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ABSTRACT. We study an approximation of a Markov process associated to the boundary of an infinite rooted
tree. This approximation is constructed by projecting the infinitesimal generator of the original process
(defined in the boundary) onto the spaces associated to the filtration spanned by the successive levels of the
rooted tree.

1. INTRODUCTION

Every (finite or locally-finite) rooted tree can be associated with a tree matriz, constructed by assigning
increasing values to the successive levels of the tree. This tree matrix turns out to be an ultrametric matriz,
a class of matrices, first introduced in [MMM94] for the finite case, corresponding to those matrices U =
(Uij : 1,7 € I) satisfying the ultrametric inequality:

Uij > min{Uik, Ukj} for each 4,5,k € I.

In [DMMO96] it was shown that every finite ultrametric matrix has a minimal extension corresponding to a
tree matrix and the result is directly extended to infinite matrices in [DMMO4].

In the finite setting it was shown in [MMM94] and [NV94] that the inverse of a non-singular ultrametric
matrix U is a diagonal dominant Stieltjes matrix. Thus U is proportional to the potential of a discrete-time
sub-markovian kernel P, that is U = k), ., P". The graph of the kernel P is closely related to the minimal
tree extension of U (see [DMM96]). -

The infinite setting is less simple. In [DMMO04] it was shown that each column of an infinite tree matrix U
is the sum of a potential and a harmonic function (non-trivial except in the special recurrent case). In this
case there appears a continuous-time sub-markovian kernel that replaces the kernel P of the finite case. The
matrix U allows to construct a stochastic integral operator W acting on the boundary d, of the tree, which
in turn is the generator of a Markov process = defined on the boundary. The underlying ultrametricity of the
tree matrices is crucial for these results, which, under certain conditions, can be extended to general infinite
ultrametric matrices. This class of operators were already considered in [Lyo90] and [Lyo92], where some of
its potential properties (as the dimension and capacity of the boundary) are fully studied.

This work is devoted to constructing an approximation of this process Z in a manner such that the n**
process of the approximating sequence is in some way a projection of Z onto the n** level of the tree. The
next section presents the notions that we need for our work, mainly taken from [DMMO04].

2. BAsic NOTIONS AND NOTATION

2.1. Trees and tree matrices. In what follows, I will denote a countable infinite set and 7" C I x I will
denote a locally-finite tree with set of nodes I and root r.

In [Car72] the following properties are shown. Given two points ¢ # j in I there exists a unique path of
minimal length in the tree that connects them, which we will call geod(, j), the geodesic between i and j.
We say that j < i if j € geod(i,r). Thus, given two points ¢ and k in I, there exists a unique point, denoted
by i A k (the minimum between i and k), that satisfies i Ak i, i Ak kand [ <54, j<k)=>j<i Lk
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FIGURE 1. Levels, geodesics and minimums on a tree.

i A k corresponds to the farthest point from the root r that belongs both to geod(i,r) and geod(k,r). We
can also define the level function

|i| = [length of geod(i,r)],
which is an increasing function in i. (Figure 1 sketches these concepts).

Definition 2.1. Given the rooted tree (I,T) and a non-negative non-decreasing function w : N — R, the
matrix U defined by
Uij = wying|

is called the tree matriz associated to (I,7T") and w.

It is evident that every tree matrix is ultrametric.

2.2. Compactification of the tree. In this part we define the boundary 0., of the tree T'. An infinite path
in the tree is a sequence (i,, € I : n € N) such that (i,,,i,+1) € T for each n € N. If every i, is different, the
path is called an infinite chain. We define the following relation over the set of chains:

(in€l:neN)~y (jnel:neN) < {i,: ne NN {j,: ne N} =occ.
It is clear that ~p_ is an equivalence relation.

Definition 2.2. The boundary of the tree T is the set 0o, corresponding to the quotient between the set of
infinite chains of 7" and the relation ~g__ .

Given ¢ € T and & € O, the geodesic geod(i, &) between i and ¢ is the unique chain with origin 7 that
belongs to the equivalence class of £ (see figure 2). It is easy to define also geod(§,n) for £, € 0. For
n € N, £(n) will be the unique point in geod(r, £) such that [{(n)| = n.

