Spanning Trees in Graphs of High Minimum
Degree with a Universal Vertex I:
An Asymptotic Result

Bruce Reed* Maya Stein'

Abstract

In this paper and a companion paper, we prove that, if m is suffi-
ciently large, every graph on m+1 vertices that has a universal vertex
and minimum degree at least L%"j contains each tree T with m edges
as a subgraph. Our result confirms, for large m, an important special
case of a recent conjecture by Havet, Reed, Stein, and Wood. The

present paper already contains an approximate version of the result.

1 Introduction

A recurring topic in extremal graph theory is the use of degree conditions
(such as minimum/average degree bounds) on a graph to prove that it con-
tains certain subgraphs. One of the easiest classes of subgraphs for which
this question is not yet properly understood are trees. This is the focus of
the present paper.

Clearly, any graph of minimum degree exceeding m — 1 contains a copy
of each tree with m edges: Just embed the root of the tree anywhere in the
host graph, and greedily continue, always embedding vertices whose parents
have already been embedded. The bound on the minimum degree is sharp
(see below).
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Our paper is one of a large number which discuss possible strengthenings
of the above observation by replacing the minimum degree condition with
a different condition on the degrees of the host graph. One of these is the
Loebl-Komlés-Sés conjecture from 1995 (see [EFLS95]), which replaces the
minimum degree with the median degree. This conjecture has attracted a
fair amount of attention over the last decades, and has been settled asymp-
totically [HKP*a, HKP*h, HKP*¢c, HKP*d]. More famously, Erdds and Sés
conjectured in 1963 that every graph of average degree exceeding m — 1 con-
tains each tree with m edges as a subgraph. This conjecture would be best
possible, since no (m—1)-regular graph contains the star K7 ,, as a subgraph.
Alternatively, consider a graph that consists of several disjoint copies of the
complete graph K,,; this graph has no connected (m + 1)-vertex subgraph at
all. Note that for these examples it does not matter whether we considered
the average degree (as in the Erd6s—Sds conjecture) or the minimum degree
(as in the observation above).

The Erdos—So6s conjecture poses an extremely interesting question. It is
trivial for stars, and it holds for paths by an old theorem of Erdés and Gal-
lai [EG5H9]. It also holds when some additional assumptions on the host graph
are made, see for instance [BD96, Hax01, SW97]. In the early 1990’s, Aj-
tai, Komlds, Simonovits and Szemerédi announced a proof of the Erdos—Sos
conjecture for sufficiently large m.

It is well-known that every graph of average degree > m has a subgraph
of minimum degree > . So, if it were true that every graph of minimum
degree exceeding % contained each tree on m edges, then the Erd8s—Sé6s con-
jecture would immediately follow. Of course, the statement from the previous
sentence is not true: It suffices to consider the examples given above. Still,
for bounded degree spanning trees an approximate version of the statement
does hold. Komlés, Sarkozy and Szemerédi show in [KSS01] that every large
enough (m + 1)-vertex graph of minimum degree at least (14 §)% contains
each tree with m edges whose maximum degree is bounded by ==, where the
constant ¢ depends on 4. Variations of the bounds and the size of the tree are
given in [BPS18, CLNS10]. However, the result is essentially best possible
in the sense that (even if the minimum degree of the host graph is raised) it
does not hold for trees of significantly larger maximum degree [KSS01].

So, if we wish to find a condition that guarantees we can find all trees of
a given size as subgraphs, only bounding the minimum degree is not enough.
Nevertheless, there can be at most one vertex of degree at least 3 in any tree
on m + 1 vertices, and so, we might not need many vertices of large degree




in the host graph. Therefore, it seems natural to try to pose a condition on
both the minimum and the maximum degree of the host graph.

The first conjecture of this type has been put forward recently by Havet,
Reed, Stein, and Wood [HRSW16]. They believe that a maximum degree of
at least m and a minimum degree of at least L%”j is enough to embed all
m-edge trees.

Conjecture 1.1 (Havet, Reed, Stein, and Wood [HRSW16]). Let m € N. If
a graph has maximum degree at least m and minimum degree at least L%mj
then it contains every tree with m edges as a subgraph.

The conjecture holds if the minimum degree condition is replaced by
(1 — ~)m, for a tiny but explicit’ constant -, and it also holds if the maxi-
mum degree condition is replaced by a large function® in m [HRSW16]. An
approximate version of the conjecture holds for bounded degree trees and
dense host graphs [BPS18|.

As further evidence we shall prove, in this paper and its companion pa-
per [RS19b], that Conjecture 1.1 holds for sufficiently large m, under the
additional assumption that the graph has m + 1 vertices, i.e., when we are
looking for a spanning tree. That is, building on the results from the present
paper, we will show the following theorem in [RS19b].

