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ABSTRACT. We prove that for fixed k, every k-uniform hypergraph on n vertices and of min-
imum codegree at least n/2 + o(n) contains every spanning tight k-tree of bounded vertex
degree as a subgraph. This generalises a well-known result of Komlds, Sarkoézy and Szemerédi
for graphs. Our result is asymptotically sharp. We also prove an extension of our result to
hypergraphs that satisfy some weak quasirandomness conditions.

1. INTRODUCTION

Forcing spanning substructures with minimum degree conditions is a central topic in extremal
graph theory. For instance, a classic result of Dirac [9] from 1952 states that any graph on
n > 3 vertices with minimum degree at least n/2 contains a Hamilton cycle. In the same
spirit, Bollobds [5] conjectured in the 1970s that graphs on n vertices with minimum degree at
least n/2 + o(n) would contain every n-vertex tree of bounded maximum degree as a subgraph.
Komlés, Sarkozy and Szemerédi [21] proved this conjecture in 1995, introducing a prototype
version of what is now known as the blow-up lemma.

In recent years many efforts have been made to extend Dirac’s theorem to k-uniform hyper-
graphs, also called k-graphs, using various notions of degrees/cycles. Notably, Rodl, Rucinski
and Szemerédi [26] proved that k-graphs of minimum codegree at least n/2 + o(n) contain a
tight Hamilton cycle (precise definitions below). More Dirac-type results for Hamilton cycles
can be found in the survey of Simonovits and Szemerédi [27] and the references therein. In the
present paper we prove an extension of the Komlos—Sarkozy—Szemerédi theorem to k-graphs, to
the best of our knowledge the first Dirac-type result for tightly connected spanning structures
other than tight paths or tight cycles. As in [26], we will use a minimum codegree of at least
n/2 + o(n). The hypertrees in our result are tight k-trees, which we will introduce now.

For motivation, consider the following iterative definition of (non-trivial) trees in graphs. A
single edge is a tree, and any graph obtained from a tree T" by adding a new vertex v and a
new edge vw, with w € V(T), is also a tree. Generalising the tree notion from the previous
sentence, a tight k-tree is a k-graph whose edges can be ordered such that every edge e, except
the first one, contains a vertex v which is not in any previous edge, and furthermore, e\ {v} is
contained in some previous edge. So, tight 2-trees are the usual trees in graphs, and the well-
known k-uniform tight paths are tight k-trees. Since no other kinds of trees will be considered,
we usually just write k-tree to refer to a tight k-tree.

Turén-type problems for k-trees have a long history. In 1984, Kalai conjectured (see [12,
Conjecture 3.6]) that every k-graph on n vertices with more than tzl (kfl) edges contains every
k-tree with t edges. For all k, this conjecture is tight for infinitely many ¢ and n. In general,
Kalai’s conjecture is open, but there are partial and asymptotic results for special families of
k-trees [12—-16], among these linear sized tight paths [3], for k-partite host k-graphs [28], and
for the case k = 2 (see [29] for references), where the conjecture equals the famous Erdés—Sé6s
conjecture.

Note that a global bound on the number of edges, as in Erd&s-Sés conjecture, implies the
existence of a subgraph of large minimum degree. Such a bound alone is, however, not sufficient
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in general to ensure all trees as subgraphs. This changes if the host graph and the tree we are
looking for are of the same order. As mentioned above, this was shown in [21]:

Theorem 1.1 (Komlés, Sarkézy and Szemerédi [21]). For all v > 0 and A € N, there is ng
such that every graph G on n = ng vertices with 6(G) > (14 )% contains each n-vertex tree T
with A(T) < A.

Our main result is a generalisation of Theorem 1.1 to hypergraphs. We need two definitions.
For a k-graph H, the mazimum 1-degree A1(H) is the maximum number m such that some
vertex of H is contained in m edges. The minimum codegree o1 (H) is the largest m such that
every set of k — 1 vertices is contained in at least m edges of H.

Theorem 1.2. For all k,A > 2 and v > 0 there is ng such that every k-graph H on n > ng
vertices with di—1(H) = (1/2 + v)n contains every k-tree T' on n vertices with A1(T) < A.

The condition on 0;_1(H) in Theorem 1.2 is best possible, up to the term yn and a term
depending on k.

Proposition 1.3. For every k > 2 and for every k-tree T on n > k vertices, there is a k-
graph H on n vertices not containing T, with §p_1(H) > |n/2| — f(T), where f(T) < 284+ k—1.
Moreover, there are k-trees T with f(T) =k — 1.

Theorem 1.2 generalises to host graphs that have certain quasirandom properties. For a
k-graph H and a set F' of distinct (k — 1)-subsets of V(H), define the joint degree of F as

degy (F) = |{v e V(H) : fU{v} € H for each f € F}|. (1.1)

We say H is (o, h,e)-typical if ’degH(F) - Q|F|n| < en for every family F' of (k — 1)-sets such
that |F'| < h. We show that for suitable choices of ¢ and ¢, every large (o, 2, ¢)-typical k-graph
contains every spanning k-tree with bounded degree.

Theorem 1.4. For allk,A > 2 and o > 0 there are ng and ey such that the following holds for
alle < eo. If H is a (0,2,¢)-typical k-graph on n > ng vertices, then H contains every k-tree T
on n vertices with A1 (T) < A.

Recently, Ehard and Joos [10] showed very general results for finding (almost perfect packings
of) spanning bounded-degree hypergraphs in host hypergraphs satisfying certain strong quasir-
andom conditions. However, their results are incomparable with ours, as our quasirandomness
conditions are much weaker.

We will deduce Theorem 1.4 from a slightly more general statement (Corollary 11.2). Weaker
notions of quasirandomness and minimum 1-degree (defined in analogy to our definitions above)
of order ©(n*~1) are not enough to guarantee the existence of any spanning k-tree in dense
k-graphs on n vertices. This follows from examples of Aratjo, Piga and Schacht [4] for & > 3.
See Section 11 for more details.

The paper is organised as follows. In Section 2 we introduce some notation and in Section 3
we show Proposition 1.3. In Section 4 we give an overview of the proof of Theorem 1.2 (which
can be read independently of Sections 2 and 3). In Section 5 we investigate tight k-trees and
their decomposition. In Section 6 we introduce some tools and preliminary results that will be
used in the proof of our main result, Theorem 1.2. In Section 7 we show a connecting lemma
that will allow us to prove a general embedding technique for bounded degree hypertrees in
Section 8. In Section 9 we introduce the absorption method and in Section 10 we use the results
form Sections 5-9 to prove Theorem 1.2. In Section 11 we extend Theorem 1.2 to hypergraphs
satisfying certain quasirandomness conditions, in particular proving Theorem 1.4. Section 12
contains some concluding remarks and open questions.

2. NOTATION

We introduce some basic notation used throughout the paper here. More specific notions will
be introduced where first needed. Throughout this section, let H be a k-graph, with k£ > 2.
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Hypertrees. By definition, every k-tree on n vertices has n — k + 1 > 1 edges, and hence
n 2 k. Also by definition, every k-tree T on n vertices has orderings e1, ..., e,_r11 of its edges,
and vy, ..., v, of its vertices such that e; = {v1,...,v;}, and for all i € {k+ 1,...,n},

(T1) {vi} = e€i—g+1\ U1<j<z'—k;+1 ej, and
(T2) there exists j € [i — 1] such that e;_g41 \ {vi} C ¢;.

Clearly, an ordering of the edges implies an ordering of the vertices (and vice versa). Any
ordering of E(T) or V(T) with properties (T1) and (T2) will be called a valid ordering. If j €
[i — 1] is the smallest index such that (T2) holds for e; and v; then we call e; the parent of
€i—k+1 and e;_g41 a child of ej. The anchor of v; is a(v;) := €;—p41 \ {vi}.

A k-subtree of T is a k-tree T’ such that T C T. For instance, eq, ..., e, induces a k-subtree
of T, for any 1 < r < n—k+ 1. Also, the tree T — v, obtained by removing v, and e,_1+1
from T' is k-subtree.

(-partitions and blow-ups. We say H is (-partite if there is a partition {V1,...,V;} of V(H)
such that e N V;| = 1 for each e € E(H) and i € [¢]. Using induction, it is easy to show that
every k-tree is k-partite and, moreover, the k-partition of its vertices is unique.

IfV(H) = {vi,...,v¢}, the M-blowup of H is the ¢-partite k-graph with vertex classes V1, ..., V;
of size M each, such that for every edge {v;,,...,v;, } € H, all edges between the sets V;,, V...
and V;, are present.

Homomorphisms and embeddings. If Hi, Hs are hypergraphs, a hypergraph homomorphism
of Hy in Hy is a function ¢ : V(H;) — V(Hz) mapping edges to edges. If furthermore, Hy C Hj
and ¢’ : V(H{) — V(Hz) is a hypergraph homomorphism such that ¢’ agrees with ¢ on V(H;),
then we call ¢’ an extension of ¢ to Hj.

Moreover, if ¢ is injective, we call ¢ a embedding of Hy in Hy. An extension of ¢ is then an
extension which is also an embedding.

Shadows and ordered shadows. The shadow (k —1)-graph 0H of H is the (k — 1)-graph on
vertex set V(H) whose edges are all the (k — 1)-sets which are contained in some edge of H. We
will sometimes need to view the elements of 0H as ordered tuples. For this, we will write 0° H
for the ordered shadow, defined as the set of all tuples (v1, ..., vx_1) with {v1,...,u5_1} € OH. In
particular, if ¢ : 9°H — 9°H' is a function, f = (a1,...,ay) € 0°H and f" = (by,...,by) € 0°H’,
then ¢(f) = f' means that ¢(a;) = b; for all i € {1,...,¢}.

Neighbourhoods and degrees. For S C V(H), the neighbourhood of S in H is defined as
Nu(S)={T CV(H)\S:SUT € H}. If x1, ...,z € V(H), we will write Ny (z1, ..., x¢) instead
of Ng({z1,...,x¢}). The degree of f € 0H is the number of edges of H which contain f and
equals [Nz (f)|. Slightly abusing notation if f = (x1, ..., 2}) € V(H)* such that {z1,...,x;} € H,
we will write f € H.

Walks. An ordered sequence (x1,...,x,) of vertices from H is a walk if every k consecutive
vertices form an edge of H. We will often just write a walk as the juxtaposition of its vertices,
i.e. x1---x,. The length of a walk is the number of its edges, e.g. a walk on n vertices has
length n — k+ 1. The order of the vertices is important: zixs - - -z, will generally be a different
walk than x,, - - - zox1 (even though they use the same vertices and edges). Note that a walk in
which every vertex appears exactly once is a tight path in H. Slightly abusing notation, we will
view a walk as a subgraph of H, so the n — k + 1 edges of the walk constitute the walk.

Let W =z ---x, be a walk in H. The start of W is sta(W) := (z1, ..., xx—1), and the end
of W is ter(W) := (Zp—k+1,...,2n). Note that both sta(W) and ter(W) belong to 0°H. If
sta(W) = f and ter(W) = f/, we also say that W goes from f to f'. The interior int(W) of
W is the set V(W) \ (sta(W) U ter(W)). Thus |int(W)| < n — 2k — 2, strict inequality being
possible if W is not a path. If |int(W)| = ¢, we also say that W has q internal vertices. If
int(W) NS =0, we call W internally disjoint from S.

Hierarchies. To simplify, we use hierarchies. We write a < b to mean that for any b > 0, there
exists ag > 0 such that for all a < ag the subsequent statements hold. Hierarchies with more
constants are defined analogously, and should always be read from right to left. Implicitly, we
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assume that all constants appearing in a hierarchy are positive, and moreover if 1/m appears
in a hierarchy then m is an integer, and a real number otherwise.

3. EXTREMAL EXAMPLE

In this short section we prove Proposition 1.3. We will use the following family of k-graphs.

Definition 3.1. For disjoint sets A, B, and 0 < i < k, let H; .= {e C AUB : |e| = k, |eNA| = i},
and I := {i € {0,...,k} : i # |k/2] mod 2}. Define H(A, B) := U,c; H;-

Assuming that |AU B| > k, note that 0;_1(H (A, B)) > min{|A|, |B|} — k + 1. There are not
many ways to embed a k-tree into H (A, B), as we will see now.

Lemma 3.2. Let k,n € N, let H(A, B) be as in Definition 3.1, with |[AUB|=n > k. Let T be
a k-partite k-tree, with a unique k-partition Vi U--- U Vy, and with an embedding ¢ : V(T) —
V(H(A,B)). Then, for each i < k either o(V;) C A or (Vi) C B.

Proof. We proceed by induction on |E(T")|, where the base case |E(T)| < 1 is trivial. Let v
and e be the last vertex and edge of some valid ordering of T', let ¢’ be the parent edge of e
and let v’ be the vertex in €’ \ e. Note that there is j < k such that v,v" € V;. Applying the
induction hypothesis to T'— v and to ¢ restricted to V(T”), we see that we only need to show
that ¢(v) € A if and only if ¢(v') € A. This is true, as otherwise, |[ANe| —|AN€|| = 1, which
contradicts the definition of H (A, B). O

Now we are ready for the proof of Proposition 1.3.

