ABSTRACT

g GF(q u ∈ GF(q k ≤ k ≤ q − u = g^k

GF^n n GF^n GF^n GF(p p GF^n GF(p p

GF(q), q g ∈ GF(q g ∈ GF(q u ∈ GF(q)* = GF(q)− {0} of u g integer k ≤ k ≤ q − u = g^k .

k = log_g u u u.

GF(p), where p fields GF^n GF^n ).

GF^n

GF^n

GF(p p

GF^{127} GF^n n n GF(p p p >∼ 2^{500} p >∼ 2^{1000} GF(p p.

GF^n GF(p f y f x f f(x) = y i, f(p_i i p_i f GF(q g ∈ GF(q x f(x) = g^x . i p_i g^{pi} GF(q).

GF(q element g ∈ GF(q A and B

a and b ≤ a, b ≤ q − Atransmits g^a to B B transmits g^b to A g^{ab} A g^b a B g^a b

g^a a Aand B

g^{ab} g^a and g^b a or b

A m GF(q B Achooses c ≤ c ≤ q − c,q − = x = m^c to B B d ≤ d ≤ q − d,q − = y=x^d = m^{cd} to A A z = y^c′where cc′≡ q − zto B z = y^c′ = m^{cdc}′ = m^d , B z^d′ m dd′≡ q − z^d′ = m^{dd}′ = GF(q) m m^c, m^{cd} m^d.

g^a ∈ GF(q GF(q g a m ∈ GF(q k ≤ k ≤ q − k m g^k, mg^{ak} a g^{ak} = (g^k)^a m a or k

GF(p), p p g modulo p y ≤y≤p − a y = g^a p g y m ≤ m ≤ p − r,s ≤ r,s ≤ p − g^m ≡ y^r r^s p) . (2.1) r and s k k,p − = r = g^k .

Since y = g^a s g^m ≡ g^{ar + ks} p

m ≡ ar + ks p − . (2.3) k, p − = p − a, r k a from y

B over GF(p f(x m over GF(p g B, B^a and B^b a and b B GF(p^m B m_1 m_s GF(p^{mi}

q − size. GF(p), p u, 1 ≤ u ≤ p − g p

log_g u ≡_{j=1}Σ

p − 2

− g^j )^{− 1} u^j p) . (3.1)

GF^n GF^{31}

GF^n GF polynomial f(x n over GF h(x x

h(x) → h(x)^{2r} , h(x) → x^{− 2s} h(x)

GF^n u g g

g g GF^n g GF^n ≤ n ≤ 5, ≤ n ≤ over GF(q p p q −

q − 1 =_{i =1}Π^k p_i^{ni}

p_i r_1 ,...,r_k ≤ r_i ≤ over GF(q

O(_{i =1}Σ^k n_i q +p_i^{1− r i} +log p_i^{r i}

O q_{i =1}Σ^k +p_i^{r i}

O(_{i =1}Σ^k (p_i^{r i} log p_i^{r i} +log q

g GF(q), x ∈ GF(q)− {0} a ≤ a ≤ q − x = g^a . (3.3) a p_i^{ni} that p = p_i and n = n_i i

a ≡_{j=0}Σ^{n − 1} b_j p^j p^n ) .

b_0 x q − power:

y = x^p

q − 1

= g^{a p}

q − 1

= (q^p

q − 1

)^{b0} , y p h^0 = h^1 , h^2 ,...,h^{p − 1} , where h = g^{(q −} .

b_0 b_0 b_1 (xg^{− b0} )^{(q − 2} = h^{b1} ,

b_0 y m y = h^m ≤ m ≤ p − r ∈ R ≤ r ≤ u p^r .

c and d m = cu +d ≤ d ≤ u − ≤ c < m c and d h^d ≡ yh^{− cu} .

c and d h^d ≤ d ≤ n − compute yh^{− cu} for c = ... y^d O(p^2 log p O(p^{1− r} yh^{− cu} q − q q = 2^m +

fields GF(q

GF(q q^{1/2} w^{1/2} size w.

GF(p p GF^n

GF(p^n p n

algorithm. GF^n

GF^n GF(p^n p n

GF(p GF^n

GF^n GF f(x) n g ∈ GF^n g(x GF < n. GF^n GF g(x g(x GF^n c(n log n)^{1/2}

c′^{n1/3 n)2/3}

n. g(x < n over GF GF^n GF^n g(x

g(x)) S GF^n S GF ≤ m m h = h(x a ∈ Z^+ h ≡ g^a f s ≤ s ≤ 2^n − ≡^s f < (4.1) of S ≡^s ≡_{v∈ S}Π v^{bv( )} f

then log_g h ≡_{v∈ S}Σ b_v(_g v − s^n − . (4.3)

GF < n p(k, m GF k ≤ m N(k,m w(x) ∈ GF x w(x) = kand w(x) =_iΠ u_i (x)^{ci} u_i (x) ≤ m ,

then

p(k,m) = N(k,k)

N(k,m) = 2^k

N(k,m) . (4.4)