< and A can also be extended to Ou:
(2.1) i€ 1egeod(r,f) fori el €€ Os,
(2.2) & A n =1, where |i| = max{|j| : j € geod(r,§) Ngeod(r,n)}, for &,n e lUdx.
Then € A & = £ and if € # n then £ A € I. In this last case, £ A n = i if and only if £(|¢]) = n(]i]) and
&(n) # n(n) for n > if.

We need some more notation. For i € I, £ € 0, and n € N, we denote

[i,00] ={z €U : i X 2}, [i,00) = [i,00] N1,
Os(i) = [i,00] N Oso,  C™(§) = 9(&(n)),
I"={iel: i <n}, B"={iel: |i|=n}.
We endow the set I U 0o, with the topology A generated by the base formed by the open-closed sets in

the family A = {[i,00] : 4 € I}. (I U Joo, A) turns out to be compact, metrizable and totally discontinuous,
and for £ € Jo it holds that lim, . &(n) = £ and 0(£(n)) = {n € 0; |§ A 1| > n} (see [CarT2]).
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FIGURE 2. 0 and the geodesic between i € I and £ € 0.

2.3. The boundary operator. In [DMMO04] it was shown that, given a tree matrix U, there exists a matrix
Q@ such that UQ = QU = —1I (this infinite product is well defined because all the columns of @) have finitely
many non-zero entries, so the sums involved are finite). This matrix is the generator of a continuous-time
Markov process (X¢):>o0 that lives on the tree. @) is conservative except at the root r, so we add an absorbing
state 0, connected to r. We denote by ¢ the lifetime of X, so that X = 0, or X¢ € 0.

We say that the tree matrix is transient if P,{X; € Js} > 0. Otherwise, we say that the matrix is
recurrent. This last case is rather easy to analyze, since the unique bounded harmonic function A of the
tree (that is, such that Qh = 0) is h = 0 (see [DMMO04]), so in what follows we assume that the matrix is
transient. This allows us to define the conditional measure p over Jy by
(2.3) p() =Pr{Xc € [ X¢ € 0sc}.

With this measure and this notion of harmonicity, 0o, turns out to be isomorphic to the Martin boundary
of the tree (see [Car72]).

Using (2.2) we can extend U to I U Jy in the following way:

for £,n € 0, Ugy = Wlgan| L& #m,
7 ’ ! limy, U&(n)f(n) it & =n,

and for i € I, € € O, Uig = W) xe(|i])]-
This extension is continuous in both variables: Ug, = limy, 100 Ug(n)n(m) for €,m € Ouo.
In [DMMO04] the set 07, of the regular points is introduced as a mean to avoid some technical complications.

We will not enter into that discussion here, let us just mention that 97, has full measure, so any integral
computed over O can be also computed over J7.

Definition 2.3. Given a (positive) bounded and measurable function f : 0o — R we define

Wi (€)= / Ugnf (1) p(dn).-
W is self adjoint and Wf is bounded if f is so. W1 = a = wo/P{X¢ € 0} (where wy is the value
associated to the level zero of the tree, i.e. the root), W is well defined as an operator in LP (i) and ||W{|, = a.

A useful calculation made in [DMMO04] leads to the spectral decomposition of W, which we present now.
For every n € N, the collection {C™(€) : £ € O} forms a finite partition of J, and we write F,, for the
o-algebra associated to that partition. This gives us a filtration (F, ), >0 whose limit is F = o(A). We denote
Aglw] = wy — wg—1 for k € N and A_;[w] = 0 and define the sequence (Gy,)n>0 by

Gn(&) =Y Apw]u(C*(€)) for £ € Do and n € N.
k>n
Observe that Gy = W1 = «, so G is convergent. Moreover, G,, > 0 for all n, and the sequence is decreasing,
predictable and convergent to 0. The spectral decomposition of W (that shows that it is a stochastic integral
operator) amounts to
W = Z Gn (Ey(‘ fn) - E,u(| ]:nfl)) )
neN
where we assume E,(-|F_1) =0.
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It is possible to construct an inverse of W over Im(W). We will write W~ for that inverse and assume
implicitly that its domain is Im(W), so

W= 3" Gt (B Fa) — Bl Fac)).

neN

2.4. The process on the boundary. We will write Z ~ exp[A] to indicate that Z is a random variable
with exponential distribution of parameter A (and mean 1/A) and B ~ Ber[p] to indicate that B is a random
variable with Bernoulli distribution of parameter p (that is, P{B =1} =1 —-P{B =0} = p).