Proof of Proposition 1.3. Given T, with unique k-partition {Vi,...,Vi} of V(T), choose a(T)
as the largest integer such that a(T) < n/2 and a(T) # [U;c; V;| for all J C [k]. Note that
a(T) = |n/2] for some trees (for instance star-like k-trees with n > 2k, or balanced k-trees for
odd k), and that in general, a(T) > [n/2] — 2*. Set f(T) = |n/2| — a(T) +k — 1.

Let A, B be disjoint sets such that |A| = a(T) and |A U B| = n, and consider the k-graph
H(A,B) as in Definition 3.1. Then 6;_1(H(A,B)) > a(T) — k+1 = |n/2] — f(T) (by the
observation after Definition 3.1), and 7" does not embed in H(A, B) because of Lemma 3.2. O

4. OVERVIEW OF THE PROOF OF THEOREM 1.2

Our proof of Theorem 1.2 relies on a decomposition method for hypertrees, combined with
weak hypergraph regularity and absorption.

Given a k-graph H and a k-tree T, both on n vertices, the embedding of T into H will be
performed in three steps. We first embed a small subtree 7" of T into vertices of H that have
some special properties. In the second step we embed the bulk of T'— T”. In the third step we
use absorption and the suitably embedded T” to embed the few missing vertices.

For the embedding of the bulk of T'— T”, we start by separating T — T” into a constant
number of smaller subtrees, in a similar way as has been done for trees in graphs [2]. This is
accomplished in Section 5, where in particular, we discuss rooting a k-tree at a (k — 1)-set of its
vertices, and we also develop the notion of layerings of hypertrees, which resemble BFS-layerings
of rooted graphs. Using these notions, we show (cf. Proposition 5.14) that for any 8 > 0 one
can partition the edges of any k-tree with n edges into at most 8! parts, so that each of these
parts spans a k-tree of size O(fn). The parts can be ordered and each of them can be rooted
so that the first £ parts, for any ¢, form a connected subtree of T'— T”, which contains the root
of part £+ 1.

We will then embed the parts successively, embedding in each step one part (except its root,
which is already embedded). Each of the parts will be embedded into a suitable part of the host
hypergraph using the regularity method. Fortunately, the weak regularity lemma for hypergraphs
is sufficient for our purposes here. We apply this lemma to the host graph and then, in each
step, we find a k-set of clusters with sufficient free space and of convenient density. Into this
set we will embed almost all of the part that we wish to embed in the current step. That is,
we embed all but the first layers, because these layers will be needed to make the connection
between the already embedded root and the free cluster space.
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In order to make these connections, we will use a part of H that we have separated earlier,
before applying regularity, and that we will only use for the connections. This is the reservoir,
a very small set R C V(H) having (among others) the property that every (k — 1)-set has
several neighbours in R. The reservoir is found using a probabilistic argument (Lemma 6.7). A
connecting lemma (Lemma 7.1) allows us to find many short walks between arbitrary pairs of
ordered (k — 1)-sets, whose internal vertices are all inside the reservoir. An enhanced version of
this lemma (Lemma 8.1) allows us to embed not only walks or paths but instead bounded-size
k-trees of bounded degree into the reservoir, joining given pairs of (k — 1)-edges. This is what
we need to finish the embedding described in the previous paragraph.

Finally, after embedding almost all of T', we use an absorption technique, inspired by [6, 7].
For this, we find in H, before embedding the bulk of the tree as described above, an absorber,
which in our case is a carefully chosen sequence of constant-sized, vertex-disjoint and isomorphic
k-trees in H. We embed T” into the absorber, and the bulk of T'— T" as described above. We
can assume that the now embedded part T' can be completed by adding leaves, one at a time
(as in the definition of k-trees). We can add these leaves using the absorber. This mechanism
is explained with detail in Section 9.

5. HYPERTREES

In this section we establish some structural results about hypertrees. Most importantly, we
show any large hypertree can be decomposed into smaller hypertrees (see Proposition 5.14).

5.1. Link graph of a k-tree. For a k-graph H and v € V(H), let Ng(v) be the set of all
vertices in V(H) \ {v} in edges containing v. The restricted link graph of v with respect to H,
denoted H (v), is the (k —1)-graph whose vertex set is Ny (v) and its edge set is {e\{v} : v € €}.

Lemma 5.1. Let k > 2, let T be a k-tree, and let v € V(T). Then T(v) is a (k — 1)-tree on at
most A1(T) + k — 1 vertices.

Proof. Let ey, ..., em be a valid ordering of the edges of T', and let I = {i € [m] : v € ¢;}. Then
E(T(v)) = {e; \ {v} : i € I}, and I induces a valid ordering of E(T'(v)), with a(v) being the
first edge. So T'(v) is a (k — 1)-tree. Since v belongs to at most A1 (7) edges in T', we know that
T'(v) has at most A1 (T) edges, and thus at most A;(T') + k — 1 vertices. O

5.2. Layerings. It is often convenient to root a 2-tree T" at some vertex r € V(T'), which gives
rise to a rooted tree (7',r). Then one can define the i-th layer L; of (T,r) as the set of all
vertices at distance exactly i from 7 in 7. The layers partition V(7T'), and any vertex in layer
1+ 1 is joined to some vertex in layer <.

We now introduce a generalisation of these notions to higher uniformities.

Definition 5.2. A rooted k-tree is a pair (T',r) where T is a k-tree and r € 9(T)).

Definition 5.3 (Layering). Let (7,r) be a rooted k-tree. A layering for (T,r) is a tuple
L= (Ly,...,Ly), for some m € N, such that {L1,..., L,,} is a partition of V(T'), and
(L1) |rnL;l=1foralli e [k —1], and |L1]| =1,
(L2) for each v € L;y; with 1 < i < m there are w € L;, e € E(T') such that {v,w} C e, and
(L3) for each e € E(T), there is j € [m] such that [eN L;| =1 for each j < i < j + k.
We call the tuple (T, r, L) a layered k-tree.

Note that a layering (L1, ..., L;,) of (T,r) is the preimage of the tight path on m vertices
under a homomorphism which maps all of L; to the i-th vertex of the tight path.

Lemma 5.4. Every rooted k-tree (T,r) has a layering.

Proof. In some valid ordering of V(T'), let v be the last vertex and e the last edge. Let €’ be
the parent of e, and let w be the only vertex in e’ \ e.

Now if v ¢ r, then by induction, (T'— v, r) has a layering, which we can extend to a layering
of (T, r) by either adding v to the layer L; that hosts w, or (if all other vertices of €’ lie in later
layers than w) by adding v to L; . If v € r, then set v := (r\ {v}) U{w}. Again, by induction,
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(T —wv,r') has a layering (L], ..., L],). We extend this layering to a layering of T' by adding v to
the layer that hosts w. Additionally, if w lies in L), we move w to layer L. In either case, it
easy to check that (L1)—(L3) hold for our layering of 7. O

Note that Definition 5.3 (L2) gives that |Lit1| < A1(T)|L;| for all @ € [m —1]. So by (L1) we
have the following easy observation.

Lemma 5.5. Let (T,r,L) be a layered k-tree with £ = (L1, ..., Ly,). Then |L;| < (Aq(T))*!
for all i € [m]. O

Recall that k-trees are k-partite, and each k-tree T' admits a unique k-partition {V1,..., Vi }
of V(T). Given a layering £ = (L1, ..., Ly,) of (T,r), it is clear from Definition 5.3 (L2) that
(after relabelling the partition classes) each V; contains all layers L; ry. This, together with
Lemma 5.5 implies that the sizes of the partition classes of a k-tree cannot differ too much, as
detailed in the following lemma.

Lemma 5.6. Let Ak > 2 and let T be a k-tree with k-partition {Vi, ..., Vi} and with A(T) <
A. Then |V;| < A*=Y(|V;| + 1) for each i, j € [k]. O

5.3. Pseudopaths in k-trees. A basic fact about 2-trees is that every two vertices are joined
by a unique path. We now introduce pseudopaths, which play a similar role in hypertrees.

Definition 5.7 (Pseudopath). A k-tree P is a pseudopath (of uniformity k) if E(P) has a valid
ordering ey, ..., e; such that for every ¢ < ¢, the only child of edge e; is e;11. Given a k-graph H
and distinct tuples f, f' € OH, an (f, f')-pseudopath in H is a pseudopath P C H with a valid
ordering e, ..., e; such that f Ce;, f’ Ce; if and only if (z,7) = (1,1).

Observe that if an (f, f’)-pseudopath P has at least two edges, then exactly two vertices of
V(P) have degree 1, and these vertices are contained in f and f’ respectively. We use this to
show existence and uniqueness of pseudopaths in hypertrees.

Lemma 5.8. Let T be a k-tree. Then for any f, f' € 9T there is a unique (f, f')-pseudopath
i T.

Proof. We use induction on |E(T)|. If |E(T)| < 1, the statement clearly holds. Otherwise let
v and e be the last vertex and last edge in a valid ordering of V(T'). If v ¢ f U f’, then by
induction, the tree T'— v contains a unique (f, f')-pseudopath. This path remains unique in T,
since v has degree 1 in T, and therefore, v can only appear as the first or last vertex on any
pseudopath.

So assume v € fU f. Ifv e fNf then f, f' C e, and therefore, e is a (f, f’)-pseudopath,
and it is unique. We can therefore suppose that v € f\ f’. Then f C e. By induction, T — v
contains a unique (e \ {v}, f’)-pseudopath P’, which can be extended to an (f, f’)-pseudopath
P by adding e. Since v has degree 1 in T', any (f, f’)-pseudopath in T contains e. So, as P’ was
unique, P is unique too. O

A set z of k — 1 vertices is said to lie on a pseudopath P, if either P is an (z, f)-path for
some f, or x is contained in exactly two of the edges of P.

Definition 5.9 (Distance). Given a k-tree T and f, f € 9T, the distance dp(f, f') between f
and f’ is the number of edges in the unique (f, f')-pseudopath connecting f with f’.

Note that dr(f, f') > 1 for all distinct f, f’ € T, with equality if and only if |f N f/| = k — 2

and fU f" € E(T).
We finish this subsection with observations on layered pseudopaths.

Lemma 5.10. Let P be an (f, f')-pseudopath of uniformity k with valid ordering ey, ..., e, and
let L= (Ly,...,Ly,) be a layering for (P, f). Then, setting r(j) = min{i : L; Ne; # 0}, we have
(i) r(j+1)—r() €{0,1} forall j € [t — 1], and
(ii) |Li| < kAL(T) for all i € [m).
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Proof. In order to see (i), note that otherwise, there is an index j € [t — 1] such that r(j +
1) —r(j) > 2 (as r(j + 1) — r(j) > 0 by (L2)). So by (L3), e; N Ly(jy # 0 # €; N L,(j41 while
ej+1 M Ly(jy = 0 = ej11 N Ly(j)41, which is impossible since |e; Nejy1| =k — 1.

For (ii), set A := A1(T) and observe that since P is a pseudopath, for every x € V(P) there
are j < |E(P)|, d < A such that = € ¢; if and only if j < i < j+d. In particular, because of (i)
and (L3), we have

e;N Ly, =0 forall jelt]andi>j+A. (5.1)
Now assume for contradiction that there is an index ¢ € [m] with |L;| > kKA. Note that each
vertex in L; belongs to an edge that by (L3) meets the k levels Ly, Lyyq, ..., Lyi—1 for some
te{i—k+1,...,i}. So, there is an index ¢ € {i —k+1,...,4} such that more than A edges meet
all of the levels Ly, Lyi1, ..., Loig—1. Let j € [t] be minimum with the property that r(j) = ¢.
Then by (5.1), only edges e;, €j41, ..., ¢j4+a—1 may meet Ly. As these are only A edges, we arrive
at a contradiction, as desired. O

5.4. Cutting k-trees. We will now show how to partition a k-tree into smaller k-subtrees of
controlled size. Given a layered k-tree (T',r, L), with £ = (L1, ..., L;), and given z € 9T, we
say x is L-layered if |z N L;| = 1 for each i = j,...,j + k — 2 for some j € [m], that is, = meets
k — 1 consecutive layers of £. In that case we say that j is the rank of x.

Definition 5.11 (Induced k-subtree). Let (7,7, L) be a layered k-tree, with £ = (L1, ..., Li),
and let x € 0T be L-layered. The tree T, induced by x is the k-subtree of T' spanned by Ui20 E;
where Ey := {z U {v} : a(v) = z} and E;;; contains all children of edges in E;. Observe that
T, might be edgeless. Write T'— T, for the tree obtained from T" by deleting all edges in E(T}),
and all vertices in V(Ty) \ .

Clearly, if T' is rooted at r, then T, = T. Observe that if (7, ) is an induced k-subtree
of (T,r), and y € 0T, is L-layered, then the induced k-subtree ((13)y,y) of (T, ) is also an
induced k-subtree of (T, ), and we have ((T3)y,y) = (Ty,y). Note that for each y € 9T, the
set x lies on the unique (r,y)-pseudopath in 7. Moreover, T, inherits a valid ordering and a
layering from (T, r, L), with layers L; NV (T,), which we call L the inherited layering of (Ty, ).

The following lemma will be useful in a moment.

Lemma 5.12. Let (T,r,L) be a layered k-tree with L = (L, ..., Ly,), A (T) < A and k > 2.
Let F C E(T) be the set of all edges meeting Ly and let S :={e\ Ly :e € F} COT. Then
(i) each s € S is L-layered and has rank 2,
(i) |F| = 5] < A, and
(iii) E(T) = FUJ,cq E(Ts).

