hypergraphs. For simplicity, from now on r-uniform hypergraphs
will be called r-graphs.

In order to be able to state Kalai’s conjecture, we need to clarify the
notion of a tree in an r-graph. The definition we will use relies on the following
construction. Start with an r-edge e; and the r vertices it contains: This
is T1. Now, in every step 7, we may add a new edge e;. It is required that e;
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contains precisely one new vertex v;, and that e;\{v;} is a subset of some edge
of T;_1. The new hypergraph is T;. Any hypergraph that can be constructed
in this way will be called a tight r-tree.

Here is Kalai’s generalisation of the Erdds-Sés conjecture.

Conjecture 1.1 (Kalai 1984, see [6]). Let H be an r-graph on n wvertices
with more than %(:1) edges. Then H contains every tight r-tree T having
t edges.

As already noted in [6], it follows from constructions using a result of
R6dl [14] (or alternatively, one can use designs whose existence is guaran-
teed by Keevash’s work [12]) that this conjecture is tight as long as certain
divisibility conditions are satisfied.

It has been observed (see e.g. [7]) that if the bound in Conjecture 1.1 is
multiplied with a factor of r then the conjecture holds:

Conjecture 1.1 holds if the bound is replaced by (¢t — 1)(,",). (1)

The reason is that we can successively delete edges from the host r-graph
until arriving at an r-graph H' having the property that each (r —1)-subset S
of V(H) either belongs to 0 or to at least ¢ edges. Then we can embed the
tree greedily into H’, following the given ordering of the edges.

Not much is known on Kalai’s conjecture in general, except for the case
r = 2. We refer to [15] for an overview of known results in this case.

The known results for » > 3 all focus on specific types of tight r-trees.
Frankl and Fiiredi [6] show that Conjecture 1.1 holds for all ‘star-shaped’
tight r-trees, that is, tight r-trees whose first edge intersects each other edge
in r — 1 vertices. Fiiredi, Jiang, Kostochka, Mubayi and Verstraéte [9, 10]
show versions of Conjecture 1.1 for a broadened variant of the concept of ‘star-
shaped’ (instead of the first edge, there is a constant number of first edges
intersecting all other edges), and Fiiredi and Jiang [7] show the conjecture
for special types of tight r-trees with many leaves.

For tight r-paths, bounds on the number of edges of the host r-graph
below the bound (¢ — 1)(.",) from (1) were established by Patkés [13] and
by Fiiredi, Jiang, Kostochka, Mubayi and Verstraéte [8]. Namely, the bound
in (1) can be replaced by %(rfl) if r is even, and by a similar bound if r
is odd. An asymptotic version of Kalai’s conjecture for tight r-paths whose
order is linear in the order n of the host r-graph has been confirmed by Allen,
Bottcher, Cooley and Mycroft [1] for large n.
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Also, the authors of [9] show that if one replaces the bound in Kalai’s
conjecture with % |0H |, an equivalent conjecture is obtained. (As it is usual,
we define the shadow OH of an r-graph H as the set of all (r—1)-sets contained
in edges of H.)

Our first contribution is a solution of Kalai’s conjecture for r-partite r-
graphs. We will actually show our result with the bound from [9], that
is, the term (Tfl) from Kalai’s conjecture will be replaced with the smaller
term |0H|.

Theorem 1.2. Let r > 2 and let H be an r-partite r-graph. If H has more
than %|8H| edges, then H contains every tight r-tree T' having t edges.

The proof of Theorem 1.2 relies on an auxiliary lemma, Lemma 2.1, which
might be interesting in its own right. Lemma 2.1 is a variation of the earlier
observation on subhypergraphs of convenient codegree that led to (1) (as
usual, we will say S € OH has codegree c if S lies in ¢ edges of H). The
novelty in Lemma 2.1 is that it allows for a different minimum codegree into
each of the partition classes. For instance, for bipartite graphs of average
degree exceeding t; + to — 2, the lemma yields a subgraph having minimum
degree at least t; in one direction, and t5 in the other direction, for any
integers t1, ty (see Corollary 2.2). For r-partite r-graphs, Lemma 2.1 gives
an analogous statement based on codegrees.

Theorem 1.2 is not very far from best possible. We will see in Proposi-
tion 3.1 that there are r-partite r-graphs H not containing all tight r-trees
with ¢ edges fulfilling

B(H)| ~ o) ©)

For r» > 3, this might indicate some room for a small improvement of the
bound £2|0H| from Theorem 1.2, with other methods than the ones used
here.

Theorem 1.2 also has an interesting application. Namely, for graphs,
Theorem 1.2 can be used to obtain an upper bound for the Turdn number
ex(n,T) of a tree T' (this is the maximum number of edges a graph on n
vertices can have without necessarily containing 7" as a subgraph).