The following theorem, proved in [DMMO04], is the first thing that we will have to replicate for our level-wise
approximation.

Theorem 2.4. Consider the symmetric kernel

EAnl —t/G(€) _ o=t/Gnia(6)

&m € O, t > 0.

This kernel is sub-markovian with total mass e~/ G0 = Jo. p(t,&,m) u(dn). The markovian semigroup

Pf(€) = / plt, €,m) () ()

oo

induced by this kernel in L?(u) satisfies
Ptf = Z e_t/Gn (E#(f‘ fn) - Eu(ﬂ }—nfl)) )

n>0

and the infinitesimal generator of P, is an extension of —W~'. The potential of the semigroup is W
([ Pof dt = Wf), and its Green kernel is U ([ p(t,&,m) dt = Uey).

Definition 2.5. The Markov process (Z;)o<t<y is the process over J associated to the semigroup (F;),
where T = inf{t > 0: =, ¢ 0} is its lifetime. The coffin state of = will be denoted by t (Ex = 1). E¥ will
denote a copy of the process with initial distribution v in 0, and Z¢ = 2% indicates that the process starts
in € € Oso-

3. APPROXIMATION OF THE PROCESS Z ONTO THE n!" LEVEL

3.1. Construction of the approximation of the process on d,,. Let n > 0 be the level of the tree
onto which we are going to project Z. We write E,, = E,(:|F,,) and define the approzimate operator
W s L2 (p, Foo) — L2 (p, Fu) by

W™ = WE,.

Evidently, using the spectral decomposition of W it holds that

n
W(n) = Z G?n[E'rn - E’m—l]-
m=0

We can define the following operator, that corresponds to the inverse of W) over L2 (1, Fn):
WEN =W E, =) G Em — Ema.
m=0

The semigroup associated to this approximation is

m=0

To our approximation we associate a truncation of the coefficients G,,: we define Gg,? ) as G, fm<n
(n)
and 0 if m > n. Note that e~ */%nt1 = 0 for ¢ > 0.
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Proposition 3.1.

(3.1) ﬁmﬂ0=/aﬁm@&MNMMwmvV&E%MW>Q

oo

where the kernel p\™) corresponds to

lEAniAn _i/aime) _ /G5 (€)

p(C™(€))

(3.2) P (t,&,m) =

m=0

Proof. We can assume that f is F,,-measurable, since Pt(n) f= Pt(n)]En f. Thus, it is enough to restrict the
proof to the case f =15 _(;) for i € B".

NE

(P}"haw(i))(g) = e ) [B,,1, (1) = Em-11o. ) (€)

3
I
<)

[ e _e/a™
=y (e t/G©) _ t/Gmﬂ(a) Enmlo ()

m=0
(e © 0
— o—t/GID(E) _ o—t/GN1(€) ;4(7.1 .
mz_:o< ) (050 (i(m))) Do (i(m)) (€)
— (0o i B e e\
o2 ) o)

Now, for € 05(7) and m < [£ A | An, it holds that u(0x(i(m))) = p(C™(&)) and |£ A i| = |€ A n| An.
To get the last equality, observe that if |£ A i| < n, then £ ¢ 05 (¢) and thus € An =& A ¢, while if |€ A i| = n,
then & € 05 (i), and as 1 € Do (i), we get [ An| > n, s0 [E An|An=n=|¢Ai. Hence,

[EAn|An

() _ —t/Ge) /ey L
P 1 . — m — m+1
( t 800(1))(6) /6M(l) P (6 e + ) M(Cm(é-)) H(dﬁ)

:/'ﬂmwann%ﬂﬂmuum.

oo

O

The following proposition describes the Green kernel of this semigroup, that corresponds to the function
U™ : 9y x 05 — R given by

Ug, :/0 P (t,&,m) dt

[§An|AN

- G ¢ — g™ _r
> (640 =G (©) sigmiey
Proposition 3.2.
n 1 o — n
(3:3) Ug, = m/o Pucion@enise € C"(n)}dt
1
(3.4) = Ug(nyn(n) + mGn+1(f) Lene)(n)
Wp, + mGnJA(f) if € Anl = n.