Proof. As A1(T) < A and |L1| = 1, we have |F| < A. The other properties are easy to see. [

Definition 5.13 ((8,d)-decomposition). Let A,k > 2, and let (7,7, L) be a layered k-tree.
For € (0,1) and d > 1, a (5, d)-decomposition of (T,r,L) is a tuple (D, S;)1<i<m of rooted
k-subtrees of T such that

(i) m < 2A7/B,
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least d (in the inherited layering of D; from £).

Proposition 5.14. Let Ajk > 2,d > 1, B € (0,1), and let (T,r,L) be a layered k-tree with
t > 2AB71 edges satisfying Ay (T) < A. Then T has a (3, d)-decomposition.

Proof. We will find the trees in (D;, s;)1<i<m inductively. At the end of each step j > 0, we
will have found trees Dy, Do, ..., D; fulfilling properties (iii)—(vi) from Definition 5.13, with m
replaced by j. Moreover, there will be a set X; C JT such that
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(a) E(T) = Ulgigj E(D;) Umer EB(T%),
(b) for each x € X; \ {r} , there is a unique ¢ < j such that « € dD;, the rank of = in D is
at least d, and (V(T}) \ ) N Ulgigj V(D;) =0,
(c) Bt > |E(D;)| = Bt/(2A%) for each 1 < i < j, and
(d) |E(Ty)| = Bt/ (2A9) for each = € X;.
Note that (c) guarantees that we stop in some step m < 2A%/8 with X,,, = (). This, together
with (a) and (b), ensures (i) and (ii) hold.

We start the procedure setting Xo = {r}, with all properties trivially fulfilled. Now assume
we are in step j > 1. Choose any x € X;_;. By (d), we have |E(T})| > Bt/(2A%+1). If
|E(T,)| < Bt, then set D; :=T,, s; :== x and X; := X;_; \ {z} and terminate step j. Otherwise,
apply Lemma 5.12 to (T, x), obtaining a set I} of edges, and a set S of L-layered elements of
0T, C 0T of rank 2 in T,.. Apply Lemma 5.12 to all trees T with s € S1, thus generating a set
F5 of edges and a set Sy, such that each s € Sy is L-layered and has rank 3 in 7T,. Continue in
this manner until reaching a set Sy of L-layered elements of rank d, and set I := (J;;<q_1 Fi-
Note that |Sy_1| < |F| < A% < Bt/2 and the edges in F span a k-tree Tr rooted at z. Next,
for each s € Sy_1, in order, consider the tree Ty. If |E(Ty)| < Bt/(2A%), then add T to T and
delete s from Sy, and continue to examine the next s € S3. At the end of this process, we obtain
atree By D Tr and aset Z; C Sg. Note that |E(By)| < |F|+|Sq_1|(6t/(2A%)) < A%4-5t/2 < B,
and |E(T,)| > pt/(2AY) for each z € Z;.

Now, successively, for ¢ > 1, choose any z € Z; and apply Lemma 5.12 to T,. Add the
resulting edges to B;, obtaining the set B, DO B;, and let S be the subset of 9T from the lemma.
For each s € S, check whether |E(Ts)| < St/(2A%), and if this is the case, then add T to B!
and delete s from S. After processing all s € S, this results in a set S’, and a tree B;11. Set
Zis = (Z;US)\ {}. Then |E(Bi1)| < |E(By)| + A +|S](3t/(2A%) < |E(By)| + Bt/ (AdY)
and |E(T.)| > pt/(2A%) for each z € Z;.

We continue until we reach the first index h with |E(B})| > ft/2 (this must happen at some
point, since in each step, at least one edge from E(T;) is added to E(B;), and |E(Ty)| > ft).
Then |E(By)| < ft. Set D; := By, sj = x, and set X := (X;_1 U Z,) \ {z}. By construction,
(a)-(d) and (iii)—(vi) from Definition 5.13 hold for X; and Dy, ..., D;. O

6. TooLs
In this section we collect some tools that will be needed for the proof of Theorem 1.2.

6.1. The weak hypergraph regularity lemma. Let H be a k-graph and let Vi,..., Vi be
pairwise disjoint subsets of V(H). Let H[V4, ..., Vk] be the k-partite subhypergraph of H induced
by all edges that intersect all sets V;. The density of H[V1, ..., V] is defined as

GH(Vl, cey Vk)
VAl [Vi| 7
where e (V1, ..., Vi) denotes the number of edges in H[V1, ..., Vi]. For e,d > 0, we say a k-tuple
(Vi ..., Vi) of pairwise disjoint non-empty subsets of V(H) is (e, d)-reqular if
|[d(Wy, ..., W) —d| < e

holds for all k-tuples of subsets W; C V; satisfying |[Wi|---|Wg| = e|Vi|---|Vk|. A Ek-tuple
(Vi ..., Vi) will be called e-regular if it is (e, d)-regular for some d > 0.

The weak reqularity lemma for hypergraphs ensures that the vertex set of every k-graph can

be partitioned into a bounded number of clusters, such that almost all k-tuples of these clusters
are e-regular. We will use the lemma in the following form (see [20, Theorem 9]).

Theorem 6.1 (Weak Hypergraph Regularity Lemma). Letk > 2 and let 1/n,1/Ty < 1/tg,1/k,e.
For every k-graph H on n vertices there exists a partition {Vy, V1,...,Vi} of V(H) such that
(i) to <t < To,
(i) Vol <en and |Vi| =--- = |V4], and
(iii) for all but at most 8(;;) sets {i1,...,ik} C [t], the k-tuple (V;,, ..., Vi) is e-regular.

d\Vi, ..., Vi) ==
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Any partition P = {Vp, V1,...,Vi} of V(H) satisfying (i)—(iii) will be called an e-regular
partition of H. Given d > 0, we define the d-reduced k-graph Ry(H) of H with respect to P
as follows. Its vertex set is [t] = {1,...,t}, and its edges are the k-sets {i1,...,ix} such that
dg(Viy, ..., Vi) = d and (Vi,, ..., V;,) is e-regular. We will also refer to Ry(H) as “the” d-reduced
k-graph of H, and note that even if Ry(H) depends on the choice of P, it will always be clear
from the context what we mean.

We will need to find almost-perfect matchings in the reduced k-graph. For k = 2, it is easy
to find one using graph regularity, and for k > 3 its existence may be deduced from Claims 4.4
and 4.5 of [26].

Lemma 6.2. Letk > 2, 0< 1/n < 1/t < e < 1/k,v,m, and let d < . Let H be a k-graph
on n vertices with op—1(H) = (1/2 + v)n. Let P = {Vy, V1,...,Vi} be an e-regular partition of
V(H). Then the d-reduced k-graph Ry(H) has a matching covering at least (1 — n)t vertices.

6.2. Degenerate hypergraphs and extensible edges. Given k > 2 and s € N, let K(k)(s)
denote the complete k-partite k-graph with each class of size s. To be precise, V(K ®*)(s)) is
partitioned in k clusters Vi, ..., Vi of size s each, and its edges are precisely the k-sets which
intersect each V; exactly once. The following result, due to Erdds [11], is a hypergraph version
of the classical Kévari-Sos—Turan theorem.

Lemma 6.3. Let 1/n < 1/k,1/s,e. Let H be a k-graph with n vertices and at least en® edges.
Then H contains a copy of K¥)(s) as a subgraph.

Note that for any k& > 2, the complete k-partite k-graph K (k)(2) has 2k vertices and 2% edges.
Given a k-graph H and an edge e € H, let di(e) be the number of copies of K¥)(2) in H in
which e participates. Note that d& (e) < ("gk) always.

Definition 6.4 (#-extensible edge). Given a k-graph H on n vertices and 6 > 0 we say an edge

e € H is -extensible if d(e) > 9(”;’“)

Extensible edges will be useful in our embedding of k-trees. We show that in an appropriately
dense k-graph most edges are extensible.

Lemma 6.5. Let 1/n,0 < e,1/k. In any k-graph on n vertices, all but at most 5(2) edges are
not 0-extensible.

Proof. Lemma 6.3 implies that the Turdn density of K(¥)(2) is zero. Hence, by standard su-
persaturation arguments [19, Lemma 2.1] there exist ng and « > 0 such that every k-graph on
n = ng vertices and at least 5(2) edges has at least a(ﬁc) copies of K (¥)(2). To prove the lemma
we shall use n > ng and 0 < (k!)22%a/(2k!).

Indeed, let H be any k-graph on n vertices and let H' C H be the k-graph formed by the non-
f-extensible edges of H. To find a contradiction, suppose that H' has at least 5(2) edges. By
the choice of np and a, we know that H' contains at least a(,}) copies of K (¥)(2). Note that H’
has at most (Z) edges and recall that each copy of K (k)(2) has 2% edges. Therefore, a double-

counting argument shows that some edge e in H' participates in at least 2]"04(272) /() = 9("?)

copies of K*)(2). So, d8(e) > 9(”?), or in other words, e is a f-extensible edge of H. This
contradicts the definition of H'. O

6.3. Reservoirs. Let H be a k-graph H, and let F' C 0H. Recall that degy(F') denotes the
joint degree of F', as defined in (1.1). For U C V(H), we let

degy(F)=|{ve U: fU{v} € H for each f € F}|. (6.1)
Similarly, recalling previously we defined d%(e) as the number of copies of K (k)(2) in the k-

graph H that contain the edge e € E(H), we define d% (e, U) as the number of copies of K*)(2)
in H[U U e] that contain e.

Definition 6.6 (Reservoir). Let H be a k-graph on n vertices, and let v, u > 0. We say that
aset U CV(H)is a (v, u, h)-reservoir for H if
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(i) [U] = (v £ p)n,
(ii) for every F' C 9(H) with |F| < h we have degy (F,U) > (degy(F)/n — w)|U|, and

(iii) for every e € H, we have d(e,U) > (dg(e)/(";k) — u)('Uﬁgk).

Lemma 6.7 (Reservoir Lemma). Let 1/n < p < v <1 and let h > 1. Then every k-graph H
on n vertices has a (v, u, h)-reservoir.

The proof of Lemma 6.7 is probabilistic, and we will use the following standard concentration
inequalities for random variables.

Theorem 6.8 (Chernoff’s inequality [18, Theorem 2.1]). Let 0 < a < 3E[X]/2 and X ~
Bin(n, p) be a binomial random variable. Then Pr (|X — E[X]| > a) < 2exp(—a?/(3E[X])).

Theorem 6.9 (McDiarmid’s inequality [24]). Suppose Xi,..., X, are independent Bernoulli
random variables and by, ..., by, € [0, B]. Suppose X is a real-valued random variable determined
by X1, ..., X;n such that changing the outcome of X; changes X by at most b; for all 1 < i < m.
Then, for all A > 0, we have

2\
Pr(|X —E[X]| > A) <2exp ( BT bi) .
Proof of Lemma 6.7. Choose a set U C V(H ) randomly by independently including each vertex
of V(H) with probability p = v. With non-zero probability U will satisfy all of the properties
(1)—(iii) simultaneously, which shows the desired set U exists.

Indeed, E[|U|] = pn. Thus, using Chernoff’s inequality (Theorem 6.8) with o = (n'/3)~1
we get that |U| = yn +n?/? fails to hold with probability at most 2exp(—n'/3/(37)). Since n
is sufficiently large, |U| = yn £ n2/3 holds with probability at least 1 — 1 /n and we will assume
those bounds on |U] from now on. Note also this implies (i) holds for U.

Now we verify (ii) holds. Let FF C 9H of size at most h and note that E[degy (F,U)] =
pdegy (F). If degy(F,U) < pn then there is nothing to show, so we assume otherwise. In
particular, E[degy (F,U)] = yun. If degy (F,U) < (degy(F)/n — w)|U|, then degy(F,U) <
(degy (F)/n — p)(yn + n?/3) < E[degy(F,U)] — pyn/2 since n is large. Apply Chernoff’s
inequality with o = pyn/2 < 3E[degy (F,U)]/2 to get

Prldegy (F,U) < (degy (F)/n — w)|U[] < Pr[|degy (F,U) — E[degy (F,U)]| > puyn/2]
(u7)2n> _

< 2exp (— 12

Since |0H| < n*~! and |F| < h, there are at most n/(*~1) possible choices for F. Then a union
bound shows that (ii) fails to hold with probability at most 2n*~1) exp(—(8v)*n/12) < 1/n,
where the last inequality holds since n is large.

To see (iii), fix an edge e € H. If di¥(e) < ,u(";k) then there is nothing to show, so assume
otherwise. Let X = d&(e,U) and note that E[X] = p*dk (). Since |U| = pn 4+ n?3, we have
('UL_k) = (140(1))y* (";k) The presence of a vertex in U can affect X by at most n*~!. Thus,
we can apply McDiarmid’s inequality (Theorem 6.9) with B = b; = n*~! for all i (and that n
is sufficiently large) to see that

P [aeefe, ) < @eels(ry/ (" ") = (7F) ] <pr [x < B -t () 2
< 2exp (_Mz,yzkn%/@k!n%—l)) ’

which is less than 1/n**! since n is sufficiently large. Since there are at most n* edges in H,
we see (iii) fails with probability at most 1/n, as required. O

7. CONNECTIONS

For this section, the following notion will be essential. A k-graph H is ¢-large if every two
f,f' € OH° have at least £ common neighbours. For instance, k-graphs H on n vertices with
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minimum codegree at least (1/24)n are 2yn-large, and (o, 2, €)-typical graphs H on n vertices
are (0% — ¢)n-large. For U C V(H), we say that H is (¢,U)-large if every two f, f’ € OH° have
at least ¢ common neighbours in U. (Later, U will be a reservoir.)