Observe that for » = 2, the bound implied by (1) for the Turdan number
of a t-edge tree T is

ex(n,T) < (t — 1)n, (3)
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which is a factor of 2 away from the bound ex(n,T) < @ one can cal-
culate from the Erd6s—Soés conjecture. We will see in Proposition 4.2 that
the bound (3) can be replaced by the slightly better bound

ex(n,T) < t—i—%(t — 1)n. (4)

Moreover, if ¢ is even, the term HLI can be replaced with the term % We

achieve the bound (4) by considering a maximum 2-cut, that is, a bipartition
of the vertices of a graph GG that maximises the number of edges crossing the
bipartition. A result of Alon, Krivelevich and Sudakov [2] states that, if a
fixed tree is excluded from GG, then one can guarantee that substantially more
than half of the edges of G cross some 2-cut. We then apply Theorem 1.2 to
the bipartite graph spanned by the edges in the cut.

The paper is organised as follows. We will state and prove Lemma 2.1
and use it to prove Theorem 1.2 in Section 2. In Section 3 we will prove that
Theorem 1.2 is not far from best possible in the above described sense, at
least for balanced trees, by exhibiting r-graphs H fulfilling (2). Finally, in
Section 4, we will prove (4), our Turdn number bound for trees, in Proposi-
tion 4.2.

2 Proof of Theorem 1.2

The main ingredient for the proof of Theorem 1.2 is Lemma 2.1 below. For
convenience, let us give a quick definition before we state the lemma.

If H is an r-partite r-graph, we say that dgqo ) (H) > (t1,t2,...,t,) if
there is a way of labeling the partition classes of H as Vi, V5, ..., V, such that
for each i € [r], every S € OH missing V; is contained in at least t; edges
of H.

Lemma 2.1. Let r,t,t1,t,...,t, € N such that

t1+t2—|—...+tr:t+r—1,

and let H be an r-partite r-graph with more than =X|0H| edges. Then there

is a non-empty r-graph H' C H such that

5(1,2,...,7’)([—[/) 2 (t1> t27 s atr>-



Lemma 2.1 has the following corollary.

Corollary 2.2. For all t1,ts € N every bipartite graph G with d(G) > t; +
to —2 has a non-empty subgraph G' = (V1,V3) such that each vertex in V; has
degree at least t; in G', fori=1,2.

Before proving Lemma 2.1, let us show how it implies Theorem 1.2. For
this, we will need the following fact which is immediate from the definition
of tight r-trees.

Fact 2.3. FEvery tight r-tree has a unique r-partition.
Now we are ready to prove our main result.

Proof of Theorem 1.2. Assume we are given an r-graph H, and a tight r-
tree T with ¢ edges. Consider the r-partition of T" given by Fact 2.3, and let
t1,ts,...,t,. be the sizes of the partition classes. Thus

t1+t2++trzt+7“—1

We apply Lemma 2.1 to see that there is an r-graph H' C H with -
partition V3 U Vo U ... UV,, such that for each ¢ < r, any element of OH’
which avoids V; is contained in at least ¢; edges of H' (each containing a
different vertex from V;). We may therefore embed T following its natural
order vy, vg, ..., V1. At every step j, there is an unoccupied vertex we can
choose as the image of v;, because the total number of vertices from V(7'
we need to embed in any fixed class V; is at most t;. O

It only remains to prove Lemma 2.1.

Proof of Lemma 2.1. We may assume that t; <ty < ... <t,.. Set

t -1
5; =t — L’
r
forall: =1,...,r. Clearly, we have
61§62§§57" and 51S0, (5)

and moreover,



We now turn to the r-graph H, with its r-partition VU Vo U...UV,. We
let h; denote the number of elements of 0H that avoid V;, for each i € [r].
Clearly,

S b = oH], (7)

i=1
and after possibly relabeling the partition classes of H, we may assume that
hi>hy > ... > h,. (8)

Let Ey denote the set of all edges of H. For j > 1, we inductively define
the set E; as follows. If there is an (r — 1)-set S C V(H) missing V; and
contained in at least one, but less than ¢; edges from E;_;, then we set
E; = {e € E;_; : e 2 S} If there is no set S C V(H) as above, we
terminate the process, and set £ := E;_;.

Observe that every (r — 1)-subset S of V(H) appears in at most one of
the steps j as the reason for deleting edges, and in that step, we deleted at
most t; — 1 edges, where i is such that S misses V;. Also, (r —1)-sets S ¢ O0H
never appear.

Therefore,

|E(H)| < |E|+ Z(ti — )h;.