S ≤ m p(n,m p(n,m)^{− 1} of

h(x S ≤ m m

p(n,m N(n,m p(n,m n and m n^{1/100} ≤ m ≤ n^{99/100}

p(n,m) = +o m n log_e n m ) . (4.5) p(n, m n and m

p(n,m

p(n, m

p(n, m) ≥ +o m n log_e n 2e

≤ n − n − k^{− k}

k=1Σ^{n 2− kp(n − k, m}

p(n, m) 2− ( )^1

( )^1 ,

∼ p(n, m n ,

n^{1/100} ≤ m ≤ n^{99/100} n and

m n = m = p

p(n,m)^{− 1} = ( m n )_{+o} . (4.6)

polynomials w_1 and w_2

≡ w_2 w_1 f

w_i <∼ i = w_i S w_i =_{v∈ S}Π v^{cv(i)}

then log_g h ≡_{v∈ S}Σ (c_v − c_{v g} v − s^n − . (4.9)

w_i degree ∼ ≤ m p m)^2

p m)^{− 2} = ( 2m n )_{+o} . (4.10)

w_i w_i n and f α and β over GF that α f = and f deg f = n, deg deg < n (α_j ,β_j ,γ_j α_{j j} f_j α_j ,β_j ,γ_j ) = (α ,β γ_1 > deg γ_2 > ... α_j ≤ n − 1 − deg γ_j j γ_j w_{1 j} and w_{2 j} w_1 and w_2 p m)^2.

p m)^{− 2} ≤ n over GF n^3 n, p m n

m

≤ m is m^{− 1}2^{m+1} n n − m

w_i m m and n s ≤ s ≤ 2^n − ≡ g^s f < n , S = v∈ SΠ v^{bv( )}

s ≡_{v∈ S}Σ b_v(_g v^n − . (4.13)

S_g v, v∈ S^n −

2^n − n − g v

n − log_g v S^3 O(n^2 S^r for r = ... using S n S^r with r = log_2 7 = ...

S^2 5.7. S S p(n,m)^{− 1}

w_i <∼ 2, i = w_i S

S p m)^{− 2} (4.14) n

S p m)^{− 2} S^2 (4.15) p(k, m S

2^m( 2m n ) + 2_{2m} . (4.16)

+o

2^m( 2m n )

m ∼ c_1 (n log_e n)^{1/2}

c_1 =_e^{− 1/2} = ... ,

2^m( 2m n ) = c_2 +o n log_e n n

where

c_2 = c_1 log_2 2+ c_1 )^{− 1} =_e^{1/2} =

For m ∼ c_1 (n log_e n)^{1/2 2m}

M = M(n

M = +o n log_e n)^{1/2} n ,

M .

M^{c1 )− 1} = M .

S requires c_1 log_e 2+o n log_e n)^{1/2} )

GF^n

p(n, m

M^o for m ∼ c(n log_e n)^{1/2} n ≤ n ≤ m

M^c c > c < c_2

f(x f(x) = x^n + f_1 (x f_1 (x n n f(x f_1 (x) <∼ log_2 n f_1 (x x^n + f_1 (x n are f_1 (x) = x+ n = 127, f_1 (x) = x^9 +x^6 +x^5 +x^3 +x+ n = 521, f_1 (x) = x^9 +x^7 +x^6 +x^3 +x+ n = f_1 (x) = x^{11} +x^9 +x^8 +x^5 +x^3 +x^2 +x+ n =

GF(p f(x f(x) ≤ S = S_1 ∪ S_2 S_1 ≤m S_2 x^k + g(x g(x) ≤ m where k = 2 ≥ h_1 (x h_2 (x) ε S_2 h_i (x) = x^k + h̃_i (x i = k = n +a, a = h_1 (x) h_2 (x) = x^{2k} + x^k(h̃_1 (x) + h̃_2 (x + h̃_1 (x)h̃_2 (x) = x^a ( f(x) + f_1 (x + x^k(h̃_1 (x)+h̃_2 (x + h̃_1 (x)h̃_2 (x ≡ x^k(h̃_1 (x)+h̃_2 (x + h̃_1 (x)h̃_2 (x) + x^a f_1 (x f(x m = o(n h^* (x ≤m h^* (x) =_{vεS}

1Π^{v(x)bv(h* ) ,} S: log_g h_1 + log_g h_2 ≡_{vεS}

1Σ^bv^{(h*} g^{v n − . (4.21)}

S_1 and S_2^{m m} S_1 2m h_1 ,h_2 h^* ≤mwith p m^{2m} 2m p m

2^{2m} p m) >∼ 2^m 2m

m m ∼ c_3 (n log_e n)^{1/2} as n c_3 =_e^{− 1/2}

M^{c4} = M , c_4 =_e^{1/2} . (4.23)

M

n

about

f(x f_1 (x) ≤ k = 3 S = S_1 ∪ S_2 with S_1 ≤mand S_2 x^k + h(x h(x) ≤ m h_1 (x h_2 (x h_i (x ≤m h^* (x) ≡ (x^k +h_1 (x x^k +h_2 (x x^k +h_1 (x)+h_2 (x f(x 0 ≤ deg h^* (x) < n h^* (x) ≡ x^{3k} + x^k(h_1^2 +h_1 h_2 +h_2 ) + h_1 h_2 (h_1 +h_2 f

x^{3k} ≡ x^a f_1 (x f(x a ≤ a ≤ h^* (x k ∼ m = o(n h^* (x S_1 S_2 S_1^{2m} pairs h_1 (x h_2 (x h^* (x ∼^{2m} p m m S m

2^{2m} p m) >∼ 2^m . (4.26) n^{2m} polynomials h^* (x smallest m m ∼ c_5 (n log_e n)^{1/2} c_5 =_e^{− 1/2}

M^{c6} = M c_6 =_e /^{1/2} . (4.27)

GF(p), p GF^n ).

