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Last passage percolation and Airy,

i.i.d. geometric weights w;j, i,j€ Z*.

m+n

GP'(m,n)= max Z Wy,

7:(0,0)— (m,n) i=0



Last passage percolation and Airy,

i.i.d. geometric weights w;j, i,j€ Z*.
.................................. ¢ m+n
G*(m,m)= max W,
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Last passage time fluctuations:

G*'(N,N) = ;N + CZN%(GUE

[Johansson ’00]




Last passage percolation and Airy,

Nl N O(N5)

i.i.d. geometric weights w;j, i,j€ Z*.

G'(mn= max Y wy,.

Last passage time fluctuations:

GP(N,N) = c; N+ &:N3{Gug

[Johansson ’00]

N

Spatial fluctuations: Let
G(N + csN?Bu,N— csN?3u) — | N

1
N3

Hy(u) =

Then Hpy(u) oo (1) — 1P with o, the Airy, process.

N—o0
[Préahofer-Spohn '01, Johansson '03]



Point-to-line last passage percolation
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In particular

Gline (N) — caN
CgN1/3

Now choose among all paths 7 of length 2NV
x(N): endpoint of the maximizing path

Gine(y) = ‘Irlla%Gpt(N— u, N + 10).
u|l=s

= max Hpy(w)

uec;' N2, |lu|=c;' N3



Point-to-line last passage percolation

(V) Now choose among all paths 7 of length 2N
g g
e N, N)
x(N): endpoint of the maximizing path
T i
Wij | line t
G™(N) = max GP' (N — u, N + u).
lul<N
In particular
Gline —oN
N3 uec;' N-2537, lul<c; ' N3

\\/) :ZGOE [Baik-Rains '00]



Point-to-line last passage percolation

(V) Now choose among all paths 7 of length 2N
g g
NN
x(N): endpoint of the maximizing path
T i
Wij | line t
G™(N) = max GP' (N — u, N + u).
lul<N
In particular
Gline —oN
N3 uec;' N-2537, lul<c; ' N3

\\/) :ZGOE [Baik-Rains '00]

and therefore [sup {sto (1) — 1*} 4 { GOE} [Johansson '03]
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T N

Point-to-point, gn(x) =1,



T N

Point-to-line, gy=1
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General case, gy g under diffusive scaling

— 00

One expects that the limiting fluctuations of the last passage time
are distributed in this case as

sup {«h (w) — 1* + g(w)}

uelR



Continuum statistics of the Airy, process

— _ Xt
IF’(.sdg(tg)sxo,...,dg(tn)sxn)—det([ PKD P")Lzmo ’’’’’ )



Continuum statistics of the Airy, process

P(&@(tﬂ) S X0, () x”) - dEt([_ P"K/(\f?tp")ﬂ({m e In} X R)

= det(I - Ky + Py, @ WP, ei~DH ... p olin=Hp sy o 0
[Préahofer and Spohn '02]

H= —Oi +x Airy Hamiltonian, Kp; Airykernel, Pgf(x) = 1y=qf(x)



Continuum statistics of the Airy, process

P(&b(t‘)) S X0, () x”) - det([— P"K/(\?impx)ﬂum e In} X R)

= det(I - Ky + Py, @ WP, ei~DH ... p olin=Hp sy o 0
[Préahofer and Spohn '02]

H= —Oi +x Airy Hamiltonian, Kp; Airykernel, Pgf(x) = 1y=qf(x)

Theorem (Corwin-Quastel-R '11)

Forge H'([¢, 1)),

P(s#2(8) < g(0) + £ for £ [£, 1) = det(I - Kni +©F, "V Kyy),

where ®fz 1 f(0) = u(r,x) is the solution operator at time r of the b.v.p.
{0;u+Hu=0 x< g+t

ut,x)=0 x=gt)+1

} with u(?,x) = f(x)




Continuum statistics of the Airy, process

P(&b(t‘)) S X0, () x”) - det([— P"K/s?tp")ﬂum e In} X R)