Theorem 1.2.[RS19b] There is an my € N such that for every m > my
every graph on m + 1 vertices which has minimum degree at least L%”j and
a universal vertex contains every tree T' with m edges as a subgraph.

Observe that Theorem 1.2 is easy if T" has a vertex t that is adjacent to
a set L of at least [%] leaves. We root T" at ¢, embed ¢ in the universal
vertex v* of G, greedily embed T'— L, and then embed L in neighbours of v*.
This is possible since v* is universal. It turns out that this approach can
be extended if, for a small positive number ¢, the tree T' contains a vertex
adjacent to at least dn leaves. Although the greedy argument no longer
works, we will be able to prove a result, namely Lemma 1.3 below, which
achieves the embedding of any tree T" as above. This lemma will be crucial
for the proof of Theorem 1.2 in our companion paper [RS19b].

Lemma 1.3. For every 6 > 0, there is an mg such that for any m > mg
the following holds for every graph G on m + 1 vertices which has minimum
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degree at least L%”J and a universal vertex. If T is a tree with m edges, and
some vertex of T is adjacent to at least dm leaves, then G contains T'.

Also, the results from the present paper already imply an asymptotic
version of Theorem 1.2.

Theorem 1.4. For every d > 0, there is an mgs such that for every m > myg,
every graph G on m + 1 vertices having minimum degree at least LZT’”J and a
universal vertex contains every tree T having at most (1 — 6)m edges.

Both Theorem 1.4 and Lemma 1.3 follow from Lemma 2.1, which is stated
in Section 2, and whose proof occupies almost all the remainder of this paper.
In the companion paper [RS19b], we will prove the full Theorem 1.2, building
on Lemma 1.3 and another auxiliary result, namely Lemma 7.3, which is to
be stated and proved in the last section of the present paper (Section 7).

Let us end the introduction with a very short overview of our methods of
proof. A more detailed overview can be found in Section 3.

Given a tree T we wish to embed in the host graph G, we first cut T
into a constant number of connecting vertices, and a large number of very
small subtrees. Applying regularity to GG, we can ensure that all small trees
that are not just leaves can be embedded into matching structures we find
in the reduced graph. This is more complicated than in earlier work on tree
embeddings using the regularity approach, as our assumptions are too weak
to force one matching structure we can work with throughout the whole em-
bedding. Instead, we have to employ ad-hoc matchings, plus some auxiliary
structures, one for each of the connecting vertices. Finally, we have to deal
with the leaves adjacent to connecting vertices. These are more difficult to
embed than the other small trees, because an embedded vertex might only
see two thirds of the graph, and there is no way to reach the remaining third
of the graph in only one step. For this reason, we have to come up with
a delicate strategy on where we place the connecting vertices, in order to
ensure that at the very end of the embedding process we will be in a position
to embed all these leaves at once with a Hall-type argument.

2 The Proof of Theorem 1.4

The lemma behind our two results from the introduction (Lemma 1.3 and
Theorem 1.4) is the following.



Lemma 2.1. For every 0 > 0, there is an mg such that for any m > ms
and a with 6 < a <1 the following holds.

Let G be an (m + 1)-vertex graph of minimum degree at least | 2|, and let
w € V(G). Let T be a tree with at most (1 — a)m edges, let t € V(T), and
assume that no vertex of T is adjacent to more than am leaves. Then one
can embed T in G, mapping t to w.

Let us see how Lemma 2.1 implies the results from the introduction. Here
is the proof of the lemma that we will need in the companion paper [RS19b].

Proof of Lemma 1.3. Let mgs be given by Lemma 2.1 for input §. Given G
and T" as in Lemma 1.3, we let ¢t be a vertex of 7" having the maximum
number of leaf neighbours. Let L be the set of its leaf neighbours and set
o= % By assumption, ¢ < a < 1, so we may apply Lemma 2.1 to obtain
an embedding of T'— L in G with ¢ embedded in the universal vertex of G.
We can then embed the vertices of L into the remaining vertices of G. [

Here is the proof of the approximate result.

Proof of Theorem 1.4. Let mgs be the maximum of the numbers ms given by
Lemma 2.1 and by Lemma 1.3 for input . Given GG and T as in the theorem,
consider a vertex of T' with the maximum number of leaf neighbours, say these
are fm leaf neighbours. If g < §, we are done by Lemma 2.1. If 8 > ¢, we
are done by Lemma 1.3. [

3 A Sketch of the Proof of Lemma 2.1

The purpose of this section is to give some more detailed insight into the proof
of Lemma 2.1, going a little more below the surface than in the Introduction.
We remark that for the understanding of the rest of the paper, it is not
necessary to read this section (but we hope it will be helpful).

The number ms is chosen in dependence of the output of the regularity
lemma for some constant depending on §. Now, given the approximation
constant «, the tree T' and the host graph G, we prepare each of T and GG
separately for the embedding.