f(x

n^{1/2} GF^n n^{1/3} GF(p p

algorithm.

f(x f_1 (x

GF^n f(x f_1 (x) <∼ log_2 n. v ∈ S S ≤ m m n^{1/3}_e n)^{2/3} g(x) ∈ S

n

n^{2/3}

k ∈ Z^+ (k^k n^{1/3}_e n)^{− 1/3} h n 2^{− k} 1 . (4.28) Pick u_1 (x u_2 (x ≤ B (B n^{1/3}_e n)^{2/3} (u_1 (x u_2 (x = w_1 (x) = u_1 (x)x^h + u_2 (x) . (4.29)

w_2 (x) ≡ w_1 (x)^{2k} f(x w_2 (x) < (4.30)

w_2 (x) ≡ u_1 (x^{2k} )x^{h2k} + u_2 (x^{2k} f(x = u_1 (x^{2k} )x^{h2k − n} f_1 (x) + u_2 (x^{2k} ) . (4.31) If B^k n^{1/3} h n^{2/3}, h 2^k − n n^{1/3} both w_1 (x w_2 (x n^{2/3} log_g w_2 (x) ≡ 2^k log_g w_1 (x^n − w_1 (x w_2 (x S_g v, v ∈ S u_1 (x u_2 (x = u_1 (x u_2 (x u_1 (x)t(x u_2 (x)t(x Slinear g v, v ∈ S deg w_1 (x) ≤ B+h , deg w_2 (x) ≤ B . 2^k + 2^k + deg f_1 (x w_1 (x w_2 (x w_1 (x w_2 (x S p(B+h, m)p(B2^k +2^k, m) . (4.32) w_1 (x w_2 (x

n = S m^{− 1}2^{m+1} 2^{2B} p(B+h, m)p(B2^k +2^k, m) >∼ 2^m . (4.33) 2B polynomials w_1 (x w_1 (x w_2 (x S^m 2m

2^{2B} + 2^{2m} ,

2^k n^{1/3}_e n)^{− 1/3} m n^{1/3}_e n)^{2/3} B n^{1/3}_e n)^{2/3} as n α , β γ

K^{2γ loge 2} + K^{2β loge 2} where K = K(n K = +o n^{1/3}_e n)^{2/3}

2 γ log_e 2 − 3 1 − 3β ≥ +o β log_e 2 . (4.37)

α , β γ α α − 1/2

α +o

2γ log_e 2 log_e 2 + 3 2 β_{− 1} γ_{1/2} . (4.39)

β and γ γ β when 2^{2/3}3^{− 2/3}_e^{− 2/3} = . (4.40)

K^{2β loge 2} = K , K^{β loge 2} = K .

α, β γ β and γ α k

K^u u_2 (n^{1/3}_e n)^{2/3} of u β log_e β u is 3^{2/3} β log_e 2 = β log_e

oscillations.

h is

h s h^* h^* ≤ n^{2/3}_e n)^{1/3} h^* by w_{1 2} w_i are <∼

p(n, n^{2/3}_e n)^{1/3} p(n, n^{2/3}_e n)^{1/3} )^{− 1} = K^{loge 3} = K^{...} (4.41) s h ≡ g^{− s}_iΠ u_i f(x

u_i ≤ n^{2/3} n)^{1/3} < n < n log_g h s +_iΣ log_g u_i^n −

g u_{i g} h.

u ≤ B ≤ n^{2/3} n)^{1/3} u_i case B = n^{2/3} n)^{1/3}_g u k )^{1/2}

d n2^{− k} 1 . (4.43)

w_1 (x) = v_1 (x)x^d + v_2 (x v_1 (x v_2 (x) ≤ b (b v_1 (x v_2 (x = u(x)w_1 (x w_2 (x) ≡ w_1 (x)^{2k} f(x w_2 (x) < n b small) w_2 (x) = v_1 (x^{2k} )x^{d2k − n} f_1 (x) + v_2 (x^{2k} w_1 (x w_2 (x w_1 (x) (x w_2 (x

w_1 (x) = u(x)_iΠ s_i (x w_2 (x) =_jΠ t_j (x

jΣ^{log}g^tj^{(x) ≡ log}g^w2^{(x) ≡ 2k log}g^w1^{(k)}

≡ 2^k_g u(x) +_iΣ log_g s_i (x^n − .

g u_g t_{j g} u_i w_1 (x) (x w_2 (x ≤ M p(d +b − deg u(x M) p(b2^k +2^k +deg f_1 (x M v_1 (x v_2 (x ≤ b v_1 (x v_2 (x = u(x) w_1 (x 2^{2b − deg u(x)} .

u(x u(x v_1 (x v_2 (x v_1 (x v_2 (x w_1 (x w_2 (x b

(n^{1/3}_e n)^{2/3}_e^{− 1} + deg u(x / k )^{1/2} time K = +o n^{1/3}_e n)^{2/3} with M Kp(d +b − deg u(x M)p(b2^k +2^k +deg f_1 (x M) ≥ 1 . (4.47)

If B ∼ n^{2/3}_e n)^{1/3} M ∼ cn^{1/2}_e n)^{3/2} B ∼ cn^{1/2}_e n)^{3/2} M ∼ c′n^{5/12}_e n)^{25/12} B ≥ n^{1/3}_e n)^{2/3} M ≤ ≥ ≤ n. When B ≤^{− 1} n^{1/3}_e n)^{2/3} u(x

≤ c n)^2 ) = K^o Ksteps.