The main result of the current section is Lemma 7.1, which essentially says that in any Q(n)-
large k-graph H we can connect any two elements of 0H° by a walk (actually, many such walks)
of length exactly ¢, where £ is a number only depending on k. We observe that Lemma 7.1 can be
seen as a strengthening of the ‘Connecting lemma’ of Rdl, Rucinski and Szemerédi [26, Lemma
2.4]. For our approach however it is important that we can control the precise length of the
walk (instead of having an upper bound).

Recall that the interior int(W) of a walk W corresponds to the set of vertices V(W) \
(sta(W) U ter(W)). For our purposes we will need to find walks whose length and number of
internal vertices are under control.

Lemma 7.1 (Connecting Lemma). For integers k,{ with k > 2 and ¢ > (2k + 1)|k/2] + 2k,
there exists ¢ < £ with the following property. Let 1/n < a < v < 1/k,1/L. Let H be a k-graph
on n vertices which is (yn,U)-large for some U C V(H), and let f, f' € 0°H. Then there are
at least an? many walks W, each of length ¢ and with q internal vertices, which go from f to f'
and are internally disjoint from (V(H)\U)U fU f’.

To prove Lemma 7.1, it will be useful to find a walk which swaps the order in which the
vertices of a given edge appear. This will be achieved in the following two short lemmas.

Lemma 7.2. Let k > 2 and let (by, ..., bg) be an ordered edge in a k-graph H. Let j < |k/2], and
let u € NH(bl, . bjfl, bj+1, e bk) N NH(bl, c bk—ja bk—j+Qa ooy bk) Then H[Ulgigk{bi} U {u}]
contains a walk of length 2k + 1 from (by, ..., bg) to

(b1, ooy bj—1, bk— 1, bj41, 0542, oy bp—j, bj be—jya, ..., by).
Proof. Tt suffices to consider the walk
by« -bkby - bj_1ubjir - bg—jbj, bk—jyo - bgbr - bj—1bg—j11bjp1 - bp—jbjbg_jyo - - by,
which uses 3k vertices and thus has length 2k + 1. O

Lemma 7.3. Let k > 2 and let (ay,...,a) be an edge in a k-graph H. For each j < |k/2], let
uj € Np(ay, ..., aj-1,a541, -0 )\Np (@, .. ap—j, ak—jr2, .ak). Then H[U ;o {aitVUr << /2] {us ]
contains a walk of length 2k|k/2| + |k/2] from (a1, ...,ax) to (ag,...,a1).

Proof. We use Lemma 7.2 successively, for all j < |k/2], thus swapping the vertices a; and
aj—j+1 in the walk, until we reach (ag,...,a1). This gives a walk of length |k/2|(2k+1). O

Now, we can prove Lemma 7.1.

Proof of Lemma 7.1. Set £y := (2k + 1)|k/2| + 2k. Let fr, = (2}_y,...,2}) be the reverse of
the tuple f’. Greedily construct a tight path P; of length ¢ — {y, starting at f5,, ending at
some " = (y1,...,yk—1), and using only vertices in U \ (f U f’). This can be done, since H is
(yn,U)-large every (k — 1)-set has at least d2(H) > yn neighbours in U, at each step we need
to avoid at most |f U f/| — (£ — £y) < 2k + £ vertices, so 1/n < 1/k,1/¢ implies there are many
choices at each step. Set W :=V(Py)\ f. Set g ==k + |k/2] +{— 0o =k + |k/2] + |W].

We will first construct a single walk as promised in the lemma, afterwards we will estimate
in how many ways this can be done. Let a; € (Ng(f) N Ng(f”")nU)\ (WU fU f’). Having
defined ay, ..., a; for some j € [k — 1], we choose an arbitrary unused vertex

aj+1 € NH<1'J'+1, ey L1, A1y oeey aj) N NH(yb s Yh—1—js ALy ooy aj) NU.
Clearly Po = 21+ Tp_1a1 -+ ag_10; and P3 = agag_1 -+ - a1yg_1 - - - y1 are tight paths. Applying
Lemma 7.3, we find a walk Py which goes from (a1, -+ ,ax) to (ag,ar_1,-- ,a1) only occupying
unused vertices u1, ..., u|;/2) from U. (The vertices u; exist because H is (yn,U)-large.) Con-

catenating the walks P5, Py, P3 and P; (the latter traversed in reverse order) gives a walk P
from f to f'. Set @ =W U{a; : 1 <i<k}U{u;:1<j<|k/2|}. Then Q = int(P) and
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|Q| = ¢, and the length of P is |E(P)| =k + 2k|k/2] + |k/2| +k+{ —{y = ¢, so P is a walk
which satisfies the required properties.

Note that by construction, each vertex in the interior of P is chosen as an arbitrary unused
vertex in the neighbourhood of one or two (k — 1)-sets. Since H is (yn,U)-large, the common
neighbourhoods in U have size at least yn, and thus (here we use 1/n < 1/k,1/¢) in every step
we have at least yn — ¢ > yn/2 possible choices in U. Thus by the previous discussion there
are at least (yn/2)? > an? many different walks with the required properties, where in the last
inequality we used o < 7, 1/k, 1/¢. O

8. EMBEDDING LARGE HYPERTREES

In this section, we will prove an embedding result (Lemma 8.1) that will allow us to embed
a small rooted tree of bounded degree into a dense k-partite graph, while at the same time
controlling the location of the root and the bulk of the tree quite accurately.

The following definitions will be useful. Given integers /1 < fo < m, and a layering £ =
(L1, ...; Lim) of a rooted k-tree (T, 1), we say that Vg, 1,1(L) := Uy, <icp, Li 18 the [€1, £o]-interval
of T If the layering is clear from the context, we just write Vi, ). If, moreover, [L;| < M
for each £1 < i < fo, we say Vi, 4, is M-bounded. We write f € 0°T[Vjy, 4,)] if there is a
J € [l1,02 — k + 1] such that f = (z1,...,x,_1) € 0°T with x; € Lj;;—; for all 4.

We can now state the Embedding Lemma.

Lemma 8.1 (Embedding Lemma). Let Ak > 2, let £ > |k/2](2k + 1) 4+ 2k and let 1/n, p <
8,0 < 1/k,1/A,c,~v,d. Let H be a yn-large k-graph on n vertices with a (v, u, 2)-reservoir R
and let Wh,..,Wy C V(H) \ R, all disjoint, such that d(W1,...,Wy) = d and |W;| = cn for
each i € [k]. Let (T,r,L) be a layered k-tree on at most fn vertices with £ = (L1, ..., Ly,) and
A(T) < A. Then for any 0-extensible edge e € H, f C e of size k — 1 and any orderings 7, f
of r and f respectively, there exists an embedding ¢ : V(T) — fURU WL U ---U Wy such that

(E1) ¢(r) = f,

(B2) o' (RU ) = Uiy Li

(E3) o(Vier1,m) € Wi U= UWy, with [ (W1)] = -+ > |07 (W), and
(E4) @(€) is O-extensible, for each €' € E(T[Vigt,m])-

Roughly speaking, Lemma 8.1 states that we can embed any sufficiently small tree of bounded
degree into any large k-graph using vertices only from a given extensible edge, a given reservoir,
and a given dense k-partite subgraph. Property (E1) says that we can map the root of the tree
into any (k — 1)-subset of an extensible edge of the host graph, in any order. Property (E2) says
that we only embed a fixed number of layers of T" in the reservoir (and thus only use a constant
number of its vertices). Property (E3) ensures the remaining levels of the tree are embedded
into the k-partite subgraph (Wi, ..., Wy) and, moreover, we can decide which of these receives
most (second most, etc) of the vertices from 7. Finally, Property (E4) states that all the edges
from T'[Vjg41,m)] are mapped to f-extensible edges of H.

In Section 8.1 we will gather some tools for the proof of Lemma 8.1, which is postponed to
Section 8.2.

8.1. Tools for embedding. The next standard lemma states that every dense k-partite graph
contains a subgraph where every partite (k — 1)-set has either zero or large codegree.

Lemma 8.2 (Cleaning the graph). Let k,m > 2, let d € (0,1) and let H be a k-partite k-
graph, with partition classes each of size at most m. If H has at least dm* edges, then H has a
non-empty subgraph H' such that deg (f) = dm/k for every f € OH'.

Proof. Starting with Hy := H, proceed as follows for i > 1. If there is an f € 0H; with
degy. (f) < dm/k, then obtain H;y1 from H by removing all edges containing f. If there is no
such f, we stop and set H' := H;. It only remains to show that H' # (). For this, observe that
the total number of deleted edges is less than |0H|dm/k < dmF. O
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In the proof of Lemma 8.1, we will use Lemma 8.2 to clean H[W7, ..., W] to obtain a subgraph
with many (k — 1)-sets of large codegree. The next lemma states that in such a k-graph, one
can extend any (correctly located) partial embedding of a k-tree to a larger k-tree. The proof
proceeds by mapping the remaining vertices successively, using the codegree condition.

Lemma 8.3 (Extending a partial tree embedding). Let A k,m,n € N with k > 2, and let
0,8 > 0 with B < /2. Let H be a k-graph and let W1, ..., Wy, C V(H) be pairwise disjoint, and of
size at most n each. Let H' C H[W7, ..., W] such that for each f € OH' we have degy/(f) = dn.
Let (T,r) be a rooted k-tree with |V (T)| < fn, A(T) < A and a layering L = (L, ..., Ly,). Let
1<l <m—k+1, and suppose there is an embedding o1 of T1 := T[X/[1’g+k_1}] i H such that

(i) @(Lesi) € W; for every i € [k — 1], and
(ii) if f € OT[Vigs1,04k-1)] then o(f) has codegree at least dm in H'.

Then there is an embedding ¢ of T which extends @1, such that for eachi € [m—1{), ¢(Lyt;) C W;
if and only if 7 =1 mod k.

Proof. In each W;, at most |V (T)| < Bn < dn/2 vertices are used by the partial embedding 1,
and at most dn/2 new vertices need to be embedded in each W;. Because of our condition on
the codegrees of H', we can extend ¢ greedily, embedding each vertex in V(T') \ V(T}) one by
one, following any valid ordering, and choosing an unused vertex in each step. U

The next lemma, Lemma 8.4, is designed to find an embedding of a short sequence of con-
secutive layers of a layered k-tree, while fixing the location of the initial and final segments. Its
output will be the input for Lemma 8.3, which is then used to prove Lemma 8.1.

Lemma 8.4 (Embedding the trunk of a tree). Let 1/n < 1/k,1/q,1/¢,1/M, 6, and 2 < k <
(¢ —1)/2. Let L = (L1,..., Lim) be a layering of a rooted k-tree (T,7), and assume Vi, g is
M -bounded.

If Tr S T Vi qql, H is a k-graph on n vertices, U C V(H) and Fy, F» € 9°H are such that

@) |Fl, |Fo| = 0nFt, and

(IT) for every fi1 € Fi and fo € Fy there are at least an? many walks going from fi to fa,
each of length £ —k+1, each with q internal vertices all located in U, and each internally
disjoint from fi1 U fa,

then there exists an embedding ¢ : V(T7) — V(H) such that

(i) ¢(f) € Fi for each f € O°Tr[Vis 4x—2],
(ii) ¢(f) € F2 for each f € 0°T1 (Vi o—pt2,0+4], and
(iil) @(v) € U for each v € Viyp—1,t40—k+1)-

The proof of Lemma 8.4 can be summarised as follows. In a first step, we define an auxiliary
hypergraph H’ whose edges correspond to the interior vertices of a walk from some f; € Fy and
f2 € Fy; our assumptions will ensure that H’ is sufficiently dense. Secondly, we use an auxiliary
colouring to discard some edges of H’ so that the remaining hypergraph H has the property
that the walks corresponding to its edges all have identical colour sequences. This means we
can now focus on the edges, and in a final step, use supersaturation in ‘H find a copy of a large
complete multipartite subgraph K of H. Now, as the order of the walks were encoded in the
colouring, we can use K to embed 77 into the walks corresponding to the edges of .

Proof. For brevity, we define k; = ¢+ 2k — 2 and ko = ¢ — k4 1 in what follows.

Step 1: Defining an auxiliary hypergraph. We begin by defining an auxiliary ki-graph H’. The
vertices of H' are the vertices of H. The vertex set of a walk W of length ks in H is declared
an edge of H' if there exist f1, fo € 0°H such that the following conditions hold:

o sta(lV) € Fy and ter(W) € Iy,
e int(W) C U and |int(W)| = ¢, and
o sta(IV), ter(W) and int(W) (viewed as sets) are pairwise disjoint.
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We claim that
2

J
H' has at least Tgnkl edges. (8.1)

Indeed, by (I) there are at least || > dn*~! possible choices for f;, which will correspond to the
start of a walk W defining an edge of H'. Each such f; intersects at most (k — 1)n*~2 elements
of OH. So, as |F»| = én*~1 and n is large, there are at least |Fy| — (k — 1)n*=2 > 6nF~1/2 ways
to select an end fo € Fy disjoint from f;. Having chosen f; and fa, by (II) there are at least
an? many walks W going from f1 to fo that could define an edge of H'. Having fixed f; and fo,
since all the given walks W have length ks, the set int(WW') could coincide for at most ko! < ¢!
many of the given walks, and thus at most ¢! different walks from f; to fo yield the same edge
of H'. Thus the number of edges in H’ is at least 6n*~1 x (dnF=1/2) x and x (£!)~!, as claimed.