Similar as in earlier tree embedding proofs [AKS95, HKP*d, PS12|, we
cut T into a set W of seeds (connecting vertices), such that W has constant
size, and a large set 7 of very small subtrees. The trees in 7 are only
connected through W, and they each have size < m, where [ is a small
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constant (smaller than all other constants in this paper). Differently from
earlier approaches to tree cutting, we now categorise the small trees contained
in 7. They fall into three categories: trees consisting of a leaf of T', trees
that are smaller than a (huge) constant, and trees that are larger than this
constant. We name the categories L, F; and F5. The last category is further
subdivided into two sets, Fj and F» \ F3, according to whether the small tree
is adjacent to one or more of the seeds. Each seed from W may have trees of
any (or all) of these categories hanging from it (and there may also be seeds
hanging from it). The details of this cut-up of 7" is explained in Section 5.1.

Next, in Section 5.2, we order and group the seeds obtained from this
decomposition. Our strategy of ordering the seeds takes into account their
position in a natural embedding order, but also the number of leaves hanging
from them. We will come back to this point at a later stage during this
outline, and will then explain the why and how of the ordering.

Independently, in Section 6.1.1, we regularize the host graph G, with
parameter €, such that § < ¢ < «. (For an introduction to regularity,
see Section 4.3.) Furthermore, we partition each of its clusters C arbitrarily
into subsets Cy, CL, Cr,, Cp,, Cy of appropriate sizes into which we aim to
embed the different parts of the tree, namely, W, L, F}, and F5,, while the
last subset, C'y, is reserved for neighbours of seeds in trees of Fj. The set of
these neighbours will be denoted by V.

We fix a matching Mp, in the reduced graph Rs. This matching will be
used when we embed the trees from F;. More precisely, we will embed each
tree T € Fy U F} into Cr, U Dp, for a suitable (i.e. sufficiently unoccupied)
edge CD € Mp,, except for the root r of T. The root rg will go to one of
the subsets 0(7, for a suitable cluster C’ that connects C'D with the cluster
containing the seed adjacent to 7. In case T € Fj, which means that T
contains a second vertex ¥ from V, we embed ¥ into one of the subsets C’g,
for a suitable cluster C”. Throughout the embedding process, we will keep
each of the edges of Mp, as balanced a possible. That is, the sets of used
vertices in the corresponding slices C'r, or Dp, on either side of such an edge
never differ by more than fm.

Since we do not have enough space in the slices C} for all roots of trees
in F} (because we have no control over the number of trees in Fi), we need
to proceed differently with the small trees from Fj. For embedding these
trees, we use a family of matchings Mj, one for each embedded seed s. Since
these matchings M, are possibly different for each s, we now will have to



keep the set of all slices Cr, balanced. This is not easy but possible since
the trees from F} have constant size, and we choose M so that it intersects
the neighbourhood of the image of s in a nice way. In addition to M, we
also employ two auxiliary matchings which we combine with M to obtain a
partition of almost all of V(R¢) with short paths. We call these structures
good path partitions and, together with the matchings My, they will be defined
and proved to exist in Subsection 4.2.

The actual embedding of the tree will be performed as follows. In Sec-
tions 6.2 and 6.3, we go through the seeds in a connected way, and embed
each seed s together with all the trees from F} U F, hanging at s in the
corresponding slices in the way we discussed above. We leave out any leaves
from L, as we will deal with them in the final phase of the embedding. Our
precautions from above ensure that we can embed all of T'— L without a
problem, never running out of space. However, if we do not take care where
exactly we embed the seeds, we may run into problems in the final phase
when we need to embed the leaves. For instance, we need to avoid embed-
ding all parents of L into vertices having the same neighbourhood in G, as
then, the leaves might not fit.

For this reason, we take some extra care when choosing the target clusters
and the images for the seeds (this happens in Section 5.2). As already shortly
hinted at above, we order the seeds into a system of groups according to the
number of leaves hanging from them, and also according to the order the
seeds appear in our planned embedding order. Moreover, each seed s will
be assigned a relevant set X, of seeds that come before it. In the actual
embedding, in Subsection 6.2, we choose the image ¢(s) of a given seed s in a
way that ¢(s) has many neighbours outside the union of the neighbourhoods
of o(X;). (We remark that is is crucial here that no vertex of 7" is adjacent
to more than am leaves.) This precaution will ensure that for each subset
of seeds, their images have enough neighbours in Z := [J C. We will then
be able to embed all the leaves in L at once by using Hall’s theorem. The
whole procedure will be explained in detail in Subsection 6.4.

The last section of this paper, Section 7, is devoted to the proof of
Lemma 7.3, which will need Lemma 7.3 in our companion paper [RS19b].
The lemma deals with a similar situation as the one treated in Lemma 2.1,
the main difference being that now, a small part of the tree is already em-
bedded (and thus possibly blocking valuable neighbourhoods), but, on the
positive side, throughout [RS19b], we will be able to assume that no seed is
adjacent to many leaves, and so we can assume this as well in Lemma 7.3.
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4 Preliminaries

4.1 An edge-double-counting lemma

We will need the following easy lemma.