K^{...} K n

GF^n

n

Slinear v ∈ S

n^{2/3} g v, v ∈ S GF^n f(x form x^{2k} + f_1 (x f_1 (x g = g(x) = x f_1 (x

n = f(x) = x^{127} +x+ (x) = x^{27} +x^2 +x , and f_1 (x f_1 (x polynomials x^{2r} ≤ r ≤ n − f(x S xx^{2r} = 2^r n = f(x) = x^{127} +x+ 7 ≤ i ≤ 126, x^{2i} = (x^{27} )^{2i − 7} = (x^2 +x)^{2i − 7} = x^{2i − 6} +x^{2i − 7} , x^{2r} ≤ r ≤

i =0Σ 6 ε_i x^{2i} , ε_i =

r r.

1+x^{2r} = +x)^{2r} = x^r ,

ε_{− 1} +_{i =0}Σ^6 ε_i x^{2i} , ε_i = .

≤ n, f_1 (x u(x GF d v(x GF u(v(x d w(x u(v(x α w(x) = v(α u(x d over GF v(x GF α GF^d d u(x u(x) ∈ S (5.1), u(x)^{2k} = u(x^{2k} ) = u( f_1 (x .

If u( f_1 (x S v ∈ S. u( f_1 (x u(x u(x f_1 (x u(x

f(x) x^{2k} + f_1 (x) . (5.2) x f_1 (x f_1 (x) = f_2 (x^2 ) = f_2 (x)^2 f(x) x^{2k} + f_2 (x)^2 = (x^{2k− 1} + f_2 (x^2 , f(x f(x) x^{2k− 1} + f_2 (x f_1 (x f_2 (x f_1 (x f_1′(x) ≠ 0.

F_d (x) = x^{2d} +x (5.3) d f_1 (x xin F_d (x F_d ( f_1 (x = f_1 (x)^{2d} + f_1 (x) = f_1 (x^{2d} )+ f_1 (x) . (5.4) But f_1 (x^{2d} )+ f_1 (x) ≡ f_1 (x)+ f_1 (x) = F_d (x d u( f_1 (x irreducible u(x d

dx d F_d ( f_1 (x = f_1′(x)

F_d ( f_1 (x f_1 (x u(x d u( f_1 (x d (k, f_1 (x S/ f_1 (x u(x u( f_1 (x ≤ m u(x f_1 (x) = n = 127, f(x) = x^{127} +x+ u(x d u( f_1 (x d f_1 (x) > u( f_1 (x

S/ f_1 (x f_1 (x some k f(x n n = f_1 (x) = x^2 +x n f_1 (x) = with f_1 (x) = x k,

2^k log_xv ≡ log_xv^d − for dk, d = deg v(x f_1 (x) = x+

f(x) x^{22k} +x , f(x) 2k f(x) k n even n 2^2 log_xv ≡ log_xv^{* n} − v(x v^* (x) = v(x+ S/ f(x f_1 (x f(x k, f_1 (x n = 127, f(x) = x^{127} +x+ k = 7, f_1 (x) = x^2 +x for k = 14, f_1 (x) = x^4 +x.

f_1 (x f(x n f_1 (x) f(x n n = 127, f(x) = x^{127} +x+ ≤

S/

f(x GF^n f_1 (x f(x f_1 (x x f(x f(x f(x) = x^n +x^k + k ≤ x^n +x^{n − k} + f(x f(x

h(x) =_{i =0}Σ^{2n − 2} a_i x^i

h(x f(x

h(x) ≡_{i =0}Σ^{n − 1} a_i x^i +_{i =0}Σ^{n − 2} a_{i +n} x^i +_{i =k}Σ^{k+n − 2} a_{i +n − k}x^i f(x

h(x f(x x

n = f(x) = x^{127} +x+

n

f(x g(x g(x g(x g_1 (x h(x h(x g_1 (x g_1 (x h(x g(x g_1 (x) ≡ g(x)^a f(x h(x) ≡ g(x)^b f(x

h(x) ≡ g_1 (x)^{a * b} f(x where a^* ≤ a^* ≤ 2^n − aa^* ≡^n − .

(Since g(x g_1 (x a_1 2^n − = a^* exists.) f_1 (x modulo f(x

x f_1 (x → h(x f(x where f_1 (h(x ≡ f(x . h(x f_1 (x f(x n

h^* s g^s modulo f(x f(x h^* h_1^* = h_2^* , h_3^* ,... h_{k+1}^* ≡ h_k^* v_s f(x where v_s S v_s h_k^* h_k^* ≡_{v∈ S}Π v^{a v} f(x

w_1 and w_2 S g v, v ∈ S h_k^* GF^n ) 0}

Once h^* w_1 , w_2 h^* and f n w_1 , w_2 w_{1 j} and w_{2 j} j w_i p(r +s, m)p(r − s, m) ∼ p(r, m)^2 for s r p p = ×10^{− 8} p^2 = ×10^{− 8} γ_j , α_j

w_1 , w_2 equations.

w_i w_i ≤ m w_i w_i w_i w(x ≤ m w′(x w(x w(x (w′(x w(x =_iΠ y_i (x)^{a i /}

where w(x) =_iΠ y_i (x)^{a i} ,

y_i (x w (x) =_iΠ y_i (x)

i = ..., m

w^{(i)} (x) =

(w^{(i −} (x x^{2i} +x) w^{(i −} (x) . (5.8)