Moreover, if o € C™(§) and 7 € C™(n), then Uiy = Ug(:)-
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Proof. On one hand, it holds that

[EAn|An

v =Y (GW&)—G%(&))%
(3.6) e e ¢ o)
B n - 1 B 1 _ TlEAn|An+1

m=0

where, by convention, we put 1/u(C~*(£)) = 0. On the other hand, using that 1on(g) is Fp-measurable, it
holds that

<Wien(e) don(m >r2g) =< ) Gm [Emlen —Em-1long)] s Tonm > 1200

m>0

n
=D <Gm [Enlong —Emleng] Lonwm > 12

m=0
= Z / Gm(d) [Emlcn(g) — Em—llC"(g)} (CT) M(dd)
(G (o) = Gp(n) for o € C™(n) y m < n)

=) Gn() <[Enlon —Em—1lon(g] Lon(m) >r2() -

m=0

Now E,(Lon(g)|Fm) = %10'%)7 and C™ (&) N C™(n) equals C™(n) if m < [§ A n| and is empty

otherwise. Thus
<[Enlone = En-1long] s lone > 120 =
u(C™C™ ) |y — memirey] ifm < IEal,

— (€ €N n)) (I ) ifm = [€ kg +1,
0 ifm>|¢EAn +1
and then,
<Wilen lonm 200 | e ) I 1
WonOmen ) | 2 G0 P ="

(n) 1
_G|g)u7|/\n+1(mm :

But in the previous formula G (n) can be replaced by G (€) since it appears only for m < |£€ A n| + 1,
in which case both terms coincide. Thus, this formula recovers (3.6), and then

P(C™EN (C™ (MUY =<Wlen(ey, Lon () >r2(0= /C ( )(chn@)(o)u(do)
m(n

- / . / H(E)UJTu(dr)u(da) dt = /O h / o / n(g)p(t,a, ) p(dr) p(do) dt

:/0 /n(g)/n(n)p(t,T,U),u(da),u(dT) dt :/0 /n(f)PT{Et € C™(n)} uldr) dt
= nC(E) / /awﬂa{zt € C"(n)} p(dr|C™()) dt.

Hence,
. — (& O m)d
Unzi/ P.icn =, € C™(n)}dt.
&n w(C () Jo n(lC (€)=t
On the other hand, from the previous calculations one obtains that

(n) = 1 1 T g
Yen' = L(0n(@) we(m) / n(m/ ey Do AT pldo).
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Then, if n ¢ C™(€), it holds that U(n) Uey. Besides, if 0 € C™(€) and 7 € C™(n), then Uiy = UE(Z)' So

)

we have only U E(? left to calculate:

U = 3 (10 ~ G (0) ey = o Al ol

2 Q) 2 (T ()
=w 76'”(5) =w _ w —w "
= Wp-1+ ,U(Cn(f» n+ ,u(Cn(ﬁ)) [( n—1 n):u(c (6)) + Gn(f)]
1
= Wn + mGn+1(§)v
from where the formula proposed holds. O

Using the previous proposition it is easy to see that U™ turns out to be an ultrametric matrix.

For the kernel p(™) we have a formula similar to (3.4), which is proved in an analogous way:

Proposition 3.3.
(n) = n),n(n L
(37) p (tagan) p(t,f( )777( )) + H(Cn(g))

where p(t,£(n),n(n)) is understood as the same formula as p(t,£,n), save truncating the sum at n:

e I @160 6 (),

IEAIAT —t/G(€) _ o—t/Cms1(€)

u(em(€))

Besides, if 0 € C™(€) and 7 € C™(n), then p™ (t,0,7) = p™(t,£,n), i.c., the values of p™ are constant
within the atoms of F,.

p(t,€(n),n(n)) =

m=0

The following proposition describes the relation between W, U and P and finishes recovering
theorem 2.4:

Proposition 3.4. Let f € L?(u). Then:

(3.8) W f(e) = / UL (n) pldn)
(3.9) / PMFE)

That is, U™ is the Green kernel of P™ and W™ is its potential.