Lemma 4.1. Let G be a graph on n vertices, let 0 < ¢ < %, and let S C

V(G). If each vertex in S has degree at least (% —)n, then there are at least

(3 + \l/—g)n vertices in G that each have at least (5 —/4)|S| neighbours in S.

Proof. Let A C V(G) denote the set of all vertices having at least (5—+/4)[S]
neighbours in S. Writing e(.S, V(G)) for the number of all edges touching S,
where edges inside S are counted twice, we calculate that

(5 —hn- 15| < e(5, V(@)

< IVO\Al- (5~ VDIS] + 14]-15]
<0 (5= VDIS| + A1 (5 +VDIS)

and conclude that

D=

+T¢ L VY
> (2L My,
n nz (g+)m

as desired. O

Al =

5

N[

4.2 Matchings and good path partitions

The purpose of this subsection is to find some matchings in a graph H (which
will later be the reduced graph Rg of our host graph ), and combinations
of some of these matchings to covers of H with short paths. These structures
will be used for the embedding of 7" in the proof of Lemma 2.1, more specif-
ically in Subsection 6.3. The important result of this section is Lemma 4.3.

We need a quick definition before we start. For any graph H, and any
N C V(H), an N-good matching is one whose edges each have at most one
vertex outside V.

Lemma 4.2. Let 0 < £ < % and let H be a p-vertex graph of minimum

degree at least (3 —&)p. Let N C V(H) be such that [N| = [(3 —2¢)p]. Then
H — N contains a set Y of size at most 3p + 1 such that H —Y has an
N-good perfect matching.



Proof. First of all, note that we can greedily match all but a set X of at
most 3¢p vertices from V(H) \ N to N, simply because of the condition on
the minimum degree. If necessary, add one more vertex to X, in order to
have that H — X is even. So | X| < 3¢p+ 1. Now, take any maximal N-good
matching M in the graph H that covers all vertices of V/(H) \ (N U X). We
would like to see that M covers all of H — X, so for contradiction assume
that NV \ V(M) contains at least two vertices.

By the maximality of M, we know that N \ V(M) is an independent set,
and no two vertices D, D’ € N\ V(M) can be adjacent to different endpoints
of an edge in M. So, for each edge EF' € M, we know that either one of the
endvertices, say F, sees no vertex in N\ V (M), or E and F' each see only one
vertex in N\ V(M) (and that is the same vertex). Therefore, at least one of
the vertices in NV \ V(M) sees at most half of the vertices in V(M), and thus
less than half of the vertices in H — X, a contradiction to our condition on
the minimum degree. O]

Before we state the second lemma of this section, we need another def-
inition. An N-out-good path partition of a graph H, with N C V(H), is a
set P of disjoint paths, together covering all the vertices of H, such that for
each P € P one of the following holds:

o P=AB, with A, B € N;
e P=ABCD, with B,C € N; or
e P=ABCDFEF, with B,C,D,E € N.

(Note that if P has four vertices, then there is no restriction on the where-
abouts of A and D, and similar for six-vertex paths P.)

An N-in-good path partition of a graph H, with N C V(H), is a set P
of disjoint paths, together covering all the vertices of H, such that for each
P € P one of the following holds:

e P=AB, with A,B € N;
e P=ABCD, with A, D € N; or
e P=ABCDEFEF, with A,C,D,F € N.

Now we are ready to state the main result of this section. Note that the
first item is a direct consequence of the previous lemma, and all structures
exist independently of each other.



Lemma 4.3. Let 0 < £ < %, and let H be a p-vertex graph of minimum
degree at least (3 — &)p. Let N C V(H) be any set with |[N| = [(3 — 2¢)p].

Then H contains a set X of at most [15&p| + 1 vertices, such that
e H— X has an (N \ X)-good perfect matching;
e H— X has an (N \ X)-in-good path partition; and
e H— X has an (N \ X)-out-good path partition.

Proof. Lemma 4.2 provides us with a set Y and an N-good perfect match-
ing M of H—Y. Note that M would be as desired for the first item, if X was
chosen as Y. Now, set @ := V(M) \ N, and let R be the set of all vertices
from H that are matched by M to a vertex from (). Since M is N-good, we
know that R C N.

We take a maximal matching M@ inside H [Q]. Let Q be the set of vertices
in Q not covered by M?. We augment M© to a matching M9 by matching as
many vertices of ) as possible to vertices of N \ R. Because of the minimum
degree condition of the lemma, because [N \ R| > (3 — 2£)p and because Q
is an independent set, we can ensure that there are at most 3¢p vertices in Q
not covered by M®. Let Z denote the set of these vertices, and let Z' C R
be the set of all vertices matched to vertices of Z by M.