Since x^{2k} + x k, w^{(m)} (x) = w(x ≤ m.

degrees ≤ n n w^{(i)} w^{(i0 )} (x) = w (x i_0 = m− / i = i_0 + ..., m d, d ≤ m x^{2i} +x, i_0 +1 ≤ i ≤ m x^{2i} +x

u_i (x) ≡ x^{2i} +x w^{(i −} (x with u_i (x w^{(i −} (x u_i (x) ≡ x^{2i} +x w^{(i)} (x

u_{i +1} (x) ≡ u_i (x^2 )+x^2 +x w^i (x

w(x ≤ m was

w′(x)_{i 2}Π^m (x^{2i} +x w(x

>m

w(x

w_i ≤ m w_1 , w_2 u(x ≤ 2m u(x ≤ m+6, w_1 , w_2 u(x u(x u(x), deg u(x) > m w_1 , w_2 v ∈ S k pairs u(x h_i^* ≡ u^{a i}_{v∈ S}Π v^{bv (i)} f ≤ i ≤ k ,

a_i k− v ∈ S polynomials h_i^* (h_1^* )^{− a i 1} ≡_{v∈ S}Π v^{bv (i)− bv a i 1} f ≤ i ≤

N w_1 , w_2 w_i M (which ∼ n^{2/3}

Np(M, m)^2 w_1 , w_2 w_i S k > m ∼ M k ≤ m p(M− k, m)I(k^{− k} , where I(k k w_1 and w_2 k w_1 and w_2 ≤ m 2p(M− k, m)p(M, m)I(k^{− k} .

w_1 and w_2 k ≤ m is N w_1 , w_2 N_k ∼ 2 (M, m)p − k, m)I(k^{− k} (5.9) N_k N_k − M_k M_k k

M_k u(x k w_i I(k When N_k I(k is I(k

I(k)^{Nk}

(I(k)−^{Nk} ,

I(k)− I(k I(k)−^{Nk} I(k)^{− Nk} .

N_k + I(k − I(k)^{− 1} )^{Nk} − k N_k I(k

N_k + I(k − N_k (k − . (5.11) I_k ∼ 2^kk^{− 1} and p(M− k, m) ∼ p(M, m Mm^{− 1} log_e ) ,

N_k ∼ 2 Nk^{− 1} p(M, m)^2 (Mm^{− 1} log_e ) . (5.12) Since S 2^{m+1} m^{− 1} N Np(M, m)^{2 m}m^{− 1} N, k− m k ∼ m N_k ∼ 2^{− 2} (M, m)^2_e

∼ c′^{Np(M, m)2}

for m ∼ c(M log_e M)^{1/2}

N_k ∼ c I(m

[c − 2^{k− m} − − c 2^{m− k} I(m) k

n m M ∼ 65, m = about N ∼ ×10^8 w_1 , w_2 × 10^7. For M ∼ m = need N ∼ ×10^{10} N ∼ × 10^9 M ∼ m = N ∼ × 10^{11} and N ∼ × 10^{11} M ∼ m = N ∼ × 10^{12} and N ∼ × 10^{12}

v ∈ S m+ m+ ... .

w_1 , w_2

w_1 , w_2 w_i are S

S

n

Let p_k(r, m r k m p_k(r, m p(r, m p_k(r, m p_k(r, m w(x w^* (x w(x ≤ k Q(r, R, m, k w(x r degrees ≤ m w^* (x) ≥ R Q(r, R, m, k) =_{j≥R}Σ p( j, k)p_k(r − j, m) .

Let Q^* (r, R, k w(x r deg w^* (x) ≥ R Q^* (r, R, k) =_{j≥R}Σ p( j, k)p_k(r − j, r − j) .

k, R w_1 , w_2 w_1^* (x w_2^* (x) < R A w_1 (x w_2 (x ≤ m B of w_1^* (x w_2^* (x ≥ R v ∈ S p m)^{− 2} pairs (w_1 , w_2 m)^{− 2} (5.13) Q R, m, k)^{− 2} w_1 , w_2 Q^* R, k)^2 Q R, m, k)^{− 2}

≤ m

+^* R, k)^2 R, m, k)^{− 2} . (5.14)

+ + + +

<∼ 1/

w_i^* w_i ≤ k w(x w (x k k = (w^0 (x x^8 +x w^0 (x x^{16} +x

w (x x^8 + x x^{16} + x w(x w (x w (x (w(x x^8 +x w(x x^{16} +x w(x w(x w^{(i)} (x

n = n = n = 1279. u_1 (x u_2 (x ≤ B w_1 (x w_2 (x v_1 (x v_2 (x ≤ B− B ≤ m u_1 (x u_2 (x ≤ B v_1 (x) w_1 (x v_2 (x) w_2 (x v_1 (x) + deg v_2 (x) ≤ 2B− B u_1 (x u_2 (x GF ≤ 2B− B.