Proof.

M=

W(n)f<§) Gm(§) [Emf(g) - Emflf(g)}

3
g

[
NE

[Gm (&) = Gt (§)|Em f(§) + GnarEn f(§)

3
I
=)

A [w]p(C™ () Enm f(§) + GrrEn f(£)

GnJrl
d _— d
] /c*m(g)f M+M(C"(§))/n(g)f a

Gn+1
d n d _ d
Jutw /m@f W) /cn(@f .

[
NE

3
Il
=)

1
-
>
3

s 3
L1

I
(]!
g

:
o\

m(e\Cm+1(¢

33
Ll

Il

g

3
\

GnJrl :|
fd/i+ {wn—k n(C™(§)) /n(g)fdﬂ

N\Cm+1 (¢

ng f(n) pldn).

||
o
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The other equality results from

| rrra= | ) | o s s dentan = | U8 o)t

oo

O

In what follows we will denote by II(™ the Markov process associated to the semigroup P™. Observe
that u turns out to be a quasi-stationary measure for I1("):

(3.10) P {11 € A} = e /5o p(A).
This happens also with Z (see [DMMO04]), the proofs being identical (see [Rem04]).

3.2. Relation between = and II(™. To begin, observe that

/ P (1, €,m) ul(dn) = (PIV1)(€) = et/C0,

oo

thus the lifetime of TI(™), which we will denote by T'(™) has distribution exp[1/Gy], the same as the distribution
of the lifetime T of =.

The following proposition shows that both processes have the same distribution over the atoms of F,,
while the subsequent theorem studies the convergence of II1(").

Proposition 3.5. Let £, € 0. Then:
Pe{Il") € C"(n)} = Pe{Z, € C"(n)}.
Proof. Suppose first that |£ A | < n. Then:

P{II™ € C™(n)} = - )p(”)(t,f,o)ﬂ(d0)= /C ( )p(t,s,om(da)

=Pe{E € C"(0)}.
Now suppose that [€ A 5| > n. In this case, C"(£) = C™(n), thus it is enough to restrict the proof to the
case £ =1:
PATI™ € C™(€)} =1 = P{TI{™ € ,\C™(€)} — P{T™ < 1}
=1 - Pe{Z € 0:\C"(§)} — (1 —e7)
= e 90 —Pe{E; € 0u\C"(§)} = Pe{Y > t} — Pe{Z: € 0:\C"(€)}
=Pc{=; € C"()}.

Observe that, by the previous proposition, the following is also true:
Pg{Hgn) e C™ ()} =Pe{=E € C™(n)} for 0 <m <n.

Theorem 3.6. The sequence of processes (H("))nzo converges in distribution to =,
H(n) dist. =
n—oo
Proof. Since O is compact, it suffices to prove the convergence of the finite-dimensional laws of II(") to
those of Z. That is, we must prove that, given 0<t; <---< tp<oo and Ay,..., Ay € F, it holds that:

PAIL™ € Ay i=1,... k) —— Pe{S,, € A, i=1,....k}.

It is well known that in this context we can restrict the proof of the preceding property to atoms Ay, ..., Ag
of the generating algebra (-, F, (see, for example, [Bil68, Theorem 2.2]). Moreover, we can restrict the
proof to the case in which every atom is defined on the same level (otherwise it suffices to work in the lowest
level in which an atom is defined and decompose the other atoms with respect to that level). We will only
present the case k = 2, the rest being analogous. Observe that A; = Ay or A1 N Ay = @.