We define a second auxiliary matching M* in a very similar way. Match-
ing M® consists of edges with both ends in R\ Z’, and a matching of almost
all the remaining vertices of R\ Z’ to a set R of vertices from N \ R. In-
deed, we can ensure that M covers all but at most 3¢p vertices of R\ Z'.
Let Z” denote the set of all such vertices and their partners in M, and set
X:=YUZUZ UZ" Note that |[X| <3¢p+1+4-3p=15p + 1.

Now, discarding any edge that touches X from M, M®? and M, we
find that the union of the edges in M U M@ gives an (N \ X)-in-good path
partition of H — X. Indeed, for each of the edges AB € M with B € Q\ X
there is an edge BC € M@ such that C € N\ R or C € Q. Let D be the
partner of C in M. If D is not matched in M®, then ABCD is as desired
for the path partition. If D is matched in M, then necessarily D € N \ R,
and so, D is matched to a vertex £ € Q \ X, and ABCDEF is as desired
for the path partition, where F' is the partner of £ in M.

Similarly, the union of the edges in M UM gives the desired N-out-good
path partition. Finally, M is an (N \ X)-good matching of H — X. H
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4.3 Regularity

We need to quickly discuss Szemerédi’s regularity lemma and a couple of
other preliminaries regarding regularity. Readers familiar with this topic are
invited to skip this subsection.

The density of a pair (A, B) of disjoint subsets A, B C V(G) is d(A, B) =
%. A pair (A, B) of disjoint subsets A, B C V(G) is called e-regular if

d(A, B) — d(A', B))| < ¢

forall A” C A, B’ C B with |A'| > ¢|A|, |B'| > ¢|B|. In many ways, regular
pairs behave like random bipartite graphs with the same edge density.

If (A, B) is an e-regular pair, then we call a subset A’ of A e-significant
(or simply significant, if ¢ is clear from the context) if |A’| > ¢|A|. We call a
vertex from A e-typical (or simply typical, if ¢ is clear from the context) with
respect to a set B’ C B if it has degree at least (1 —¢)d(A, B)|B'| to B'.

The following well known and easy-to-prove facts (see for instance [KSS02])
state that in a regular pair almost every vertex is typical to any given signif-
icant set, and also that regularity is inherited by subpairs. More precisely, if
(A, B) is an e-regular pair with density d, then

(R1) for any e-significant B’ C B, all but at most ¢|A| vertices from A are
e-typical to B’; and

(R2) for each 6 > 0, and for any subsets A" C A, B’ C B, with |A"| > J|A4|
and |B'| > 6|B|, the pair (4’, B') is %-regular with density between
d—eandd+e.

Szemerédi’s regularity lemma states that every large enough graph has a
partition of its vertex set into one ‘trash’ set of bounded size, and a bounded
number of sets of equal sizes, such that almost all pairs of these sets are
e-regular.

Lemma 4.4 (Szemerédi’s regularity lemma). For each ¢ > 0 and My € N
there are My,ng € N such that for all n > ng, every n-vertex graph G has a
partition Vo UVi U...UV, of V(G) into p+ 1 partition classes (or clusters)
such that

(a) My <p < Mj;
(b) [Vil = Vo] = .... = Vi and [V < e
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(c) apart from at most 5(72’) exceptional pairs, the pairs (V;,V;) are e-regular,
fori,j >0 with i # j.

As usual, we define the reduced graph R¢ corresponding to this decom-
position of G as follows. The vertices of R are all clusters V; (i = 1,...,p),
and R¢ has a edge between V; and V; if the pair (V;, V) is e-regular, and has
density at least 104/c. By standard calculations (see for instance [KSS02]),
and assuming we take My > [1], it follows that

p
> (1 — R .

where d,,(R¢) is the weighted minimum degree. (That is, the densities of the
pairs of clusters provide weights on the edges of R, and the weighted degree
of a vertex is the sum of the corresponding edge-weights. The weighted
minimum degree is the minimum of these weighted degrees. Observe that
dw(Ra) < §(Re) since weights do not exceed 1.)

Almost all vertices of any cluster C' € V(Rg) are typical to almost all
significant sets, in the following sense. If ) is a set of significant subsets of
clusters in V(R¢), then

all but at most v/e|C| vertices v € C' are typical with respect to
all but at most v/&|)| sets in V. (2)

To see this well-known observation, assume that the set C! C C of vertices
not satisfying (2) is larger than 1/z|C|. Then

Z {v € C: v is not typical to Y}| > Z {Y € YV : v is not typical to Y}|

Yey veC’
> [C'[Ve|Y|
> e|C|- Y.

Thus there is a Y € ) such that more than ¢|C| vertices in C' are not typical
to Y, a contradiction.

Regularity will help us when embedding small trees into a pair of adjacent
clusters of Rg.