We claim that
E#0. (9)

Then, we can take H' to be the subhypergraph induced by the edges in F,
and are done. So it only remains to prove (9).

In order to see (9), note that otherwise, by our assumption on the number
of edges of H, we have that

r

t—1 “t+r—1
- " |0H E(H)| < t:—1Dh; < L 14 5)h
T|3|<|()I_;(z ),_;( . +04)h;

t—1 -
: hi+ ) dihi,

IN

and so, using (7), we obtain that
> 6ihi > 0. (10)
i=1

6



By (5), we can choose an index i € [r] such that §; < 0 for all i < i* and
d; > 0 for all 4 > ¢*. This choice of i*, together with (8) and (6), enables us
to calculate that

zr:éihi = i@hi—k ZT: oih; < iéihi*"' Zr: il
=1 =1 =1

i=i*+1 i=i*+1

< Ry 'i(si
i=1
— 0,

a contradiction to (10). This proves (9), thus completing the proof of the
lemma. O

3 Lower bounds for r-partite r-graphs

The bounds from Kalai’s conjecture cannot be weakened much in r-partite
r-graphs. This is asymptotically shown in Proposition 3.1 below. However,
in this proposition, the term % from Kalai’s conjecture is replaced with the
term t_:f“l, which for r > 3 leaves us with a small gap. Possible finer scale
improvements are discussed at the end of this section.

We call a tight r-tree balanced if all its partition classes have the same

size.

Proposition 3.1. Forallr > 2, t > 1 such that t+ 1 is a multiple of r, and
for all € > 0, there exists an r-graph H with r-partition V(H) = V3 U V3 U
..UV, fulfilling

B 2 (1 -2) = S ]

i=1 £
such that H does not contain any balanced tight r-tree T with t edges.

Proof. Consider the sets V7 for i € [r] and j = 1,2, where |V;!| = “L —1 and
V2| =~ (EE = 1), for y:= (1 - e)= — 1. Let H be the r-partite r-graph
with partition sets V; := V*UV? (for i € [r]) and all edges {vy, ..., v,} having
the property that vy € V! for exactly one index i* € [r], and v; € V;? for all

i # i,



It is easy to see that no r-tight tree may contain vertices from both V!
and V2, for any i € [r]. So, since [V;!| < &1 for all 4, we see that H does not
contain any balanced tight r-tree T" with ¢ edges.

The number of edges of H is

: ot .
|ECH)| =Y VTV =7+ ( -1

r
i=1 0+£i

=+ () ST

i=1 (i

giving the desired bound. O

In the example behind Proposition 3.1, the host r-graph is much larger
than the r-tree we are looking for, and another error term hides behind
the €. On a finer scale, more improvements on Kalai’s bounds might be
possible for r-partite r-graphs. For r = 2, Gyarfas, Rousseau and Schelp [11]
determine the extremal number of t-edge paths P, in bipartite graphs with
partition classes of sizes n > m (that is, the maximum number ex(n, m; P;)
of edges such a bipartite graph can have without necessarily containing F;).
In particular, if ¢ < m + 1 is odd they obtain

ex(n,m; P;) :%(n%—m—t—i—l). (11)
Yuan and Zhang [16] conjecture similar results as (11) hold for all trees T" (the
exact bounds depend on how the bipartition sizes of T relate to n and m),
and establish several special cases.

Analogous improvements might be possible for hypergraphs. Note that
the quantity from (11) coincides with the number of edges of the r-graph
from the proof of Proposition 3.1, for the case » = 2. For r = 3 one might
add in all edges meeting all sets V;!, and the obtained r-graph still does not
contain T'. More generally, for r > 4 one might add in all edges meeting V!
in an odd number of indices .

4 A better Turan bound for all 2-graphs

We now discuss an implication of Theorem 1.2 for tree containment in graphs
(i.e. 2-graphs) that are not necessarily bipartite. This will establish the
bound (4.2) mentioned in the introduction.
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We need some easy definitions first. We call a partition of the vertices of
a graph into two sets a 2-cut. The size of a 2-cut is the number of edges that
cross the cut (where an edge is said to cross the cut if it has one endvertex
on either side).

It is well known and easy to prove that every m-edge graph has a 2-cut of
size at least 5. A random partition achieves this bound in expectation. But
this is not best possible. A classical result of Edwards [4] states that instead
of only % edges we can actually guarantee a 2-cut of size at least 5 4-Q(y/m).
Even better bounds can be achieved by excluding a fixed subgraph from G.
Alon, Krivelevich and Sudakov [2] show that if we exclude any fixed tree T
from the graph GG, the maximum number of edges crossing some 2-cut can
be bounded as follows.

Theorem 4.1 (Alon, Krivelevich and Sudakov [2]). Let t > 1 and let T be
a t-edge tree. Let G be a graph with m edges that does not contain T'.