= det(I - Ky + Py, @ WP, ei~DH ... p olin=Hp sy o 0
[Préahofer and Spohn '02]
H= —Oi +x Airy Hamiltonian, Kp; Airykernel, Pgf(x) = 1y=qf(x)

Theorem (Corwin-Quastel-R '11)

Forge H'([¢, 1)),

P(s#2(8) < g(0) + £ for £ [£, 1) = det(I - Kni +©F, "V Kyy),

where ®fz 1 f(0) = u(r,x) is the solution operator at time r of the b.v.p.
du+Hu=0 x<gt)+1
ut,x)=0 x=gt)+1

} with u(?,x) = f(x)

Application 1: direct proof of sup {« (1) — u*} 4 Zook.

ueR



Continuum statistics of the Airy, process

P(&b(t‘)) S X0, () x”) - det([— P"K/s?tp")ﬂum e In} X R)

= det(I - Ky + Py, @ WP, ei~DH ... p olin=Hp sy o 0
[Préahofer and Spohn '02]
H= —Oi +x Airy Hamiltonian, Kp; Airykernel, Pgf(x) = 1y=qf(x)

Theorem (Corwin-Quastel-R '11)

Forge H'([¢, 1)),

P(s#2(8) < g(0) + £ for £ [£, 1) = det(I - Kni +©F, "V Kyy),

where ®fz 1 f(0) = u(r,x) is the solution operator at time r of the b.v.p.
du+Hu=0 x<gt)+1
ut,x)=0 x=gt)+1

} with u(?,x) = f(x)

Application 2: endpoint distribution, I = Al,im N72By(N).
—00
[Moreno-Quastel-R "11]



Continuum statistics of the Airy, process

P(&@(t‘)) S X0, () x”) - det([— P"K/s?tp")ﬂum e In} X R)

= det(I - Ky + Py, @ WP, ei~DH ... p olin=Hp sy o 0
[Préahofer and Spohn '02]
H= —Oi +x Airy Hamiltonian, Kp; Airykernel, Pgf(x) = 1y=qf(x)

Theorem (Corwin-Quastel-R '11)

Forge H'([¢, 1)),

P(s#2(8) < g(0) + £ for £ [£, 1) = det(I - Kni +©F, "V Kyy),

where ®fz 1 f(0) = u(r,x) is the solution operator at time r of the b.v.p.
du+Hu=0 x<gt)+1
ut,x)=0 x=gt)+1

} with u(?,x) = f(x)

Application 3: numerical study of persistence probabilities
P(sto (1) < my, t€[0,L])

[Ferrari-Frings '13]



The polymer endpoint distribution compared to a Gaussian with the same

4
variance. The tails decay like e3%
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Contour plot of the joint density of .# and I~



Similar formulas hold for many other processes
General theorem proved in [Borodin-Corwin-R '13].

I will just focus on some examples.



Similar formulas hold for many other processes

General theorem proved in [Borodin-Corwin-R "13].

Airy; process [Quastel-R’ 13]
governs the spatial fluctuations of
last passage times with flat initial
condition.

For ge H([¢, 1),

P(s (1) < g(0) for t€ £, 1) = det(I- By +©F, , """ By),

where G)[g[ i [(x) = u(r, x) is the solution operator at time r of the b.v.p.
{atu+Au:O x< g

ith u(¢,x) =
u(t,x) =0 ng(t)} with u(¢,x) = f(x)

with Bo(x, ) = Ai(x+), e™Bo(x,y) = 37 " VAj(x+ y+ a®) VaeR.

Applications: e The paths of the Airy; process are Holder %—.
» The Airy; process is “locally Brownian”.
« Numerical study of Airy; persistance probabilities.



Similar formulas hold for many other processes

General theorem proved in [Borodin-Corwin-R "13].

Airy,_., process

governs the spatial fluctuations of
last passage times with half-flat
initial condition.

For ge H'([¢,1]) (and @ =0), (-a)

P(sto () < g(1) + 120 for t€ [£,71)

— g L-nA
—det(I—K2~1+®M,r]e Kz_.l),

where @‘[q[ 1 f(x) = u(r,x) is the solution operator at time r of the b.v.p.