Step 2: Cleaning the auxiliary hypergraph. We now define a colouring ¢ : V(H) — {1,...,k1}
by choosing a colour for each vertex independently and uniformly at random. Let H¢ C H' be
spanned by all edges X € H' whose corresponding walk W has the following properties:

(a) if sta(W) = (x1,...,xx—1), then c¢(z;) = for all i < k — 1,

(b) if ter(W) = (y1, ..., yk—1), then ¢(y;) = k1 — k+i for all i < k— 1, and

(¢) no two vertices of int(WW') have the same colour.

For a fixed X € H', the probability of belonging to H¢ is at least k 1 So the expected size
of H¢ is at least \E(?—[’)|/k:]f1 > 52ank1/(2€!k:]f1) (where we used (8.1)). We can thus fix a
colouring ¢ and H® C H’ with properties (a)-(c) and also [H¢| > 62ank1 /(201kF).

Now we further restrict H¢ to make sure that, for all edges X € E(H¢) corresponding to a walk
W, the interiors of the walks are all consistently coloured. All of the walks W have length ks, and
thus (seeing W as a sequence of vertices), the vertices outside of sta(W) and ter(W') correspond
to ko — k + 1 vertices with possible repetitions, whose underlying set int(W) is coloured with
different colours from {k,...,k; — k}. So tracking the colours received by the vertices of the
walk defines a sequence of colours, with possible repetitions, chosen among kq — 2k + 1 available
colours. As there are at most (k1 —2k+ l)krkJrl < klfQ such sequences, the pigeon-hole principle
gives a subset E(H) C E(HC) of size at least |E(HS)|/k¥2 > 62ank /(200K T*2)  such that each
walk W corresponding to an edge X of H is coloured in exactly the same way under c.

Step 8: Using supersaturation. Let 8 = 52a/(2€!klfl+k2). By our assumptions, 1/n < S.
Since M is a ki-graph with at least Sn*! edges we can apply Lemma 6.3, with k; and M¢
playing the roles of k and s, to find that H contains a copy K of K(kl)(Mﬁ), the complete
ki-partite ki-graph with classes of size M{. Now, take any edge in X, and recall it gives rise
to a walk W = vjve -+ - vy, in H. For all 7, let V; denote the partition class of K that contains
v;. Note that by construction, V; = Vj is only possible for 7,5 € {k,...,£ — k+ 1}. As all walks
corresponding to edges of I are coloured in the same way, each of them passes through the
sets V; in the same order.

Consider any injective function h : V(17) — V(K) which maps all of L;1;—1 to V;, for each
i€ {1,...,£}. Such a function exists, since by assumption, each L;;_1 has size at most M, and
since W repeats each vertex at most ky < ¢ times, whereas each V; has M/ vertices. As K is
complete ki-partite, we have found the desired embedding of T7 in H. O

8.2. Proof of Lemma 8.1. The proof of Lemma 8.1 proceeds by separating the input 7" in
Ty induced by the first £ + k — 1 layers, which we call the “trunk of 7”7, and the remaining
T, =T \ T1, which we call the “crown of 7.

The proof separates in three steps. In the first step, we will prepare the host graph H for
the embedding. This will be done by removing non-extensible edges, or edges with undesirable
codegree properties from H[W7, ..., W] to get to a ‘cleaned’ subgraph H' C H, and finding a
suitable ordering of the clusters Wy, ..., Wy so that the final embedding satisfies the required
properties. In a second step, we will apply Lemma 8.4 (Embedding the trunk of a tree) to embed
the trunk 77. In the third and final step we extend the embedding of T} to an embedding of the
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whole tree, which is done using Lemma 8.3 (Extending a partial tree embedding). Now come
the details.

Proof of Lemma 8.1. To begin, we introduce new constants €, > 0 such that § € ¢, <K
d,c,1/k, and set 6 = dc*/(2k).

Step 1: Preparing H and T for the embedding. Obtain H” from H[W4, ..., W] by removing all
non-f-extensible edges. Since 1/n,0 < ¢, Lemma 6.5 implies that there are at most 5( ) <enk
non-f-extensible edges. Hence, by our choice of ¢ < d, ¢, 1/k, we have

e(H" W1, .., Wi) = d[WA| -+ [W| = en > deFn® — en® > Tonk,

Use Lemma 8.2 to find a subgraph H' C H” such that for every f € OH', degy (f) > %n = on,
by definition of §. B B

Now turn to T'. For each i € [k], let L; :7Uj>0 Loy it Noje that {L;};c) partitions V[Hl,@-
Let o : [k] — [k] be a permutation with [L,-1(y| = -+ > [Ls-13y|. Our plan is to embed L;
into Wo(;) for all i € [k], as this will ensure (E3).

Step 2: Embedding the trunk of the tree. Let T1 := T[V]; oq1p—_y)]. We will embed T, using
vertices in R, starting from f C e and ending in W; U ... U Wj. Formally, our goal is to find an
embedding ¢ of 77 such that

(T1) @1(7) = f,

(T2) e1(Vig \ 1) C R,

(T3) for every i € {1,....,k — 1}, Lgy; is embedded in Wy;), and
(T4) if x € 0T Vg1 o4k 1] then degp (p1(x)) = on.

We initially set ¢1(7) = f, thus ensuring (T1). In order to embed the remaining vertices in
T] =Ty \ r, we will use Lemma 8.4, which we will apply in a suitably defined subgraph. For
this, say that a k-tuple ¢ = (2], ...,2}) € RF is e-good if e U ¢’ induces a copy of K®)(2) with
partition classes {z1,21}, ..., {xg, 2}, }. Define sets I, F, C 0°H as

Fy = {(2%,...,2}) € 0°H : (2,25, ...,x}.) is an e-good k-tuple for some x| € R}, and
By = {(y1, - Yk-1) € Woy X - X Woe_yy s deggr ({91, - Yk—1}) = on}.

Next, we show that between every h,h’ € 9°H there are many short walks of fixed length
which pass through R. To this end, note that H is yn-large and R is a (v, u, 2)-reservoir, and
therefore H is ((42 —2u)n, R)-large. Moreover, by the choice of u < ~y, H is actually (v?n/2, R)-
large. By 1/n < a < v < 1/k, we can apply Lemma 7.1 with input k,7?/2, and ¢ in place of
k,~, £, to see the following.

Claim 8.5. For all h,h' € 0°H, there are an? many walks W of length ¢ in H[f URU f'] from
f to f', each with q internal vertices in R, and internally disjoint from f U f’.

We wish to apply Lemma 8.4 with Fi, F> and R in place of U. Let us check that the
required hypotheses are satisfied. First we show that |F}| is large. Since e is f-extensible and
R is a (7, p, 2)-reservoir, there are at least (6 — ,u)(‘U‘k_k) > (07%/(2k!))n* e-good edges in R
(we have used p < ). Keeping the last (k — 1)-vertices of any such edge, we deduce that
|F1| = (07%/(2k!))n*~1. Secondly, we show that |F»| is large. For this, recall that each (k — 1)-
tuple in OH’ has codegree at least én. So, we see that |Fy| > 6*~1n*~1. Finally, by Claim 8.5,
for each choice f; € F1 and fa € F; there are at least an? walks W of length ¢ going from f;
to fo in H, each satisfying | int(WW)| = ¢, internally disjoint from f; U fo and int(W) C R, as
required.

Note that T C T[Vjge4x—1)]. Since £ = {V1,...,Vi,} is a layering of T, and A1(T) < A,
Lemma 5.5 implies that |L;] < A" for all 1 < i < £+ k — 1, which implies that Vg, epk—1]
is A"*~1_bounded. Since 1/n < 1/k,1/A,0,v,d,c,a, we are allowed to apply Lemma 8.4
(Embedding the trunk of a tree), with 74, H, R, min{(0v*/(2k!)),s¥~1}, AFF=1 2 ¢+ k —3
playing the roles of T7, H, U, §, M, t and ¢ respectively. By doing so, this gives an embedding
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¢ : V(T]) — V(H). By construction, the union of ¢y and ¢f, gives an embedding ¢ of T}
satisfying (T1)—(T4).

Step 3: Embedding the crown of the tree. We need to extend the embedding ¢; of 71 to an
embedding of all of 7" in H'[Wq, ..., Wy]. By (T4) we know that every f € v1(9T [Vit1,r+k—1))
has codegree at least on in H'[W, (), ..., Wy4—1y]. Since 8 < d,¢,1/k and the definition of 4,
we can assume [ < 0/2. Thus we can use Lemma 8.3 (Extending a partial tree embedding)
with H', Wo(1)s s Wo(r) Playing the role of H, Wy, ..., W}, to find an embedding ¢ of 7" which
extends ¢1, and for each i € [m — ¢], Ly, is embedded in W} where i = o(j) mod k.

Now we verify ¢ satisfies the required assumptions. Since ¢ extends ¢ and since r C V (171),
(E1) follows from (T1). Since all of V(T3) = V(T')\ V (T1) was embedded in Wi U- - -UW}, which
is disjoint from R, we have ¢~ '(R) = ¢;'(R). From (T2)-(T3) then we deduce (E2) holds.
The properties of ¢ imply that, for each i € [k], ¢(L;) € W,(;), and therefore =1 (W,(i)) = L.
By the choice of o, (E3) holds. Finally, since H'[W7, ..., W] only contains 6-extensible edges,
(E4) holds. O

9. ABSORPTION

In this section, we state and prove an absorption technique for hypergraphs which will allow
us to complete the embedding of an almost spanning tree. This technique is similar to the one
used in [6,7]. Let us first define useful structures both for the k-tree we want to embed, and for
the host graph which is used to embed the k-tree.

Definition 9.1 (Absorbing X-tuple). Let £ > 3 and let X be a (k — 1)-tree on h > k — 1
vertices, with a fixed valid ordering xi,...,x,. For a k-tree T, we say that an (h + 1)-tuple
(v1, ..., vp, v*) of vertices of T" is an X -tuple if

(i) V(T (v*)) = {v1,...,vn}, and

(ii) the map z; — v; is a hypergraph isomorphism between X and T'(v*).
Let H be a k-graph on n vertices and let (v, ...,v;) be a k-tuple of distinct vertices of H. An
absorbing X -tuple for (vi,...,vg) is an (h + 1)-tuple (uy, ..., up, u*) of vertices of H such that

(A) {v1,...,v4-1,u*} € H, and

(B) there exists a copy X of X on {uj,...,us} such that X C H(vg) N H(u*).
We write Ax(vi,...,v;) for the set of absorbing X-tuples for (vi,...,v;). Furthermore, we let
Ax denote the set of all absorbing X-tuples in H, that is, Ax is the union of Ax(vy, ..., vx) over
all k-tuples (v, ..., v) of distinct vertices of V(H).
Suppose there exists an embedding ¢ : V(T') — V(H) and let (uy, ..., up, u*) be an (h+ 1)-tuple
of vertices of H. We say (u1, ..., up, u*) is X -covered by  if there exists an X-tuple (v1, ..., vp, v*)
of vertices of T" such that p(v*) = u* and p(v;) = u; for all i € [h].

The following lemma is the heart of our absorbing method.

Lemma 9.2 (Absorbing Lemma). Let n > h > k > 3 and let 0 < § < . Let T be a k-tree
on n vertices with a valid ordering of V(T) given by v1, ..., v,, and let Ty = T[{v1, ..., v }] be a
k-subtree of T on n’ > (1 — §)n vertices. Let H be a k-graph on n wvertices, and suppose there
exists an embedding po : V(Ty) — V(H), a (k — 1)-tree X on h vertices and a family A C Ax
of (h+ 1)-tuples of vertices of H with the following properties:

(i) the tuples in A are pairwise vertez-disjoint,

(ii) every tuple in A is X -covered by g, and

(iii) for every k-tuple (vi,...,vy) of vertices of H, |Ax(v1,...,vx) NA| = an.
Then there exists an embedding of T in H.

Proof. Let m = n —n' and let {x1,...,2,,} be an arbitrary enumeration of V(H) \ V(o (T0)).
For every i € [m], we set T; := T'[{v1, ..., upr4i }]. Tteratively, for each 0 < i < m, we will find an
embedding ¢; : V(T;) — V(H) and subset A; C A with the following properties:

(ai) @i(V(T3)) = ¢o(To) U{z1, ..., i},

(bi) [Ail <4, and
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(ci) for every (ui,...,un,u*) € A\ A, o7 H(u*) = ¢y (u*) and o; H(u;) = ¢g (uj) for every
j € [h].
It is very easy to see that for ¢ = 0 the properties hold for ¢y and Ag := (). Suppose that for
some 0 < i < m— 1 we have defined ¢; and A; satisfying (a;)—(c;). We shall construct ¢; 1 and
Aiy1 satisfying (a;11)-(cit1).