When u_1 (x u_2 (x w_1 (x ≤ m p(h, m w_2 (x

p(h2^k − n +B^k − + deg f_1 (x m) . Since B = O (n^{1/3}_e n)^{2/3} w_1 (x w_2 (x

S m^{− 1}2^{m+1}

S

v_1 (x v_2 (x w_1 (x w_2 (x B S B B S

v_1 (x v_2 (x

S Sequations − e^{− 1} ) S S S u_1 (x u_2 (x = (v_1 (x v_2 (x = ≤ B− ≤ m

≤ m− compute u_1 (x u_2 (x ≤ m v_1 (x v_2 (x ≤ B−

B+2− b u_1 (x u_2 (x b^b u(x ≤ m remaining b w_1 (x w_2 (x u(x b

v_1 (x v_2 (x ≤ 2B− w_1 (x)_1 (x) and w_2 (x)_2 (x

w_1 (x w_1 (x) = u_1 (x) x^{h − a} + u_2 (x) for a = w_2 (x) ≡ w_1 (x)^{2k} x^b f(x where b w_2 (x f(x u_1 (x u_2 (x u_1 =

2m rm for

any r > r = m ∼ c_1 (n log_e n)^{1/2} m ∼ c_1 (r n log_e n)^{1/2} c_2 c_2 (r) = r r −^{− 1/2}_e^{1/2} .

S^2 S

b_v(h v ε S polynomials h =_{v ε S}Π v^{bv (h)} .

h < n n nonzero b_v(h n n^{1/3} n^{1/2}

n −

− v_1 ,..., v_r

NP

O(N^2 N

Ax = y A N by N y N x_0

N P_0 = r_0 = y − Ax_0 ≤ N− x_i ,r_i p_i

a_i = (p_i ,Ap_i )

(r_i ,r_i )

x_{i +1} = x_i + a_i p_i r_{i +1} = r_i − a_i Ap_i

b_i = (r_i ,r_i )

(r_{i +1} ,r_{i +1} )

p_{i +1} = r_{i +1} + b_i p_i . (5.15e) r_i = 0 i ≤ N− x = y_i Ax = y.

Bx = y where B Ax = z A = B^TB and z = B^Ty B Ax = z Bx = y A

Ap_i p_i B B^T B can

coefficients.

p_i p_i , Ap_j ) = i ≠ j n − p_i is p_i , Ap_i ) = A p_i ≠ x_0 GF(q small q x_0 GF(q^t tεZ^+.

NQ GF(q^t Q B O N O N)^2 matrix B x_i , p_i , r_i i

GF^{127} ).

x in Ax = y A N by N GF(q v_0 ,v_1 v_{2N} K v_j K A^j y v_j y A A^j y O(KN) GF(q GF(q O(NQ A ≤ N:

j=0Σ^{N c}j^{Aj =}

k ≥ 0,

j=0Σ^{N c}j^{Aj+ky = 0 . (5.17)}

v_0 v_{2N}

j=0Σ^{N c}j^{zj . (5.18)} N O(N^2 GF(q K v_0 v_{2N} O(KN^2 ) K A. c_0 ≠ Ax = yfrom

y = A^0 y c_0^{− 1}_{j=1}Σ^N c_j A^j y (5.19)

= A − c_0^{− 1}_{j=1}Σ^N c_j A^{j− 1} y .

If A c_0 ≠ c_0 ≠ A

A_{j=1}Σ^N c_j A^{j− 1} c_0

Ax = y A M by N M > N (but M− N

A′^{of A N by N} (A′^{)Tx = z z A}′ A′^{x = y A}′ A′^A′ A A′^{x in Ax = y.}

v ∈ S h^* v_r ∈ S GF^n k, m B α β and γ satisfying M ∼ m^{− 1}2^m M M M+ M m

B . 2^k ≤m B . 2^k ≤m m is approximately

p(B2^k,m)

2^{− m} p(B2^k − m,m) ,

∼ 2^{− m} m^{− 1} B2^k B2^k ) . M 2^{− (m−} m^{− 1} B2^k B2^k ) . (5.20) B^k m that δM^{− 1} 2^{− 2} /3 = 2β^{− 3/2} /3 = =

M^{− 1} )^{2M} ∼ − 2δ) = 1/ M M irreducible m

M

m− m− M

2M . δM^{− 1} M^{− 1} )^{2M− 1} ∼ 2δ − 2δ) = /2 = M α 0.

α

u i j j are i u

j ≤w_1 ≤ w_2 ≤ ≤ w_k w_i weight w_i (w_i − k− − w_i − (k− = (w_i − k− − w_i . (5.21) w_i w_1

M M α M by α M

M δM^{− 1} δM^{− 1} 1/

GF^{127} m=

GF^{127} GF^{127} m =

GF^{127} m =

<∼

m = m = GF^{127} GF^{127}

GF^n

w_1 , w_2 obtain S

S p m)^{− 2} w_1 , w_2 the w_i S w_i w^{(i)} (x

(w_1 , w_2

n

so. 8 operations

7

9

8 8

7

8

∼ 3

∼ n S p m)^{− 2} w_1 , w_2 mn operations.

w_1 w_2

n 2^{m+3} p m)^{− 2} (6.1)

g v, v ∈ S n as m m ≤ 40

n m × 10^{11} 19 × 10^{13} 23 × 10^{15} 26 × 10^{16} 29 × 10^{18} 32 × 10^{19} 35 × 10^{21} 37 × 10^{22} 40 × 10^{25} 40

n and m × 10^7 × 10^{14} × 10^{15}

M × 10^{14} M × 10^{16} M

n >∼ n <∼ 4 × 10^{18} n >∼ n >∼ 280, 6 × 10^{22} n <∼ n >∼ 420.