{Gtu+Au:0 x< gD+l

‘th [’ =
u(t,x) =0 ng(f)+t21t>0} with u(4,x) = f(x)

)
with Ko (x1,x2) = Kpj(x1,x2) +f dA Ai(x; —A)Ai(x + A).
0



Similar formulas hold for many other processes

General theorem proved in [Borodin-Corwin-R '13].

N0 — N

Stationary GUE Dyson B.M. Mo — T e

. . ' W
evolution of the largest eigenvalue ofa "N T~ e
GUE random matrix with each entry T T~

undergoing independent : W
Ornstein-Uhlenbeck diffusions W
ANND Ameo

For ge H([¢, 1),

P(A1,n(0) < g(0) for t€ [€,71) = det(I- Kfy,, + 05, e OPKE ),

where G[g[ 1 f (%) = u(r,x) is the solution operator at time r of the b.v.p.

{6,u+Du:0 x< g1

ith u(¢,x) =
u(t,x) =0 ng(t)} with u(t, x) =19

with D=-10@%-x*+1) and K., =Y pr()@k(y), where
x12

@) =e " "“pr(x) and py is the k-th Hermite polynomial.



Back to the Airy, process

Question: Can we get a formula for P« (1) < g(1) + £ ¥ t€ R)?
We have
P(eto() < g(0) + £ for t€ [~L, L]) = det(I — Ky; + "7 K508 e Ky;),

Using Feynman-Kac to find @*E yields

2713_
0% (x1,xp) = 31 " ITRLp2L, ) — xy)

XP_ 120012 (B() < g0 on [-L,LJ).



Back to the Airy, process
Question: Can we get a formula for P« (1) < g(1) + £ ¥ t€ R)?

We have
P(eto() < g(0) + £ for t€ [~L, L]) = det(I — Ky; + "7 K508 e Ky;),

Using Feynman-Kac to find @*E yields

O (11, x2) = €31 "R paL, 3y — 1)
XP_ 120012 (B() < g0 on [-L,LJ).
Then one proves that
e_ZIHKAiG‘)ie[ZHKAi(xbxz) = KAieélAéie_ngKAi

(this makes sense because Kaj = ByPyBy and e_SABo is ok)

with
0% (x1,X%2) = pQL, x1 — %)P_p 31,5, (B(®) < g(1) on [-L, L]
=P_1x, (B(t) = g(®) on [-L L], B(L) € dx) / dx;.



g(1)

4

1 .
X1 i

+—> [
Ty L
= _=L \J g
) on [-L,0])
& fgm) P—Lx1;Lx (B(0) € dy)P_,x,;0,y (B(1) < (1)

© = —Lxi;L,
07 (x1,x2) .

x Pg,y;Lx, (B(1) < (1) on [0, LJ).



X1 T
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+
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~g g(0)
07 (x1,x2) =f

—00

L
dJ’[P(L,xl -¥ _.[0 dn Py(tg €dt) p(L—t1,x1 —g(—l‘l))J

L
x (P(L,xz - _jo drp Py(T;I €di)p(L— 1, X *g(fz))).



A

\
~

g(0) L B “HA
e 188 e A (xy, xp) = f ] fo dnPy(rg € dne” " (gl-n),x)
—00

L —_
x (6,62,),—](; dty [P’y(rg edt)e tzA(g(tz)JCz)).



Theorem (Quastel-R ’14)

Forge HllOC(R) such that g(t) = c—yt* for some ce R, y € (0,3/4),
KAj - KAi e_LA@ie_LAKAi L_’ KAi - KAnggoKAj
— 00
in trace class norm, where

g(0) o)
dy[6xl_y—/0 dnPy(r, € dn)e " (g(—1),x1)

Q8. (x1, x2) =f

X

Bryey— fo APy (v} € diy)e " (gty), x2)

As a consequence, for such g we have

P(ata (1) < g(1) + £* VY t € R) = det(I — Kpj + Kai Q8 Kai).