Since vy, ..., vy, is a valid ordering for 7', there exists a unique (k—1)-set {v;,,...,v;,_, } € V(T)
such that {vi,,...,vi,_,,Vpqiv1} € T. Let wy,...,wp—1 € V(H) be an arbitrary labelling of
©i({viy, ..., v5,_, }) and define wy, := z;11. Note that by assumption [Ax (w1, ..., w;) N A| > an,
i <m < onand § < a. Thus, by (b;), we have

[Ax(wi,...,wp) NA\ Al Zan— A =an—i> (a—9d)n > 0.

Now we can select an arbitrary absorbing X-tuple (uy,...,up,u*) € A\ A; for (wy, ..., wg),
and define A;11 := A; U {(u1,...,up,u*)}. Note this definition of A;;1 satisfies (b;4+1). Since
(U1, ..., up, u*) is an X-tuple for (wy,...,wg) in A\ A;, then {uy,...,up,u*} is X-covered by ¢q
and, because of (¢;), it is also X-covered by ;. For every x € V(T;4+1), define
we ifz =g (),
pir1(z) == u* if v =vpiig1,
vi(z) otherwise.

Note that the function ¢;; is injective and it satisfies (a;+1) and (cj+1). To finish, we check
that ;11 is an embedding of V(T;41). Indeed, if e € Tj41 does not contain v,y iy1,9; ' (u*),
then e € T; and p;11(e) = pi(e) € H since y; is an embedding of T;. If e € T; 1 contains vy 11,
then e = {v;,, ..., vi,_,,Vp/yit1} and because of (A) (in the definition of absorbing X-tuples) we
know that ¢;1(e) = {wi,...,wx_1,u*} € H. If e € Tj41 contains ¢; '(u*), then there exists
a (k — 1)-edge ¢ in T(p; ' (u*)) such that e = ¢’ U {p; *(u*)} and u* U g;(¢’) € H. Note that
wir1(e) = wg Upi(e). Since (uq, ..., up,u*) is an X-tuple for (wy, ..., wy), then by (B) we know
that wi U @(€e’) € H and therefore ;11(e) € H, as desired. Thus ¢;11 is an embedding of T; 1.

Following this process for m steps, we find an embedding ¢, of T),, = T, as desired. O

In the remainder of this section we will prove a series of lemmas that allow us to build a
partial embedding of a tree 7" in which properties (i)—(iii) of Lemma 9.2 are fulfilled.

9.1. Finding separated tuples in k-trees. Let T ;) be the family of all non-labelled k-trees
on at most h vertices, up to isomorphism. For our purposes, we need to bound ]’77“[h]| in terms
of h and k. Let Ty be the family of all k-trees on exactly h vertices. We will bound |7y 5| by
the number of labelled k-trees on h vertices. For all such labelled trees T, recall that all but the

first k vertices have an ancestry. Since for each vertex in T" we have at most (kﬁ 1) options for

)hfk

its ancestry, we thus have |7 | < (kfl < AWME=1D) which in turn implies

| o] < R, (9.1)

Recall that the distance between (k — 1)-tuples of the shadow of a k-tree was given in Defini-
tion 5.9. Given a k-tree T, an (k — 1)-tree X, and ¢ > 0, we say that a set B of X-tuples of T is
(-separated they are pairwise at a distance at least £, that is, for each distinct B;, B; € B, and
each f; € OTB;], f; € 0T [Bj], we have dr(f;, f;) > L.

We now show that every bounded-degree tree contains a large ¢-separated set of X-tuples,
for some (k — 1)-tree X.

Proposition 9.3. Suppose 0 < u < 1/A,1/k, 1/ and k > 2. Let T be a k-tree on n vertices
such that Ay(T) < A. Then there exists a (k —1)-tree X € Ty_1 [a4k—1) and an (-separated set
B of X -tuples of T with |B| > un.

Proof. By Lemma 5.1 and the bound A (7T") < A, for every vertex v € V(T'), T'(v) is a (k—1)-tree
which is in 7,1 [a4x—1)- By the pigeon-hole principle, there exists a (k—1)-tree X € Tp_1 [a4k—1]
and a subset W’ C V/(T) of size at least n/|Tj_1,[a4,—1)| such that T'(w) = X for every w € W'.
Note that each w € W’ yields an X-tuple B,, in T which uses precisely the vertices in T'(w).
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Let W C W’ be maximal so that for all distinct wy,we € W, the (k — 1)-tuples in V(T(w1))
and V(T (wg)) are at distance at least ¢. Set B := {B,, : w € W}. It remains to show that
1B| > pn.

The assumption A1(T) < A implies that for every wj € W', there are at most (A + k)‘*+!
other vertices wh € W’ such that T'(w}) and T'(w)) have distance less than ¢. We deduce that

W n S

= = Mn7

(A+E)H 7 Ty jask—1 (A + E)HH1
where the last inequality follows from (9.1) and the assumption that 4 < 1/A;1/k,1/¢. O

1B = W] >

9.2. Finding absorbing tuples in the host graph. Many copies of an X-tuple in a tree
T will indicate parts of T' that are ‘flexible enough’ to be interchanged. This can be used to
extend a partial embedding of T into an embedding of all of T'. We willl see now where such
X-tuples may be embedded, assuming that the ‘host graph’ has large codegree.

Proposition 9.4. Let 1/n < < 7v,1/h,1/k with h > k > 2. Let H be a yn-large k-graph
H on n vertices, let X be a (k — 1)-tree on h vertices and let (v1,...,vx) a k-tuple of distinct
vertices of H. Then |Ax (v, ...,v;)| = BnhtL

Proof. We construct an absorbing X-tuple for (v1, ..., v;) by choosing vertices one by one. First,
select an arbitrary vertex upy1 € Ng({v1,...,uk—1}) \ {vx}. (Since H is yn-large there are at
least yn —1 > yn/2 possible choices for ujy1.) Define the (k—1)-graph H' := H (vg) N H (up1),
and observe that H' is yn-large. Now select uq, ..., uy, iteratively in increasing order, as follows.
First, fix a valid ordering {t1, ..., t5,} of the vertices of X. Select uy,...,up_1 € V(H') arbitrarily.
Then, successively for i = k —1,...,h + 1, select u;1; in the following way: if {t;,,....,t;, ,}
is the ancestry of ¢;11, then choose wj+1 € Ngr({uj,...,uj, ,}) \ {w1,...,u;} arbitrarily. By
construction, (uy, ..., ups+1) is an absorbing X-tuple for (vq, ..., vg).

Finally, as in each step there are at least yn/2 possibilities to choose the next vertex u;, there
are at least (yn/2)"*! > Bn*! absorbing X-tuples for (vy,...,v;), as desired. O

Now we would like to find a linear-sized family A C Ax of vertex-disjoint X-tuples such
that every k-tuple has many absorbing X-tuples in A (as to satisfy properties (i) and (iii)
of Lemma 9.2). The following lemma can be proved by selecting independently each (£ 4 1)-
tuple in Ax with probability p := Q(n~%) and showing it satisfies the required properties with
positive probability, which can be done using Chernoff’s inequality (Theorem 6.8) and Markov’s
inequality. As this strategy is standard by now and has appeared in many other absorption-
based proofs (e.g. [26, Claim 3.2]), we leave the details of the proof to the reader.

Lemma 9.5. Let 1/n < a < 3,1/k,1/h with h > k > 2. Let H be a k-graph on n vertices and
let X be a (k —1)-tree on h vertices. If |Ax (v1,...,vx)| = pn/*t1 for every k-tuple (vq,...,vx) of
vertices of H, then there is a set A C Ax of at most an disjoint (h + 1)-tuples of vertices of H
such that |Ax (v1,...,vx) NA| = Ban/8 for every k-tuple (vi, ..., vx) of vertices of H. O

9.3. Covering X-tuples with a partial tree embedding. Our final step in order to use the
Absorbing Lemma is to show that we can cover a large family of absorbing tuples.

Lemma 9.6 (Embedding pseudopaths). Let 1/n < 1/A,1/k,1/¢,~ satisfying Ak > 2, and
also ¢ > (2k + 1)|k/2] + 2k. Let H be a yn-large k-graph on n vertices. Let P be a k-
uniform (f, f')-pseudopath P where we consider f, f’ to be ordered tuples. Moreover, suppose
e(P) = Ak({+ 3k) and A1(P) < A. Then, given any pair of disjoint (k — 1)-tuples x,y € 0°H,
there exists an embedding ¢ : V(P) — V(H) such that o(f) = x and o(f') = y.

Proof. Suppose P has t edges e, ..., e, where f C ey and f' C e;. Now let £ = (Lq, ..., L) be
a layering for (P, f), which exists by Lemma 5.4. By Lemma 5.10(ii), |L;| < kA for all i € [m)].
Thus the number m of layers of £ satisfies m > |V (P)|/(kA) > e(P)/(kA) > ¢ + 3k.

We start our construction of the embedding by setting ¢(f) = x and ¢(f') = y. As a next
step, we will embed greedily the first k& layers of £ into R. Recall the definition of r(j) from
Lemma 5.10(i), and let j; be the maximum j such that r(j) < k. Lemma 5.10(i) implies that
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r(j1) = k, r(j) < k for all j < j; and r(j) > k for all j > j;. Let P; be the subgraph of P
spanned by the edges e, ...,e;,. Then P; is the ‘minimum’ subpath of P which contains all the
edges touching the first k£ layers.

Let s1 = ej, \(L1U- - -ULy,), ordered according to the increasing layering order. Since r(j1) = k,
s1 has size k—1. Now we embed P;\ s; making sure there are ‘many’ possible extensions available
for s;. First, in a greedy fashion, we count the number of embeddings of e; which extend ¢(f)
simply by completing f to e; to an unused vertex outside x U y. Since H is yn-large, this
can be done in at least yn — |z Uy| > yn/2 ways. Next, we iteratively count the extensions
of the embedding of e; to an embedding of P;, which can be done again in a greedy fashion,
again having yn/2 choices for an unused vertex each time. Letting n; = |V(P1)| — (k — 1), we
deduce that there are at least (yn/2)™ embeddings of P; which extend ¢(f). Now, an averaging
argument entails that there is an embedding of P; \ s; which extends ¢(f) and can be extended
to at least ((yn/2)™)/n™ 151l = (y/2)"nk=1 embeddings of P;. Let o(P; \ s1) be such an
extension of ¢(f), and let Fy C V(H)*~! be the set of all ordered (k — 1)-tuples which are valid
extensions of p(P; \ s1) to an embedding of Py. Then |Fy| > (y/2)™n*~L.

Observe that if we consider the edges of P in reverse ordering (i.e. we consider e; to be the
first, e; to be the last edge), the resulting k-tree is a (f, f)-pseudopath. So, defining jo as the
minimum j < ¢ such that r(j) > m —2k+2, and defining sy and P» accordingly, we can proceed
as in the previous paragraph, to obtain an embedding ¢(P» \ s2) which extends ¢(f’) and can
be extended to at least (y/n)"2n¥~! embeddings of P». Letting F» C V(H)*~! denote the set
of all ordered (k — 1)-tuples giving valid extensions of ¢(P» \ s2) to an embedding of P, we have
By] > (7/2) 0k,

We complete the embedding by using Lemma 8.4. Let a,d > 0 be such that 1/n < a,§ < 7.
Since m—3k > £ > (2k+1)|k/2]+2k and H is (yn, V(H))-large, Lemma 7.1 outputs ¢ < m—3k
such that for each pair of disjoint tuples f1 € Fi and fo € F5 there are at least an? walks of
length m — 3k connecting f1 and fo, each having ¢ internal vertices, and internally disjoint from
f1, f2. By the choice of § we have |Fy|, |Fy| > dn*~!, and finally note that the remaining vertices
to be embedded correspond to P\ (P} U P»), whose set of vertices is completely in Vik+1,m—k)»
which is kA-bounded. We can use Lemma 8.4 with PP\ (P, U P),k+ 1,m — 2k — 1, kA
playing the roles of T,T7,t, ¢, M to obtain an embedding ¢’ of the remaining vertices from
Ligy1U--- UL, g, which extends the embedding ¢ to an embedding of all of P. O

Lemma 9.7 (Covering Lemma). Let 1/n < o < p < v < v,1/h with h,Ajk > 2 and
0> (2k+1)|k/2] +2k. Let X be a (k — 1)-tree on h vertices. Let H be a yn-large k-graph on
n vertices, and let A C Ax be a set of at most an pairwise disjoint (h + 1)-tuples of vertices
of H. Let T be a k-tree on vn vertices, with A1(T) < A and let B be a 2Ak(¢ + 3k)-separated
set of size at least un of X -tuples of vertices of T'. Then for any f € OH, r € JT there is an
embedding ¢ : V(T) — V(H) such that o(r) = f and every tuple in A is X -covered by ¢.