Then G has a 2-cut of size at least 5 + 5 if t is odd, and of size at least
5+ 55 if tis even.

We can use Theorem 4.1 to improve the bound from (1). The following
proposition proves the bound (4) we mentioned in the introduction.

Proposition 4.2. Lett € N and let G be a graph on n vertices with more
than (1 — z7)(t = 1)n edges if t is odd, and with more than (1 — H(t—1)n
edges if t is even. Then G contains every tree T having t edges.

Proof. We may assume that t > 1. We only treat the case when ¢ is odd, as
the other case is very similar.

Given G and T, we use Theorem 4.1 to either find a copy of T in G, or
to obtain a 2-cut of G having size greater than

t%l(t—l)n_i_ it —=1)n _ t_ln
2 2t 2

In the latter case, we apply Theorem 1.2 to the graph induced by this 2-cut
to see that it contains 7. O

Variants of Edwards’ results for hypergraphs have been studied by Erdés
and Kleitman [5]. They showed that in an m-edge r-graph, the expected
size of an r-cut is :—T!m (where an r-cut is a partition of the vertices into r

sets, edges cross the cut if they have one vertex in each partition set, and



the size of an r-cut is the number of crossing edges). Recently, Conlon, Fox,
Kwan and Sudakov [3] improved this bound. In particular, they obtain that
for r > 3, every m-edge r-graph has an r-cut of size at least :—im + Q(m%)
They conjecture the exponent in the second term can be improved to %
Unfortunately, we are not aware of any result in the spirit of Theorem 4.1 for
hypergraphs and the bound from [3] alone does not seem to suffice to prove

a meaningful version of Proposition 4.2 for r-graphs with r > 3.

References

[1] ALLEN, P., BOTTCHER, J., COOLEY, O., AND MYCROFT, R. Tight

cycles and regular slices in dense hypergraphs. J. Combin. Theory Ser.
A 149 (2017), 30-100.

[2] ALoN, N., KRIVELEVICH, M., AND SUDAKOV, B. Maxcut in H-free
graphs. Comb. Probab. Comput. 14, 5-6 (Nov. 2005), 629-647.

[3] ConLON, D., Fox, J., KwaN, M., AND SuDAKOV, B. Hypergraph
cuts above the average. Israel Journal of Mathematics 233, 1 (Aug
2019), 67-111.

[4] EDWARDS, C. S. Some extremal properties of bipartite subgraphs.
Canadian Journal of Mathematics 25, 3 (1973), 475485.

[5] ERDOS, P., AND KLEITMAN, D. J. On coloring graphs to maximize the

proportion of multi-colored k-edges. Journal of Combinatorial Theory
(1968), 164-1609.

6] FRANKL, P., AND FUREDI, Z. Exact solution of some Turdn-type
problems. J. Combin. Theory Ser. A 45, 2 (1987), 226-262.

[7] FUREDI, Z., AND JIANG, T. Turdn numbers of hypergraph trees.
Preprint 2015, arXiv:1505.03210.

[8] FUREDI, Z., JiaNG, T., KOSTOCHKA, A., MUBAYI, D., AND VER-
STRAETE, J. Tight paths in convex geometric hypergraphs. Preprint
2017, arXiv:1709.01173.

10



[9] FUREDI, Z., JIANG, T., KOSTOCHKA, A., MUBAYI, D., AND VER-

STRAETE, J. Hypergraphs not containing a tight tree with a bounded
trunk. SIAM J. Discrete Math. 33, 2 (2019), 862-873.

[10] FUREDI, Z., JiaNG, T., KOSTOCHKA, A., MUBAYI, D., AND VER-
STRAETE, J. Hypergraphs not containing a tight tree with a bounded
trunk II: 3-trees with a trunk of size 2. Discrete Applied Mathematics
(2019).

[11] GYARFAS, A., Rousseau, C. C., AND SCHELP, R. H. An extremal

problem for paths in bipartite graphs. Journal of Graph Theory 8, 1
(1984), 83-95.

[12] KEEVASH, P. The existence of designs. Preprint 2014, arXiv:1401.3665.

[13] PATKOs, B. A note on traces of set families. Moscow Journal of Com-
binatorics and Number Theory 2 (2012), 47-55.

[14] RODpL, V. On a packing and covering problem. FEuropean Journal of
Combinatorics, 6 (1985), 69-78.

[15] STEIN, M. Trees containment and degree conditions. Preprint 2019,
arXiv:1912.04004.

[16] YUAN, L., AND ZHANG, X. A Variation of the Erdés-Sés conjecture
in bipartite graphs. Graphs and Combinatorics (2017), 503-526.

11



