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e Standard minimum compliance truss design.
¢ Instabilities and the standard multiload model.

¢ Random Perturbations: Minimizing the
expected compliance.

e Numerical examples.
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Introduction

Definition.

e Problem: find the best structure capable to carry a
external nodal force.

¢ Constraints: mechanical equilibrium , total volume
and others ...

e Minimize the compliance.
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1
min = 1w
YA u 2

st. K(y, N)u=f
A€ Ay,
ye Vi x...x Vy.

Design variables

e \:vector of bar volumes (topology).

e . nodal positions (geometry).
> fTu is called Compliance.
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Minimum compliance truss design

p. 5/4



Matematical formulation

A € R™: m number of bars.

1
min §fTu
y € RY: N number of nodes. y”\:‘ Ky Nu o f
s.t. SA)u =
n grades of fredom. /
AE A,

f € R™ nodal load vector.
u € R™ nodal displacements.

yeVix...x Vy.

m
Apm={AeR™|A>0, S\ =1}
=1

K(y,\) € R™*" stiffnes matrix.
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Stiffnes Matrix

Kil) = o) € R

remmark K; is dyadic (K; = b;b!).

e F;: Young modulus.
e /;(y): length of bar i.
e 7;(y): cosines/sines vector.
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ground structure approach

e geometric variable = (D) Is very dificult
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ground structure approach

e geometric variable = (D) Is very dificult

e solution: ground structure

e Nodal positions are fixed in the reference
configuration (y is fixed).

e \We use a mesh full of nodes and bars.
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\

b

Tipically a large number of bar vanish at the optimum.
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min —f u
AeR™ ueR™ 2

st. KMu=f
A€ Ay,

%fTu IS Independent of the choice u satisfying
KMu=f.
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Minimax Formulation

1
P min max {-2f K;x — fL2}.
) rER"™ 1<z<m{ ’ f }

ual of (P) Is the design problem (D).
advantages
» reduction of the dimention.

» The proof of equivalence between (P) and (D)
don’t use the dyadic structure of matrix A;.

disadvantages

e Lost of differentibility of the objective function.
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nstabilities and the standard multiload model
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Example

he design problem (D) may produce insatisfactory
results in respect to mechanical stability
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Multiload model

andard multiload model

min — Z o7, iju]

AER™ 2

stK() =f1, j=1,...,k
Ae A,

We minimize a weighted average of the compliances.
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Random Perturbations: Minimizing the
expected compliance.
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Random load model

t £ € R™ be a perturbation on the load vector ;.

%(f + 6Tz if X e A, and u € R™ such that
U(E ) = K(Mu=f+¢,

+00 otherwise
U (R", B(R")) = (RU {+oc}, B(R))

Results to be proper, lower semicontinuous and
convex.
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Random load model

r heach \ € A,,

TU(,A): (R%,BR") — (RU{+oo}, BR))
§ - V(g M)

IS measurable.
We asume that ¢ Is a random variable corresponding
to an uncertain nodal load perturbation

& (LA — (R® B(R"))
w e §(w)
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Random load model

Inimum expected compliance design problem

D; P) min Fe[U(S, )]

Remmark: Vy, =Im K(A\) = {K(Mu | u € R"}

Ee[U(¢, V)] = /V W (€, N)dP(w) + coP{V{}

Iif V\ # R™ it may ocurr that E[¥(, \)] = +o00 Whenever
P{f+ &€V} >0= Xis not a feasible member.
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. P1{¢ € B} =11f 0 € B and 0 otherwise.
We obtein the clasical single load model.

2. 1Py with finite support Sop(IPs) = {¢1,..., &5}
. T
(D;Py)  min o Za !
s.t. K( Wl = i, i=1,...,k
AE A,

(D;Py) Is the standard multiload model where
=P(¢=¢)and fi=f+& j=1,... k.