GF^{127} GF^{127 12}

n − n-bit

n n n clock n^{− 1}10^7 and n^{− 1}10^{9 n} − 8 8 /^2 ) ∼ 10^{10} n^{− 2} 11 n^{− 2} n = ×10^{22} m = ×10^{10}.

m = m = ×10^{22} m ≤ n <∼ n >∼ n <∼ 6 n >∼ 500.

equations. w_1 (x w_2 (x) v_1 (x v_2 (x w_1 (x w_2 (x (w_1 , w_2 w_i S n h 6mh h2^{m+4} p(h, m)^{− 1} p(M, m)^{− 1} with M = h2^k − n +2^kd_1 − d_2 +deg f_1 (x^k − d_2 u_i (x) ∼ deg v_i (x) ∼ d_i, i = u_1 and u_2 p(h +d_1 , m)p(M+d_2 , m^{d1 +d2 +1} >∼ m^{− 1}2^{m+2} f_1 (x n m ≤

approximate n^k_1 d_2 ×10^{11} ×10^{13} ×10^{15} ×10^{17} ×10^{18} ×10^{20} ×10^{22}

m n m S ≤ m′^m′^+

n^k_1 d_2 ×10^{12} ×10^{11} ×10^{14} ×10^{13} ×10^{16} ×10^{15} ×10^{19} ×10^{18} ×10^{21} ×10^{20} ×10^{24} ×10^{23} ×10^{26} ×10^{24} ×10^{30} ×10^{29}

n <∼ n <∼ n >∼

n >∼ n <∼ isn’t.

4 n <∼ n ∼ m = 3

6 n <∼

n = 6

n >∼^6 n ∼

GF(p), p prime

GF(p),

about L^{/ 1/2} = L where L L = +o_e p log_e log_e p)^{1/2} n . (7.2) L

L^{1/2} [20]. GF(p p, GF(p p

L L^1

p L.

p a,b c all O(p^{1/3} a^3 ≡ b^2 c p a^3 ≠ b^2 c

L^{/ 1/2} = L (7.4) a,b c p p = a^3 − c for c = O(p^{1/3} ), b = constructing a,b c

GF(p p GF GF GF(p), p prime.

GF(q

p p q − p

p p p p <∼ 10^{25} p >∼ 10^{40}

q − GF^{n n} − n −

607 −^{1279} −^{2203} − n − n for n − >∼ 10^{40} n n − 373 −

values n = n = n

between n = n = n 2^n − n

GF^n GF(q fields GF(p^2 p GF(p

GF(p^2 GF(p^2 GF(p^n n

p + GF(p^2 GF(p).

GF^{127} p − 1. p 2^p − 2 3 5 7 13 17 19 31 61 89 107 127 521 607 1,279 2,203 2,281 3,217 4,253 4,423 9,689 9,941 11,213 19,937 21,701 23,209 44,497 86,243 132,049

GF^{127}

Once n

GF^n

When n 4

p − p Pn n PRPn n digits. p^p − 1 . P44 . P56 . P52 . P66 . P74 . P80

. 85798519 . 23487583308 . . 78952752017 . P57 . 865118802936559 . P72 . P105

. 76025626689833 . P97 . PRP261 . PRP311

n

GF^n

GF^n GF(p p p ∼ 2^n GF^n GF^n n are

p^{n − 1} < p < 2^n

GF^n n^n − 40 n

n ≥ n n ≥ GF(p) with p GF^n p p − p >∼ 2^{750} GF^n n >∼ 2000. p p p − p − g modulo p

GF(p p − p

250

GF(p).

Acknowledgement

N(n,m) GF of degree n ≤ m.

Let I(k GF k

I(k) = k 1 Σ^{μ(d}

where μ(d bius μ I(k),

I(k) = k^{− 1}2^k + O(k^{− 1}2^2 ) . (A.2)

N(k = k = N(k = k ≠ N(k,m) = k < m ≥ n, m > 0:

N(n,m) =_{k=1}Σ^m_{r ≥ 1}Σ N(n − rk,k− rr +I(k)− 1) . (A.3)

f(x n ≤ m f(x) = g(x)_{u(x)}Π u(x)^{a(u(x} ,

u(x k k ≤ k ≤ m, Σ a(n(x = r r ∈ Z^+ g(x n − rk ≤ k− kand r N(n − rk,k− g(x Π u(x)^{a(n(x} I(k r

( r r +I(k)− 1) .

p(n,m

I(n n.

(n) __________

N(n,m

n and m

f_m(z) =_{k=1}Π^m − z^k)^{− I(k)} (A.4)

and

b(z) = f^m

f′^m_{(z)} ′ =_{k=1}Σ^m I(k) 1− z^k k(k− z^{k− 2} + − z^k)^2 k^2 z^{2k− 2} . (A.5)

1/100 ≤ m ≤ n99/100

N(n,m) ∼

2πb(r_0 )

− 1/2

f_m(r_0 )r_0^{− n}

= r_0 = r_0 (m,n)

r f_m

f′^m_{(r) = (A.7)}

n^{1/100} ≤ m ≤ n^{99/100}, then

N(n,m) = 2^n n m +o . (A.8)

n^{1/100} ≤ m ≤ n^{99/100} ≤ k ≤ 2m, then

N(n,m)

N(n +k,m) ∼ 2_k m n log_e m n . (A.9)

f_m(z) =_{k=1}Π^m +z^k +z^{2k} +...)^{I(k)} =_{n =0}Σ^∞ N(n,m)z^n . (A.10)