Theorem (Quastel-R ’14)

Forge HllOC(R) such that g(t) = c—yt* for some ce R, y € (0,3/4),
KAj - KAi e_LA@ie_LAKAi m KAi — KAnggoKAj

in trace class norm, where

g
Q§o(x1,xz)=f dy[ﬁx1 -y f dnPy(r, € dn)e " (g(—1),x1)

x |84y~ fo APy (v} € di)e " (g(tr), %) |

As a consequence, for such g we have

P(ets(f) < g(0) + 2+m Y teR) = det(] K + Ky Q8 KAl)



Theorem (Quastel-R ’14)

Forge HllOC(R) such that g(t) = c—yt* for some ce R, y € (0,3/4),

KAj - KAi e LA @% e_LA KAi L KAi - KAnggoKAj

— 00
in trace class norm, where

- g(0)
QOO(xIJXZ) :f dy

—00

(o0}
- fo dn Py(ty € dn)e " (g(- 1), x1)

(o0)
X [5,62,),—[0 dtg[P’y(T;Z €dtg)e_t2A(g(l‘2),X2)

As a consequence, for such g we have

P(sto(1) < g(1) + £ +m ¥ € R) = det(I - Kni + KnO " Kai).

Example 1: If g(0) = 0, g(f) = oo for £ # 0, then Q5. " = P,,, so that
det(]— Kaj + KAngmKAi) =det(I] — Kpi P,y Kpi) = Fgug(m).



Theorem (Quastel-R ’14)

Forge HllOC(R) such that g(t) = c—yt* for some ce R, y € (0,3/4),
KAj - KAi e_LA@ie_LA KAi m KAi — KAnggoKAj

in trace class norm, where

- g(0)
QOO(xI)XZ) :f dy

—00

(o0}
- fo dn Py(ty € dn)e " (g(- 1), x1)

(o0)
X [5,62,),—/0 dtgﬂ)y(‘[g €dtg)e_t2A(g(l‘2),X2)

As a consequence, for such g we have

P(sto(1) < g(1) + £ +m ¥ € R) = det(I - Kni + KnO " Kai).

Example 2: If g=0, then Qggmf(x) = f(x) — f(2m— x) so that

det([— R+ KAng;mKAi) = det(I— Kni(I — 0m) Kai) = Fgoe(@'*m).



Example 3: square-root boundary,
g(t) = biV—1t1sco+ b2V 11 =0.

Here I]Dy(rg € dt) is explicit: for g(1) = bVt (t=0), this measure has
density

o0 zvn(b)Jrl(Zt)vn(b)fl(yZ/z)fvn(b)

Py,b(t) = Z L 2
n=1 GV‘I’(Vn(b),E, T)

with ¥ the Tricomi confluent hypergeometric function

:LIFI(BlZ_Z)_ van V(2R3 2
I'((1+p)/2) 272727 T(pl2) 2’22
1

and (v (b)) n=0 the negative zeros of ¥(v, 3, %).

o,

v(£,3.5)



Example 3: square-root boundary,
8(8) = biv=1l<o + b2Vl 120,

Here [P’y(T§ € dt) is explicit: for g(1) = bVt (t=0), this measure has density

o HVn(B)+1 5 avn(b)-1 —vn(b)
o= 3 2 1) 1(}/;/2) ,
n=1 ¥ (vn(b), 3, %)

with W the Tricomi confluent hypergeometric function

P12y VI pp 12y V2o dips 2
\P(Z’Z' 2)_1"((1+p)/2)1F1(2‘2’ 2) F(p/z)lFl( 22 2)

i

and (v (D) ;;( the negative zeros of (v, £, & ).
With this we get
P(sto(D) < b1 V=1lico+ bVl im0+ £ + mV t € R) = det(I — Po(Kai — T'n) Po)
with
Tn(x1,%2) = f_ (; dy fo an fo "y Dy, (1P, (1) €20 /3= 10D VE)
x Ai(x) + b1 /11 + ) Al + bp /1 + )

0 0o
—f dyf drAi(x; +y+ m)py,b2 (t)e_ZZS/?’_t(x”bz‘/t) Ai(xp + bz\/;+ t2)
—00 0

0 0o
_f dyf dtpy, p, (D€ 2BV pi(e by i+ 2) Az + y+ m).
—00 0