Proof. Write A = {A1, ..., A}, where 1 <t < an. We will abuse notation by treating X-tuples
B € B as subgraphs of T, consisting of the corresponding edges forming the X-tuple. We claim
that there are By, ..., By € B such that, defining dr(r, B;) as the minimum of dr(r,b) over all
(k — 1)-sets b € 9T [B;], we have

Akl +3k) < dp(r,Bj) < dp(r,B;) forall 1 < j <i<t. (9.2)

To see this, order the elements of B as B{, Bj... so that dp(r, B}) increases. As B is 2Ak({+ 3k)-
separated, and using the triangle inequality, we see that

2Ak(€ + Sk) < dT( ivBé) < dT( iar) + dT(Bé,’I”) < 2dT(Bé,?")

and thus dp(Bh,r) > Ak(¢ + 3k). Since |B| > un > an > t, we can delete Bj from B if
necessary, and delete more sets B, until size exactly ¢ is reached. After relabelling we arrive at
sets By, ..., By satisfying (9.2).

Set Ty := 0. Given i € [t] and T;—1 C T, define T; as follows. Let t; € T;—1 and b; € 9B;
such that dp(t;,b;) is minimised (if ¢ = 1, select t; = r instead). Let P; be the unique (¢;, b;)-
pseudopath in T, and let T; = T;_1 U P;U B;. Then Tj, 11, ..., T} satisfy the following properties.
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Claim 9.8. For all 1 < i <t, T; is a subtree of T, and

QL) T; C Tiyr ifi < t,
(Q2) (B1U---UB;) CT;, and
(Q3) T;N(Bix1U---UBy) = 0.

Indeed, the only property which is not immediate from construction is (Q3). Suppose the
property failed, and let ¢+ be minimum such that it fails. Then there exists a 7 > ¢ such that
B; NT; # (. By minimality of ¢, B; N T;_1 = (), and since B are pairwise disjoint subgraphs,
B;NB; = 0. Thus B; N (P; \ B;) # 0. Since P; was the unique minimum-length pseudopath
between T;_; and B; in T, this implies dp(r, Bj) < dr(r, B;), contradicting (9.2).

For i > 0, we will now construct embeddings ¢; : V(T;) = V(H) \ (Aix1U---U Az) such that
for i > 1, p; extends p;_1, and such that A; = ¢;(B;) is X-covered by ¢;. We start by setting
vo(r) = f. Now assume that ¢ > 1, and suppose we have embedded T;_; with the embedding
©i—1. By (Q3), the image of B; has not been defined in ¢;_;. We begin by setting ¢} (B;) = A,,
in a way that A; is X-covered by ¢}. Recall that, by definition, 7; is the union of 7;_;, B;, and
a (t;, b;)-pseudopath P;, for some b; € 0B; and some t; € 9T; (or t; = r if r = 1). Note that
H;:=H\ (Aj;1U---UA) hasatleast n”’ =n—(t—1)(h+1) > (1 —a(h+1)n > (1—v/3)n
vertices, as by assumption, ah < . A similar calculation entails that H; is (yn'/2)-large. We
claim that

dT(ti, bl) > Ak(€ + 3k‘) (9.3)

Then, we can use Lemma 9.6 to find an embedding ¢; : V(P;) — V(H;) which extends both
@i—1 and ¢}, and this completes step 1.

So let us show (9.3). Assume otherwise, and let 1 < j < i — 1 be the minimum index such
that t; € 07;. By minimality, we have t; € 0(P; U Bj). If t; € 0B;, then P is a pseudopath
from B; to Bj, and since B is 2Ak (¢ + 3k)-separated we then have dp(r;,t;) > 2Ak(€ 4+ 3k), and
we are done. Assume instead that t; € OP; \ 0B;. Let b; € 0T} such that dr(b;,r) = dr(Bj,r).
Note that ¢; must lie on the unique pseudopath in 7" from b; to r, and thus

dr(Bj,t;) +dr(ti,r) = dr(Bj,r) < dr(Bi,r) < dr(bi, ;) + dr(ti, ),
where the second inequality comes from (9.2). As furthermore
QAk‘(f + 3/€) < dT(Bj, Bl) < dT(bi, ti) + dT(Bj, ti) < Ak’(f + 3]{7) + dT(Bj, ti),

we obtain dr(bs,t;) > dr(Bj,t;) > Ak({ + 3k), contrary to our assumption. Thus (9.3) holds.
Having defined all ¢;, we note that each absorbing tuple in A is X-covered by ;. We
extend ¢; to an embedding ¢ of all of V(T'). We can get from T; to T by iteratively adding
leaves, thus the embedding can be found in a greedy fashion since d;_1(H) > yn, and at each
step there are at most |V(T')| < vn < yn/2 used vertices. O

10. PROOF OF THE MAIN THEOREM

We now assemble all results from the previous sections in order to prove Theorem 1.2. The
proof is divided into three main steps.

We start the first step by finding a small subtree 77 C T of linear size. Using Proposition 9.3
we find a (k —1)-tree X such that T contains linearly many well-separated X-tuples. With the
help of Proposition 9.4 and Lemma 9.5, we find a family A of disjoint absorbing X-tuples in
the host graph H such that every k-tuple in H has linearly many absorbing X-tuples in A. We
then use the Covering Lemma (Lemma 9.7) to embed T” in H, covering every tuple in A.

In the second step, we will find an almost spanning subtree 7”7 C T'—T" and embed it following
the regularity method. The Weak Hypergraph Regularity Lemma (Theorem 6.1) gives a regular
partition of the vertices of H and using Lemma 6.2, we find an almost spanning matching M
in the corresponding reduced graph. We find a (3, d)-decomposition (Definition 5.13) of T”
and use the Embedding Lemma (Lemma 8.1) to map the small parts of this decomposition
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into edges of M!. In the third and last step, we finish the embedding by using the Absorbing
Lemma (Lemma 9.2).

We begin with a lemma which essentially covers all of the second step outlined above. First,
we need a definition. Let H be a k-graph on m vertices and let e,d > 0. We say H is (e,d)-
uniformly dense if for all pairwise disjoint sets W1, ..., W, C V(H) we have

e(W1, .., Wi) = d|Wh|...|[Wy| — em”. (10.1)

If H is k-partite, with parts Vi, ..., Vi, we say H is k-partite (e, d)-uniformly dense if for all sets
Wy C WV, ..., Wi, € Vi the bound (10.1) holds.

Definition 10.1 (Uniformly dense perfect matching). For e,d > 0 and ¢t € N, we say M =
{(VF, ., Vi) ey 1s an (g, d)-uniformly dense perfect matching of a k-graph H if

(Ml) {V;}ae[k],;e[t} partitions V(H),

(M2) |V =|V{| for all 4, € [t], a,b € [k], and

(M3) H[V{,...,V}] is k-partite (e, d)-uniformly dense for each i € [t].

The following proposition will be used in the second step of the proof of Theorem 1.2, provid-
ing us with an embedding of an almost spanning tree in any graph having an (e, d)-uniformly
dense perfect matching.

Proposition 10.2 (Embedding almost spanning trees). Let Ak > 2, let § < 1/Ty, and let
I/n € p € 0 <€ e,0 < a,v,d,1/k,1/A. Let H be a yn-large k-graph on n wvertices with
a (0, p,2)-reservoir R. Let M be an (e,d)-uniformly dense perfect matching of H — R with
IM| < Ty. Let (T,r) be a k-tree with |V(T)| < (1 — a)n and A(T) < A. Then H contains T.
Moreover, for any 0-extensible edge e, any f € 0°H with f C e can be chosen as the image of r.

Proof. Let £ = |k/2|(2k + 1) + 2k + 1. Introduce new constants c, 5 satisfying p < f < ¢ <
¢ a,1/k and g < 1/Tp.

Let L be a layering for (7', 7), which exists by Lemma 5.4. We invoke Proposition 5.14, with
parameters 3, A and ¢, to obtain a (83, £)-decomposition of (T,r, £) into p < 2A¢/f parts. That
is, we find a collection of rooted trees {(D;, s;) }1<i<p such that
D1) E(T) = ;g E(D1),

2) |E(D;)| < pn for each i € [p],

3) s1 =1 and s; is L-layered,

4) (V(Dj)\'s;) NV (D;) =0 forall 1 <i<j<p,and

5) for each 2 < j < p there is a unique i < j such that s; € dD; and the rank of s; in D;

is at least ¢ (in the inherited layering of D; from L).

Let e € H be an arbitrary #-extensible edge in H, and let f C eN 0°H. Say M =
{(Vh, ..., th)}he[t} are the clusters of the given uniformly dense perfect matching and set m :=
V1.

We begin our embedding by setting ¢o(r) := f. Now we will construct successively, for all
i € [p], an embedding ¢; : V(D1 U---UD;) — V(H) such that ¢; extends ¢;_1, and

(P1) if defined, ¢;(s;) is contained in a f-extensible edge for all j > 1,

(P2) |, (R)] <iA“, and

(P3) for every j € [t], maxqpep [lo; (V)] — i (V)] <
Having done this, then ¢, will be the desired embedding of 7T'.

In step i, assume we have constructed ¢;_; satisfying (P1)—(P3). Our aim is to embed
(Dj, s;). We claim that s; is already embedded into some (k — 1)-tuple ¢;_1(s;) contained in
some G-extensible edge. Indeed, if i = 1, we have s; = r by (D3) and we are done by the choice
of ¢g. Otherwise, if 7 > 2, then (D5) implies ;_1(s;) is defined and we are done by (P1).

We claim that there is a j € [t] such that for each a € [k]

VI1 = oy (V)] + em. (10.2)

1Actually, for the second step, we will consider a slightly more general setting than the one given by a regular
partition. This will allow us to treat in an unified way the proof of Theorem 1.2 and Theorem 1.4.
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Indeed, otherwise, for each j € [t] there is an a € [k] such that (10.2) does not hold. Then,
by (P3), also all other V;/ are almost full, and we calculate

e NVED = Y e VD> YD (VI = 2em) =n—|R| = 2emtk = (1 — a)n,
jE[t],a€(k] JE[t],a€(k]

a contradiction as |V (T')| < (1 — a)n. So, (10.2) holds for, say, index j.
Let o be a bijection satisfying

(Wi| = -+ = [Wil, (10.3)
where W, := Vj \goi 1(V(T)). Because of (10.2), |W;| = em for each i € [k]. Therefore, using
that H[Vlj, s V ] is k-partite (e, d)-uniformly dense on km vertices and ¢ < ¢, d, 1/k, we have

d
e(H[Wl, ceey Wk]) > d’Wﬂ ce ’Wk’ — E(km)k = *’Wl‘ ce ’Wk’ (10.4)

Also note that since m = |V (H — R)|/(kTp) and R is a (6, u1, 2)-reservoir, we have m > n/(2kT)
and thus |W,| > en/(2kTp) holds for each 1 < a < k.

Set Ri_1 := R\ ¢;_1(D1 U---UD;_1). Recall that i < p < 2A’871. Using (P2) we
get, |[Ri_1| > |R| — pA™ > |R| — 2A2H1371 Since R is a (0, u, 2)-reservoir for H and
1/n < 1/A1/k, B, u,d, we deduce R;_1 is a (9, 2u, 2)-reservoir for H. Let £; = (L1, ..., Ly,) be
the inherited layering L, for (D;, s;) from L, this is well-defined since s; is L-layered by (D3).
Let §; = (si1,...,8ix) € 0T; be an arbitrary ordering of s;, and let f=pi_1(5) € 0H.

Use Lemma 8.1 (Embedding Lemma) with

object/parameter ‘ -1 ‘

R ‘5‘2/JJ‘C/(2I€TO)‘d/Q‘Di‘Si‘ﬁi‘@i—l(si)‘s_%
playingtheroleof‘ l ‘ R "y‘u‘ c ‘ d S

to find an embedding ¢} of D; such that

(E1) %(Sz) pi-1(57),

(E2) () " (Ri-a U Soifl(si)) =Uoi L,

(E3) ¢ View)) € Wi U= - U Wy, with |(@f) " (W1)] = -+ > |(@f) = (W),
(E4) ¢j(€’) is f-extensible, for each €' in E(D;[Vig,y])-

y

4

(D4)- (D5) and (E1), we get that ¢; = ¢;—1 U ¢ is an extension of ¢;_; which embeds

(D1 U---UD;)]. It is only left to check that ¢; satisfies (P1)-(P3).

We check (P1) holds for ¢;. Since (P1) holds for ¢ — 1, we only need to consider those j > i
with s; € 0D;. By (D5) each s; € 0D; with j > i has rank at least ¢ in £;, namely it must be
contained in Vg ;. Thus, by (E4), we know that all such ¢;(s;) are contained in a f-extensible
edge, as required.

To see (P2) holds, we note that since (P2) holds for i — 1, |p; '(R\ Ri—1)| = |¢; (R \
Ri—1)| < (i — 1)A*! 5o it only remains to show that |p; '(R;—1)] < A*l. Note that by
Lemma 5.5 we have |L,| < A"! holds for all 1 < r < £ — 1, and together with (E2) we get
o YRy < ST L < D2V ATTT < AL as required.

Finally, for (P3), observe that (E3) implies that

V(D)) = o W) \ o L (W] = -+ = [ (Wa) \ oy (W),
Using (10.3) we get, for any a,b € [k] with a < b,

B
T

e V1= e V)| < max { iy (VD1 = le A I v (a1}
Since (P3) holds for ¢ — 1, the first term in the maximum is bounded from above by cn, and
|[V(D;)| < pn < cn, follows from (D2) and § < c. O

Now we are ready to prove Theorem 1.2.
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Proof of Theorem 1.2. We begin by noting that d2(H) = (1/2 + v)n implies H is (2yn)-large.