Lemma 4.5. Let CD be an edge of R, and let U C G with |[C\U|,|D\U| >
VEIC|. Let T be a tree of size < ¢|C| with root r.
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Then T can be embedded into G, with T —rg going to (C'U D)\ U, and with
r# going to any prescribed set of > 2¢|C| vertices of C, or to any prescribed
set of > 2¢|C| wvertices of C', where C' is any other cluster of Rg that is
adjacent to D.

Proof. We construct the embedding T levelwise, starting with the root, which
is embedded into a typical vertex of (C'U D)\ U. At each step i we ensure
that all vertices of level i are embedded into vertices of C'\ U (or D\ U) that
are typical with respect to the unoccupied vertices of D\ U (or C'\ U). This
is possible, because at each step i, and for each vertex v of level i, by (R1),
the degree of a typical vertex into the unoccupied vertices on the other side
is at least 4¢|C/|, and there are at most ¢|C| nontypical vertices and at most
IT| < ¢|C] already occupied vertices. O

5 Preparing the tree

5.1 Cutting a tree

In this section, we will show how any tree T" can be cut up into small subtrees
and few connecting vertices. The ideas is that later, we can use regular pairs
to embed many tiny trees.

We will make use of a procedure which in a very similar shape has already
appeared in [AKS95, HKP*d, PS12], although there, no distinctions between
the trees from L, Fy, Fy, were made. The resulting cut-up is given in the
following statement.

Lemma 5.1. For any m € N, for any tree T on m + 1 wertices, for any
r € V(T), and for any B > 0, there is a set W C V(T), and a partition
T = LU F,UF, of the family T of components of T — W, distinguishing a
subset Fy C Fy, such that

(a) meW;
2 .
(b) W] < 5
(c) if Bm > 1 then each w € W has a child in T
(d) |V(T)| =1 for every tree T € L;

(e) 1 < |V(T)] < % for every tree T € F\;
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(f) % < |V(T)| < Bm for every tree T € Fy;

(g9) each T € LU F, U (Fy \ F}) has exactly one neighbour in W ;

(h) each T € Fy has exactly two neighbours in W; and

(i) |V| < 28m, where V is the set of all neighbours of vertices of W in U .
The vertices in W will be called the seeds of T

Proof. In a sequence of at most % steps i, we define vertices w; and trees T;
as follows. Set Ty := T'. Now, for each i > 0, let w; € V(T;_1) be a vertex at
maximal distance from 7 (the root of T') such that the components of T; — w;
that do not contain r each have size at most Sm. Delete w; and all of these
components from 7T;_; to obtain T;. We stop when we reach r, which will be
the last vertex w; to be defined.

Let Wy be the union of all w;, and let Ty be the set of all components of
T — Wy. These two sets already fulfill items (a), (b) and (c). (To see (b),
note that at each step 7, we cut off Sm vertices. Hence we actually have that
Wol < 5.)

In order to obtain sets W, T that also fulfill items (g) and (h), we add
some vertices to Wy as follows. For each T € U 7o that has ¢ > 2 neighbours
v, Vg, ..., in Wy, we add to Wy a set of at most ¢ — 1 vertices w} from

V(T) that separate all v;’s from each other. Note that these are at most %

vertices in total (counting over all affected T'), since each of the newly added
vertices w} can be associated to one of the ‘old” vertices v; from W, such
that w§ lies between v; and 7. So, letting 77 be the family of the trees in
T — Wy, the new sets Wy, Ty still fulfill (a), (b) and (c) (actually, we have
that || < %) They furthermore have the property that each of the trees
in | J7; has at most two neighbours in Wj.

We modify our sets once more to ensure that only the large trees can have
two seed neighbours. We proceed as follows. For each T € | J 77 that has at
most % vertices and is adjacent to two seeds wy,wy € Wy, we add to W all
vertices in V(7). In total, these are at most % W] < % vertices. Call the
new set of seeds W.

Defining 7T as the family of the trees in T'— W, and adequately dividing 7
into three sets L, F, F», and letting Fj be the appropriate subset of F, we
obtain sets that fulfill all properties of the claim (where (i) follows directly
from (f), (h) and the observation that |V| < 2|F}| < 251 = 28m). O

B
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5.2 Ordering the seeds of a tree

In order to be able to choose well the clusters of V(R¢) into which we will
embed the seeds other than r later on, we will define a convenient ordering
of the seeds of a tree T" with a cut-up as in Section 5.1. Together with this
ordering we will define a set of relevant seeds X, for each seed s of the tree,
and ensure that the seeds in X come before s in the ordering.

The purpose of this ordering and the definition of the sets X is that later,
when we embed the trees from L, F} and F5 in G, it will turn out that the
smaller the trees, the harder they are to embed, with the most difficult ones
being the trees from L, i.e., the leaves of T" adjacent to seeds. An embedded
seed has only degree %m in GG, of which a large part might already be used,
so we have to plan ahead in order to avoid getting stuck when embedding
the leaves. For this reason we have to choose very well into which clusters
the seeds go, and the sets X, will help us with this.