We first assume that £ ¢ A;. If A; N Ay = &, we have that

P{II™ € 4y, 11 € Ay} = /A /A P (11,6, 60p™ (b — tr, €1, €2) p(dEs ) u(dEs),
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and the fact that the terms p(™ (t1,&, &) and p(™ (to — t1,£1, &) are constant for n sufficiently big, and thus
equal to the corresponding terms replacing p(™ with p, implies that the convergence follows. If A; = Ay we
define C(") = {0x(i), : € B"}\ A1, the family of atoms on the level n except A, so

P AL € AT € A1} =P{IIf € A} — > P{II” € A 10 € Ay}
Alect™
=Pe{E, € A1} - Z Pe{Z:, € A}, 5, € A1}
Arectm
=P{E;, € A1,E, € A1},

due to the previous case and proposition 3.5.

Now if £ € Ay, and for any pair Ay, A5, we have

P ALY € Ay IV € Ao} =P{IIfY € Ao} — > P{IIY € A7 10 € Ay}
Apec™

= PE{EM S AlaEtz S Ag},

using the case £ ¢ A;.

In this way, the process II™) approximates the original process =.

Observe that we also have that

U™ — U pas. and p™ ——p pas.
n—oo n—oo
—t/Gpt1

This follows from (3.4), (3.7) and the fact that —orl- and &

MCRG)) ey both converge to 0 if pu({£}) > 0

3.3. Interpretation of the process I1"). We will start by giving an interpretation for the potential asso-
ciated to II™). Remember that the Green kernel of TI(™ is given by

Gt
Uy = Uempntn) + (Cn((f)))lcn(s)()

(see (3.4)). The potential of TI™ corresponds to W (™. From (3.8) and (3.9) we obtain that, given &,7 € 9.,
W(”)lcn(n) (&) = [total time spent by TI™ in C™(n), starting from €]

(n)
3.11 = / Ue, p(do)
(3.11) oy €
= Uty u(C" (n)-
Observe that, except in the case £ = 1, it holds that

Ué:;) —— Ugy.

n—oo

In fact, when £ and n are in different atoms of F,, (that is, if | A | < n), it holds that Ug(z) = Ug,, and
then W™ 1on(,)(€) = Wlen(y(€). In the opposite case, | A 5| > n, we have u(C™(n)) = p(C™(€)), so

U w(C™ () = 1(C™(€))wn + Grsa (€)

C™(€))wn, <n+1<s> Ga(€)) + Ga(€)
) (wn — An[w]) + G (€)
)

(3.12) )
C™())wn—1 + Gn(§).

To give an interpretation for this term we introduce the shifted process, which we will denote by = A ), and

that lives in the subtree that is born of £(n) (see figure 3). To each level of this subtree we associate the same

value as before that is, to the level m of the subtree we associate the coefficient an) = Wp4m for n > 0 and

)

we put w.{ = 0. In this way, the matrix U correspondmg to this restriction is simply the restriction of
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nth level
7() £ ¢(n) )
Wn,
Wn+41
AW/X Wn+2
3

FIGURE 3. Shifted process, that corresponds to the process defined over the restriction of the whole
problem to [£(n), c0).

the matrix U to [£(n),c0]. We must consider the measure p conditioned to the atom corresponding to the
subtree, that is, 7™ (-) = u(-|C™(€)). The associated operator turns out to be

TOse = [ Vet @

The resulting process is analogous to the original process =. Observe that for m > 1 it holds that
@fﬁgm({) = G (&)/pu(C™(€)). Nevertheless, this is not true for m = 0 (since in the shifted process we put
E(_nl) as 0 instead of wy,_1):

=) ==(n) —(n
Gy =W 1 :/ (é)UﬁnM( )(dn)

= Z /m(g)\cmﬂ(g)Ufn ﬁ(n)(dn) = Z Wy (ﬁ(n)(cm(g)) _ ﬁ(n)(cm+1(£)))

m>n m>n

m S A fw]u(C7()) + waoapn(CT(©))

m>n

Thus,

am_ Gn(€)
(313) Go — Wn-1 +7M(C"(f))

Recall that é(()n) corresponds to the mean of the lifetime of the process =
Using (3.12) and (3.13), we have obtained that

(3.14) WL ) (€) = (C™(€))E(T™).

(n), which we will denote by T(n).