Step 1: Finding the absorbing structures. For the remainder of the proof, we choose ¢ =
(2k +1)|k/2] + 2k and also

/<y KKy <a<by<<y,1/k1/A1/L.

Let T be any given tree on n > ng vertices such that A;(7T) < A. We choose an arbitrary tuple
r € JT as the root of T' and, using Lemma 5.4, we find a layering £ = (L1, ..., Ly,) for (T,r).
Let ' € T be an L-layered tuple such that |E(7T,/)] > an/A with the highest possible rank.
Then, using Lemma 5.12 for (T}, 7', £,), and by the maximality of 7’ we deduce that

an

A
Since § < 1/k,1/A,1/¢, we can use Proposition 9.3 with 2Ak(¢+ 3k) and ¢ in place of £ and u,
respectively. This yields a (k—1)-tree X with h < A+k—1 vertices, and a 2Ak((+3k)-separated
set B of X-tuples of T, such that |B| > on. Note that H is (2yn)-large, and additionally
1/n < <7,1/k,1/A and h < A+k—1. Thus Proposition 9.4 (with v playing the role of j3)
tells us that [Ax (vy,...,vx)| = v1n”*! for every k-tuple of distinct vertices (v1, ..., vy) € V(H)E.
The hierarchy vy < v1,1/k,1/h allows us to use Lemma 9.5 with parameters vy, v, in place of
B, a respectively, to deduce the existence of a family A C Ax of size at most von, such that

for every k-tuple (v1, ..., vx) we have |Ax (vy,...,vx) NA| > %n > 2u3n, (10.6)

< |E(T)| < an. (10.5)

where the last inequality follows from v3 < vo, vy.

Bounding very crudely, we deduce H has at least 7(2) edges. Since 0y < v, 1/k, an application
of Lemma 6.5 implies the existence of a y-extensible edge ey which is vertex-disjoint of all the
subgraphs in A. Let fo C ep be an arbitrary (k — 1)-set. Finally, since 1/n < vy <€ § <
a < 7,1/h, we can use Lemma 9.7 with 19,4, o, 27,7/, fo playing the roles of «, u,v,v,r, f
respectively to find an embedding ¢’ : V(T,) — V(H) \ (e \ fo) which X-covers each tuple in
A, such that ¢'(r") = fo C eg, and eg \ fo is disjoint from ¢’ (V(T})).

Step 2: Finding an almost spanning tree. We introduce new constants by letting
In<pu<gd< Ty l/th<e < n<e<y <d<vs.

Let H = H—¢'(V(T,))+ep and n' = |V(H')|. Then by (10.5) we have |V(T,v)| < an+k—1 <
2an, and thus n’ > (1 — 2a)n. Note that eg C V(H').

The choice of o < vy ensures that H’ has minimum codegree at least (1/2 + 2v/3)n’. Using
1/n < u < v/, Lemma 6.7 provides us with a (v/, i, 2)-reservoir R for H'. Now set H” = H'— R
and n” = |V(H")|. Since v < «, we deduce n” > (1 — 3a)n.

Now we prepare the setup to apply regularity tools. Since 1/n,1/Ty < 1/tg,1/k,e’, an
application of the Weak Hypergraph Regularity Lemma (Theorem 6.1) to H”, with parameters
¢’ and tg as input, yields an &’-regular partition P = {Vp, V1, ..., V;} of V(H"), for some ty <
t < Tp. Using Lemma 6.2, 1/ty) < ¢/ < 1/k,7v,n and d < =, we know that the (¢/, d)-reduced
graph Ry(H") contains a matching M covering at least (1 — n)t clusters. Since each edge
(Viy, ., Vi) € M is (¢/,d')-regular for some d' > d, by our choice of ¢’ < ¢, we deduce that
H"[V;,,...,V;,] is k-partite (e, d)-uniformly dense. Let Vj¢ C V(H") consist of the union of
clusters covered by M in the reduced graph. Thus, H”[V)] has an (e,d)-uniformly dense
perfect matching with p < Tp/k edges.

We wish to apply Proposition 10.2. For this we need a k-graph having a reservoir and a
uniformly dense perfect matching, which we plan to be R and Vi, respectively. We also need
the k-graph to contain our desired root eg, which is why we set R’ = (RUep) \ V. Let H* be
the induced subgraph of H on R’ UV and set n* = |V (H*)|.

We now check the requirements of Proposition 10.2 are satisfied with this choice of H*, R’, V.
Clearly {R', V)} partitions V(H*) and ¢y € V(H*). As P is an ¢’-regular partition of H” =
H' — R, and M leaves at most nt clusters uncovered, each having size at most n” /t, we see that

n —n* < |Vo| + Z Vil <en” +ntn” Jt <en/,
VigV (M)
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where we used &/,v < € and n” < n’ in the last inequality. This implies n* > (1 — e)n’. Since
e < v and since 0,1 (H') > (1/2 + 2v/3)n’, we deduce H* has minimum codegree at least
(1/2 + v/2)n*. In particular, H* is yn*-large. Since R is a (v, u,2)-reservoir for H', we use
n* > (1—¢)n’ and 1/n < p,1/k to deduce R’ has size v'n’ + (un’ + k) = (v* £ 2u)n*, for some
v* < 29'. Thus R is a (v*,2pu, 2)-reservoir for H*. Finally, recall that eg is fp-extensible in H.
As1/n < 0 < e < a < by, we have n —n* < 4an, implying that eg is f-extensible in H*.

We set 7' =T — (T, — r') and root T" at r’. Let vy, ..., vy (v be a valid ordering of (7", ')
with 7/ = {v1,...,v5_1}. Let m* = [(1 —wo)n*] and T* = T"[v1, ..., Umm=], such that [V (T*)| = m*.
An application of Proposition 10.2 with

object /parameter ‘ n* ‘ 2u ‘ ~y* ‘ v3/2 | d ‘ H* ‘ R ‘ €0 ‘ fo
playingtheroleof‘n‘,u‘é‘ e} d‘H‘R‘e‘f
yields an embedding ¢* : V(T*) — V(H*) with ¢"(r") = fo = ¢'(r).

Step 3: Finishing the embedding. The embedding ¢’ U ¢* of T,» UT* fulfils all the conditions of
Lemma 9.2 (as|V(T,» UT*)| = m*+ |V(T,)]—k—1> (1 —v3)n and by (10.6)). So, we can use
the Absorbing lemma (Lemma 9.2) to embed the remaining vertices vy« i1, ..., Uy (1v)|- O

11. SPANNING TREES IN QUASIRANDOM HYPERGRAPHS

In this section, we prove Theorem 1.4. Actually, we prove a slightly stronger statement since
we only need the weaker notion of being uniformly dense (given right before Definition 10.1).

Theorem 11.1. Let 0 < 1/n < 6 < n,7v,1/A,1/k and let Hy and Hy be k-graphs on the
same vertex set of size n. Assume Hy is (n,0)-uniformly dense and Hy is yn-large. Then
H := Hy U Hy contains any k-tree T' on n vertices with A1(T) < A.

Proof (sketch). Since the proof is essentially the same as the proof of Theorem 1.2, we only
outline the major differences. In particular, step 1 is virtually the same, noting that the only
property used there is that the host graph was that H is 2yn-large, while here Hs is yn-large.

The difference in step 2 is that of applying regularity to obtain the uniformly dense perfect
matching, we use that H; is uniformly dense. Indeed, suppose we have already found the
equivalent of H' with a reservoir R, and we wish to find a uniformly dense matching covering
most vertices in H” = H' — R. Move at most k — 1 vertices from H” to R we can assume
|V (H")| is divisible by k. Fix any partition Vi, ..., V} into equal-sized parts. Since Hj is (1,0)-
uniformly dense, M = {(V1, ..., Vj)} is an (n, d)-uniformly dense perfect matching with only one
edge. Having found M, then we can proceed with the remainder of step 2 and step 3 exactly
as before. O

Let us now show how Theorem 11.1 implies the same result for host hypergraphs satisfing
certain quasirandom properties, namely weak quasirandomness (Corollary 11.2) and typicality
(Theorem 1.4).

The study of quasirandomness for graphs evolved in the late 1980’s, a milestone being the
seminal result of Chung, Graham and Wilson [8] relating uniform edge distribution to other
‘random-like’ properties. For the history of quasirandomness for hypergraphs we refer to the
exposition in [1]. The weakest form of quasirandomness studied in the literature is as follows.
Call a k-graph H weakly (n,0)-quasirandom if for every U C V(H), the number e(U) of edges
entirely contained in U satisfies

‘e(U)—n<|g|>‘ < onk. (11.1)
An inclusion-exclusion argument shows that every weakly (1, §)-quasirandom k-graph is (1), 2¥§)-

uniformly dense. Thus the following is an immediate corollary of Theorem 11.1.

Corollary 11.2. Let 0 < 1/n < § < n,7v,1/A,1/k and let Hy and Hy be k-graphs on the
same vertex set of size n. Assume Hy is weakly (n,9)-quasirandom and Hy is yn-large. Then
H := Hy U Hy contains any k-tree T' on n vertices with A1(T) < A.
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As mentioned in the introduction, being yn-large in Corollary 11.2 cannot be replaced with
a lower bound of type Q(n*~!) on the minimum degree of H, as evidenced by an example by
Arajo, Piga and Schacht [4, Section 8.2].

Let us now turn to the notion of typicality, which was defined in the introduction. Although
weakly quasirandomness does not imply typicality, one can show? that the converse is true: any
(n,2,0)-typical k-graph is weakly (7, d’)-quasirandom, for some constant ¢’. This is the only
ingredient we need to prove Theorem 1.4.

Proof of Theorem 1.4. Let 1/ng < &’ < e. As discussed above, H is weakly (o, ¢’)-quasirandom.
Also note that every (p,2,¢)-typical graph on n vertices is (p? — ¢)n-large. Thus the theorem
follows from Corollary 11.2, by taking H = H; = Hs. O

12. FURTHER QUESTIONS

12.1. Degree variations. For any 1 < j < k — 1, one can define the minimum j-degree §;(H)
of a graph H in analogy to the minimum codegree 6;_1(H) as defined in the introduction.
Also, define stj(k) as the smallest § > 0 such that for every A,k > 2 and p > 0, every large
enough k-graph H with 6;(H) > (6+p) (Z:j) contains every k-tree T of the same order and with
A1(T) < A. Then by Theorem 1.2, we have sty_; (k) < 1/2 for all £ > 2, and by Proposition 1.3
this is tight.

It would be interesting to understand st;(k) for j < k — 1. If instead of a spanning tree we
are looking for a spanning cycle, then some results are known for the analogous problem. In
k-graphs, a tight Hamilton cycle in a k-graph H on n vertices is a sequence of distinct vertices
V1, ..., Uy, such that, for each i € {1,...,n}, the edge {v;, vit1, ..., vVi1x—1} is present in H (indices
understood modulo n). Then hc;(k) is defined accordingly. It is known that hey_o(k) = 5/9
for all k > 3 [23,25]. For general j, k satisfying 1 < j < k — 3 the current best lower [17] and

upper [23] bounds are
1 1
11— ——= <hej(k) <1 — ———.
vi=g Shat®) 2(k — j)
Furthermore, the result of Rédl, Rucinski and Szemerédi [26] mentioned in the introduction
states that hcg_1(k) = 1/2 for all £ > 2. Thus hcg—1(k) = sty_1(k) = 1/2 for all k£ > 2, and we
believe the same should be true in general.

Conjecture 12.1. For all k > j > 1, we have hcj(k) = st;(k).

Variations of the maximum degree condition required for the tree T' would also be interesting
to study.

12.2. Trees of larger maximum degree. Another possible generalisation Theorem 1.2 would
be to relax the condition on Ay(T) = O(1), allowing it to grow with n. In the graph case,
Komlés, Sarkozy and Szemerédi [22] strengthened their earlier result, Theorem 1.1, considerably
by showing that, with the same minimum degree conditions, one can find all trees of maximum
degree at most cn/logn, for a fixed ¢ > 0 depending on the approximation v only. They also
gave an example showing this bound is tight up to a multiplicative factor.

A natural adaptation of their example shows that, for £ > 3, the bound on A;(T") in The-
orem 1.2 cannot be changed to O(n/logn). Indeed, let T" be the k-tree consisting of a vertex v
whose link graph is a (k — 1)-tight path P of length clogn, for some sufficiently small constant
¢ > 0. For each set S of k — 1 consecutive vertices in P we add n/(clogn) new vertices adjacent
to S. Then T has maximum degree O(n/logn), and a straightforward calculation shows that,
with high probability, the binomial random k-graph of edge density p = 0.9 does not contain an
ordered set U of size clog n such that each vertex outside U is adjacent to some k—1 consecutive
vertices in U.

2Consider the k-graph F with V(F) = [k] x {0,1} and edges of the forms {(1,0),(2,z2), ..., (k,zx)} and
{(1,1),(2,z2), ..., (k,zr)}, where z; € {0,1} for ¢ € {2,...,k}. It is clear that in any (n,2,d)-typical k-graph H
one can estimate the density of H and the number of F-copies, up to an error term depending on §. Hence H
satisfies the property discg,, for @ = {{1},{2,...,k}}, meaning that H is weakly quasirandom (see [1,30] for
details).
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