The reader might wish to skip the remainder of this unfortunately rather
technical section at a first reading, because everything we do here is only
necessary for the embedding of L. Even the embedding of L can be followed
with only a vague understanding of the definitions of the present section if
the reader takes the ‘Degrees of the embedded seeds into Z’ as stated in
Subsection 6.2.4 for granted.

5.2.1 Grouping and ordering

Let us start with the ordering. Assume we are given a tree 7" which has been
treated by Lemma 5.1 for some 5 > 0, let W denote the set of seeds we
obtained. Throughout the rest of this section we will assume that

2

@1- (3)
(This can be assumed by adding some new vertices to the tree 7', and declar-
ing all of them seeds. We will explicitly discuss why this can be done in
Subsection 6.1.2.)

We will order the seeds in two different ways, before we get to the third
and final order. The first order is determined by the number of leaves hanging
from each seed, the second order is determined by the position of the seeds in
the tree T', and the third order is a mixture of both. We explain the orderings
in detail in the following.

|W| =472, where j* = [log
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We start by ordering the seeds in a way that the number of leaf children
of the seeds is decreasing, and we call this the size order o on the seeds.
Now, we will define ordered sets of seeds, which we will call groups of seeds.
First we will define the large groups: loosely speaking, the largest of these
groups consists of all seeds, then we define two groups consisting of the first
and the second half of the seeds respectively, then each of these groups is
divided into two new groups, and so on, until the size is down to 47. More
precisely, for each j = 0,...,5*, we partition the set of all seeds into 27"~/
consecutive groups of size 27 - 47, under the size order o, and we call these
the large groups. Clearly, each large group of size exceeding 47 is the union
of two large groups half its size.

We break up each group B of size 47 into twelve consecutive groups
(consecutive under o) of the following sizes:

4,4,4,4,5,4,4,4,4,5,4,1. (4)

We call these the small groups. (So the small subgroup of size 1 of B consists
of the very last seed of B in the size order 0.) We say the second and sixth
group of size four are of type 1 (they are marked in boldface in (4)). The
remaining groups of size four (i.e. the first, third, fourth, fifth, seventh, eighth
and ninth group of size four) will be called type 2.

It would be difficult to embed the seeds in the size order o, as this enu-
maration might not be suitable for embedding the tree in a connected way.
For this reason, we employ a second order 7, which we call the transversal
order, obtained by performing a preorder tranversal on 7', starting with the
root 7, and then restricting this order to W. (The transversal order is the
actual order the seeds will be embedded in.)

The third order, which we call the rearranged order p, is obtained by
reordering the order o. First, we reorder the seeds in each small group
so that each small group is ordered according to 7. Next, for every large
group B of size 47, we reorder all its subgroups so that their first seeds form
an increasing sequence in the transversal order 7. Finally, for every large
group B of size > 47 (in successive steps according to the group size), we
reorder the two subgroups within B so that the first subgroup contains the
first seed in B under the transversal order 7 (i.e. we reorder them such that
the first seed of B under 7 becomes the first seed of B). This finishes the
definition of the rearranged order p.

We note that p maintains the structure given by breaking down the set
of seeds into large and small groups. That is, if we partition the set of all
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seeds into 2/ ~7 consecutive groups under p of sizes 2/ - 47, we obtain the
same groups as above for o. Further, each group B of size 47 breaks down
into twelve small groups as above, although these are no longer ordered as in
the sequence from (4). (For instance, in p, the small group of size 1 from B
could become the first group in B, or be at any other position.)

We will embed according to 7 but momentarily work with p. We write
s <, s’ to denote that s comes before s’ in order p (and similar for 7).

5.2.2 Sequences

In this subsection, we will follow the rearranged order p. We define for each
large group B two sequences

(x?)izl...,j—&-G and (yf)z':1...,j+7,

where j is such that |B| = 27 - 47, and vertices 22, y? € B are as specified in

what follows.

We construct our sequences inductively. For j = 0, we have 27" large
groups of size 47. For each such large group B, we take 22 = 4P as the first
seed of the group. The first seed of the second, third, fourth, fifth and sixth
small subgroup of B is chosen as zf, 2% 28 2P 28 respectively. The first
seed of the seventh, eigth, ninth, tenth, eleventh and twelfth small subgroup
of B is chosen as yP, y2 yP yB yB 4B respectively. (We always work under
p, both when talking about the ‘first seed of a group’ and when talking about
the ‘tth subgroup’.)