This means that the mean time spent by II(") in C™(n) when starting from a point £ € C™(n) corresponds

to the mean of the lifetime of the shifted process E(n), normalized by the measure of the relevant atom. This
result shows that the measure p contains a big part of the global information of the process Z. Observe
that the process II(™ is constructed by truncating W to the space associated to the o-algebra F,, that is,
forgetting everything that happens in the tree after the n'* level, while E(n) is constructed by shifting all
the problem to make it start from the n'* level, that is, forgetting everything before the n'" level. The only

global information that both processes share, the measure p, is enough for their behavior to be related.
Regarding the transition probabilities of the truncated process II(") it is possible to give a very precise
interpretation of it in terms of the process =Z. The equality

U(n) _ / (n) _ 1 / = n
= t,é 5 dt = — IP) lCon = € C dt
&n o p ( 77) L(C"(n)) o gl (5)){ t (77)}

gives an idea that is shown to be correct by the following theorem:

Theorem 3.7. Given &,1 € O, it holds that

(n) —
p (tagvn) ,LL(

1 = n
aCniyy cien @ = € ¢}
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Proof.

B 1

—u(C(9)
1

- (’ﬂ) n o
= SO o BT € )} )

(but o € C"(€) = P {II" € C"(n)} = PAIL™ € C™(n)})

= P € O™ (n)} = /C P60 (o)
m(n

B ionen {2 € C™(n)} / P E €T W (ao)

(and using again that p(™(t,£, o) is constant for ¢ located in the same atom of F,,)

= u(C™())p"™(t,&,m).
0

To end this part we will show that the distribution of the exit time of II®) from an atom C™(¢) for
m < n and € € O is equal to that of Z. To prove this it will be necessary to replicate for II(™ the way of
constructing a copy of = given in [DMMO04].

Given n > 0, fix m < n, £* € 9%, and consider the subtree that is born of £*(m). Define the conditional
measure "y = p(-| C™(€*)) and the weight function given by

Mw_1 =0 and Ag[™w] = p(C™ (")) Agrm|w] for k > 1.
Define the level function ,,|-| = |- | — m and the atoms ™C"(-) = C™*™(.). With these definitions,
"G = Gi4m. We further define
m ~(n) "G fk+m<n
G, = )
0 if K4+ m > n.

Then mGén) el

p+m- Lhe associated operator in this case is given by

myy(n) — ZmGk (B (-] Fi) = B (-] Fuo1)]
k=0
and the kernel by
ExnlAn=m) _p/mG(Me) _ o~/ G (©)

m. (n) _ k41

The process induced by the generator —(mI/V("))_1 will be denoted by ™II(™ . Tts lifetime satisfies ™T'(™) ~
exp[l/Gp].

Theorem 3.8. Fizn > 1. Let m <n and £ € 95,. Let (By,...,By) be a vector of independent random
variables with By, ~ Ber{l — G(€)/Gr11(§)]. Then, under the measure P¢, the Markov process defined by

§
[mng’”} if t <m0,
~ 13
(3.15) [mng'ﬂ {4 ift>"T™ and By =0 for 1 < k < m,

(")
|:kHt_LmF(n):|

ift >"T'™ and Bypp1 =1, B,=0fork+1<p<m,
18 a copy H(”)g.

Proof. Using the definitions and formulas for II(™ the proof is identical to that of the construction of "= in
[DMMO04] (see [Rem04] for more details). O

Proposition 3.9. The exit time of 11, starting from a point £ € O, from any atom associated to a level
m < n, satisfies R ~ exp|Bm ()], where

1 i p(CHHENNCH(E))
Gol€) " 2 W(CHEN(CF1(E))GrlE")
Hence that exit time has the same distribution as that of E. (See [DMMO04] ).

Bm(E7) = w(C™(€7))




12 SERVET MARTINEZ, DANIEL REMENIK, AND JAIME SAN MARTIN

Proof. The same proof given for the exit time of = in [DMMO04] works in this case.