. Optimal design of trusses

Example: discrete perturbation
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Continuos case
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Continuous case

eorem 0.1. Let £: 2 — IR™ be a continuous random variable
ith mean vector [£(£) = 0 and Variance—covariance matrix

ar(¢) = PPT, with P € R™*F
hen the corresponding minimum expected compliance design
problem (D; IP) is given by

1 1

D: P in - flu + = Trace(P!
(D; P) min 2f U+ race(P” U)
—— - - ~/
mean load variance
st. K(Mu=f
KMNU=P
AEN,,.
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he choice v and U satisfaying K(\)u = f, and
(AU = P respectively.

emmark p/, j =1,.... %k, columns of P
Defining

A

f _ (ijplT7 o 7ka)T c ]I{n(k-l—l)7

K; = diag(K;, K, . . ., K;) € Rk xn(k+1)
m
K(\) =Y NK;,
=1

Then (D;P) may be written as a multiload model.

. Optimal design of tru

Continuous case

emmark f7v and § Trace(P?U) are independant of

Sses. — p. 22/



Example

andom one dimentional preturbation

¢ = ed, where
d € R", E(¢e) =0, Var(e) = 2.
Then E(¢) = 0 and Var(¢) = odd?

1 1
D: P in —fly+ —gd!

st. K(Mu=f
K(Av =ad
Ae AN,
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il
o example

andom multidimentional independant

erturbation
£ =" e;d, where
2

d e R", ]E(é‘j) =0 and Var(sj) =05

ol 1 p—_—
(D;Py) min §f u+520jd7 u’

j=1
st. K(Mu=f
K\ =o;d j=1,...,k
Ae AN,
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Stochastic model including variance

e consider

min aBe[W(€,\)] + 8 Var[¥ (€, \)

Example: ¢ ~ NV (0, PPT).
Taking for simplicity « =0 and 5 =1

1
(D; Pyar) )\mﬂi{n 5 (Trace((PTU)2) + QfTUUTf)
E m

st. KMu=f
K(\U = P
A €E A,

. Apparent harder to solve.



Numerical results
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Toy example
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Problem max min
mean | compl. | compl.

Standard i +00 +00

single load

(a) 0.025 0.053 0.013

(b) 0.023 0.051 0.012

Toy example, Ben-Tal and Nemirowski 1997 — p. 28/
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Electricity mast

I Electricity mast , Achtziger et al. 1992 — p. 32/
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Michel 3D
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Michel 3D
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Cantilever
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I Cantilever , Achtziger 1997 — p. 36/



Conclutions

Clasical model (one load) don’t get good results .
» Random model helps to avoid this problem.

« It's equivalent to multiload one, but another
Interpretations in weight factors holds.

e We have to know the influence of each
perturbation.

e Increase the dimention of the problem.
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stability result

mma 0.1. Let A € A,, and C be such that C >
max fTu] with K(AN)u; = f;, 5 =1,..., k. For each

e conv{fi,..., fx, f1, ..., —fr}, there exists u € R"
atisfying K (A\)u = f and moreover C > 1 f1u.

~.Conv{fy ..., f, ,
y _fl ..... - fk}

Figure 1: Convex Hull of f1,..., fx,—f1,...,—f&

. Cantilever , Achtziger 1997 — p. 41/



self weight




self weight




G “{:%"E"

s |

I_I:_*Sfl o]

cumple el siguiente resultado:

heorem 0.2. Sea (z*, u*) solucion del problema (Q P),
ntonces existen o, 0~ € R’" tales que definiendo

1
N=—(oc"+0"
e )

se cumple que el par (z*, \*) es solucion de (D), (el problema de
diseno).

l Cantilever , Achtziger 1997 — p. 44/



P) es equivalente a (LP)

(LP) min —flx

reR"
sa. ble<1 i=1,...,m
—b;-rxgl 1=1,....m

I Cantilever , Achtziger 1997 — p. 45/



heorem 0.3. Sea Z solucion del problema (L P) con vectores
ultiplicadores p™, p~ € R™?, entonces

l Cantilever , Achtziger 1997 — p. 46/
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