N(n,m) = 2πi 1 z=r ∫ fm(z)z^{− n − 1} dz (A.11) = 2π 1 ∫^π fm(re^{iθ} )r^{− n}e^{− inθ} dθ ,

where r < r < r = r_0 by

k=1Σ^{m I(k)}_{1− r} k^{krk = (A.12)}

Since I(k) > r = r_0 < r_0 < r_0

and f_m(r_0 n^{1/100} ≤ m ≤ n^{99/100}, n

r = m α log n −_{− 3} 10_3

e

k=1Σ^m_{1− r} k^{I(k)krk =}_{k=1}Σ^m_{1− r} k^{2kr k + O}

as n m satisfying n^{1/100} ≤ m ≤ n^{99/100}

k=1Σ^m_{1− r} k^{I(k)krk =}_{k=1}Σ^{m 2kr k + O}

= 2r

2r − 1

2^mr^m − 1 + O

= α log n m +O(n +m^{− 1} log n n_α .

r = r_{0 0} satisfying

α_0 = + + o n)^{− 1}

α_0 ∼ log n log as n

2^mr_0^m_0 nm^{− 1} log (A.17)

k=1Σ^{m − I(k − r}0^{k ) =}_{k=1}Σ^{m k− 12kr}0^{k + O}

b(r_0 ) = (

f_m f_m′

(r ′^{r =r 0 =}_{k=1}Σ m 1− r^{0k}

I(k)k(k− r_0^{k− 2} + − r_0^k )^2

I(k)k^2 r_0^{2k− 2} ∼ 4 mn

( f_m f_m′

(r _{r =r 0} = O(m^2 n) . (A.20)

θ_0 = m^{− 1/2} n^{− 599/1200} .

a(r_0 ) = log f_m(r_0 ) − n log r_0 , 0,

log f_m(re^{iθ} ) − n log r − in a(r_0 ) − 2 1 b(r_0 )θ_2 + O(m_2 nθ_3 )

= a(r_0 ) − 2 1 b(r_0 )θ_2 + O(m_{1/2} n_{− 199/400} ) .

Therefore

2π 1 ∫_0^{θ0} fm(r 0 e^{iθ} )r0^{− n}e^{− inθ} dθ

= πb(r_0^{− 1/2} f_m(r_0 )r_0^{− n} +O(m^{1/2} n^{− 199/400} .

θ_0 z = re^{iθ}, r = r_0

m^* =

log f_m(r) − log f_m(z)_{k=1}Σ^m I(k 1− r^k

1− z^k

=_{k=1}Σ^m k^{− 1}2^k {log 1− z^k − r^k)} + O

=_{k=1}Σ^m k^{− 1}2^kr^k − cos kθ) + O

≥ m^{− 1}2^{m*} r^{m*}_{k=m*}Σ^m − cos kθ) + O . (A.21)

If 10^4 m^{− 1}

= m^{− 1}2^{m*} r^{m*} m− m^* + θ/2 m + 2 1 ) m_* + 2 1 )θ + O

≥ 10^{− 4}2^{m*} r^{m*} + O

≥ 10^{− 5} ( )^{999/1000} + O . (A.22)

If θ_0 10^4 m^{− 1}

1− cos k 1− cos kθ_0 ≥ 10^{− 3} mn^{− 599/600} , m^* ≤ k ≤ m ,

≥ 10^{− 6} m^{1/1000} n^{1/1500} + O . (A.23)

θ_0 ,

log f_m(r) − log f_m(z) n^δ ε, 0.

b(r_0 )∼4mn

− n log r_0 = n − m n α_0 log n (A.24)

= n − +o m n log m n .

2^kr_0^k = O(n^{1/2} m^{− 1/2} log n k ≤ so k=1Σ^{m k− 12kr}0^{k = O(n1/2 m− 1/2 n)2 ) + O(nm− 1}

log f_m(r) = o( m n log m n ) .

r_0 = r_0 (n, m n n m r

∂r ∂n r_{= r 0}

∼ 2mn

r − r_0 O(n^{− 1} ),

∂r^2

∂^2 n = O(m_2 n) .

≤ k ≤ 2m,

r_0 (n +k, m)− r_0 (n, m) ∼ k mn)^{− 1} . (A.26)

Therefore

log f_m(r_0 (n +k, m − log f_m(r_0 (n, m

f_m f_m′

(r_0 (r, k + O(δ^2 M

where

M =_{r 0 (n, k) ≤ r ≤ r 0 (n, k)} max ( f_m f_m′

)′ (r) O(mn

log f_m(r_0 (n +k, m − log f_m(r_0 (n, m ∼

b(r_0 (n +k, m ∼ b(r_0 (n, m ∼ 4mn ,

r = r_0 (n, m),

N(n, m)

N(n +k, m) ∼ ) r_{− k} r_{− 1} )_{− n}

∼ r^{− k}

∼ 2^k( m n log m n )_− p(n,k) GF n will ≤ k n 1 ≤ k ≤ 40.

n = 10

n = 20

n = 30

n = 40

n = 50 n = 60

n = 70

n = 80

n = 90 n = 100

n = 120

n = 140

n = 160

n = 180 n = 200

n = 250

n = 300

n = 350 n = 400

n = 450

n = 500

References

cryptography,

numbers, n −^n GF^n

1977.

Sparsity

GF^n ’82,

b^n ±1 =

Math.

, 42 330. GF^n Computing

Theory

GF(p^2 ), IEEE

IEEE

Prentice-

IBM

GF(q

≤ x > y

GF^p ),

≤ x >y

,

(1969), 122-127.

GF(p

p), m),

Math.

Proc.

in

appear.

GF^n ), 356.