4. A DIFFERENT CONSTRUCTION OF THE PROCESS IT(")

The definition of the approximated process II™ could have been also done considering it as defined in B™.
This gives another Markov process, which we will denote by Y (™) that satisfies a set of properties analogous
to those of II™. The elements used in this construction are:

Ui(;L) =U,;; fori,je B",
WO = U (0o (j)) for i, € B,

linj] .
- ey /6 ) M9 (F)) -
and p(n) (t,i,j) = e t/GSD () _ o=t/ (D) M) v e BTt >0,
2 ) omtim)

where in the last line G5 (1) = el (&) for any £ € 0 (7). (See [Rem04] for details).

In this section we will show how to obtain II™ from Y™ allowing us to conclude the understanding of
our approximation. To do this we will construct another Markov process in 0a, starting from Y (") with the
same finite-dimensional laws of TT(™)

Denote by Ty, T5,... the jump times of Y™ and by Z(™ its skeleton. Suppose that II(") starts from
€ € 00, 50 we make Y™ start from £(n). Denote by u,, a random variable uniformly distributed according

P

to 11 in Oso (Z5). Define the process II(") by

@t: 13 if t <77,

To show that II(") is a Markov process we will prove that for every pair of measurable and bounded
functions F and G it holds that

]E(F(Xtm+1)G(Xtm,a cee 7Xt1)) = ]E(E(F(Xtm,+1)|Xtm)G(Xtma cee 7Xt1))'

We can restrict the proof to F' and G of the form 14, A € F. Then we must show that, given Ay,..., A;pq1 €
Foos

Eg(H(n)tl € Aq,... ,H(”)thrl S Am—i—l)

= Ec(Iy, € Ay, JTIy € Ap By (T, 4, € Aiga))

— —

= ]EE(H(n)tl c Al, ey H(n)tm c Am)Eﬁ(—;)t (H(n)tm+17tm, c Am+1).

We can restrict the proof further to the case when Ay,..., A,,4+1 are each contained in one atom of F,.
Denote by O (As,) the atom of F,, that contains A,, and by i(A,,) the corresponding node in B™.

PE{H(n)tl € Aq,... ,H(n)tm+1 S Am+1}

p(A)  p(Amga)
1#1(0s0(A1)) (00 (Am+1))

= Pe(ry (Vi) = i(A1),..., YV = i(Am)}PKW{YJQI_tm = i(Ams1)}
(A1) (A1)

N(aoo (Al)) :u(aoo (Am+1))
= Pﬁ(n) {H(")tl S Al, S ,H(n)tm S Am}PYt(H) {H(")t,,,L+1,t7U S Am+1}.

= Pg(n){Yt(l") =i(A1), ..., Y™ = i(Ami1)}

tnz+1

—

Thus, IT() is a Markov process.

We must prove now that the finite-dimensional laws of II(®) and II(™ coincide. Due to the compactness of
Oso We may restrict ourselves to prove the equality of the one-dimensional laws. Again we restrict the proof
to sets contained in some atom of F,,.

1(A)

11(00(A))

w(A)

m _ p(n) (t,&(n),1(A))

P{TI, € A} = Py (Vi) = i(A)}
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11(") B0

FIGURE 4. Sketch of the process II™® constructed from Y.

[€(n) Ai(A)]|

waa?@>76%ﬂ%ﬁga)#@m@@ﬂn 1(A)

m=0

/ ™) (¢, €.m) p(dn)
A

= P{II{" € A}.

We have proven the following theorem:

—

Theorem 4.1. The process II™) coincides with TI) . In other words, II" corresponds to the process in O
that jumps between the atoms of Fy, according to the jumps of the process Y™, and that upon the arrival to
each atom chooses uniformly a point where it stays until the next jumyp (see figure 4).

From the preceding theorem it follows directly the following corollary that finishes the description of II(™):

Corollary 4.2. The trajectories of the process II™ do not move within the atoms of Fy, they only make
jumps between different atoms. In other words,

where Ty__

[And91]
[Bil68]
[CarT2]
[Del89]
[DMM]
[DMMSS]
[DMMOY6]

[DMMO0]

[DMMO04]
[DMMT98]

[Doo84]
[Lyo90]
[Lyo92]
[MMMO94]

[NV94]

P{II™ # €t < Ty \cnie)} =0,
\cn(¢) s the exit time from C™(§).
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