For j > 1, we have to deal with all large groups of size 27 - 47. For each
such group B, do the following. By construction B is made up of two large
subgroups of size 47 - 2771, say these are B’ and B” (in this order, under p).
We set

zB = yP forall 1 <i<j+6,

and
B B

Yy =) :yf/, and y” ::yﬁ/; forall2 <i<j+7.
This finishes the definition of the sequences. We remark that we will only
use the sequences (z;) in what follows (the sequences (y;) were only used to
make the definition of (x;) more convenient).
Observe that for all blocks B, and for all i < j, we have that z7 <, z7.
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5.2.3 Relevant seeds

In order to be later able to choose well the clusters we embed the seeds into
(which in turn will enable us to embed the leaves at an even later stage), we
need to define, for each seed s, a set X, of relevant seeds for s, as follows.

Definition 5.2 (Relevant seeds for s).
Let s be a seed of T', and let B be the small group s belongs to.

(a) If B is a group of four of type 2, and s is the last seed of B, then we set

X :={x : x is the third seed in B (under p)}.

(b) If s is not the first seed of B, and, in case B is a group of four of type 2,
s s not its last seed, then we set

Xy ={z : v€ B, z<,s}.

(c) If s is the first seed of B, then we set

X, :={x : 3B,i, such that i’ <i, s =zP andxzﬂ?}.

i

Observe that B, if it ewxists, is unique, and that if s only appears as a
first vertex in the sequences (x?), then X, = 0.

Let us make a quick observation which follows directly from the definition
of the order p, of the sequences (z;) and of the sets X.

Observation 5.3. Let s be a seed. Then for all x € X, it holds that v <, s.

6 The Proof of Lemma 2.1

6.1 Preparations
6.1.1 Setting up the constants

First of all, given d, we choose
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and apply Lemma 4.4 (the regularity lemma) with input ¢ and M, := 6%
This yields numbers M; and ng. We then set

€
b= 100M;
Finally, we choose
400M,
ms = (ng + 1) - B0.c.5 (6)

for the output of Lemma 2.1. So, given the approximation constant «, sat-
isfying 1 > a > ¢, we will have that

1
I< — <K f<Kexi<a, (7)
ms

with the explicit dependencies given above. Now, given m > mg, and given
an (m + 1)-vertex graph G of minimum degree at least [2*] , and a tree T
with at most m — am edges, rooted at r, we will prepare both T and G for
the embedding.

6.1.2 Preparing 7T for the embedding

We apply Lemma 5.1 to obtain a partition of 7" into a set W of seeds and a
set 7 of small trees. The small trees divide into L, Fy and F3, with two-seeded
trees Fj C Fy, and the lemma also gives us a set V. Set

fri=Y V(T)| and fy:= > |V(T)|.
Ter N2

~ Next, add a set W' of vertices to T, each adjacent to r, such that, setting
W =W UW’ we have

W) = 472"
for
» 2
Jt= Hog@ : (8)

The only reason for this is that we plan to apply the grouping and ordering
of seeds from Subsection 5.2, that is, we would like to see (3) fulfilled. We
are going to embed T"U W' instead of T'. Since the number of vertices in W’

is a constant, space is not a problem. Indeed, clearly,
~ ~ 200
W+ LI+ fi+ fo = [V(T)|+ W\ W] Sm—am%—ﬁ. (9)
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6.1.3 Preparing G for the embedding

As a preparation of G for the embedding, we take an e2-regular partition of G
as given by Lemma 4.4 (the regularity lemma), into p clusters, for some p
with My < p < M;. Consider the reduced graph Rg of G with respect to
this partition, as defined below Lemma 4.4.

Because of the minimum degree of G and by (1), we have that

5u(Re) > (% 139, (10)

Let us now partition the clusters of Rg further. We will divide each
clusters into several slices, into which we plan to embed the distinct parts of
the tree T" which we identified above.

First of all, we choose a set Z of vertices into which we plan to embed L.
More precisely, we arbitrarily choose a set Z C V(G) of size

4
12 = L]+ (@ = 155)m]. (11)
choosing the same number of vertices in each part of the partition (plus/mi-
nus one vertex). Now, we will split up the remainder C'\ Z of each cluster
C € V(Rg) arbitrarily into four sets Cy, Cyw, Cp,, Cp,, and a leftover set
C\ (ZUCy UCw UCg UCE,) which will not be used. The sets are chosen
having the following sizes:

Cy| = [Cw] = [Z=1; (12)
P
Ol = (25, (13)
and ,
G| = 125, (14)

This is possible because of (7) and (9). As we mentioned above, the
idea behind this slicing up is that we are planning to put each part X of
the tree (X € {W, V, F|, Fy, L}) into the parts C'x of the clusters of R,
or into Z, respectively. We reserve a bit more than is actually needed for
the embedding, in order to always be able to choose well-behaved (typical)
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vertices, and also in order to account for slightly unbalanced use of the regular
pairs when embedding the trees from 7. Since the sets Cx are large enough,
regularity properties will be preserved between these sets (cf. Section 4.3).

Let us remark that it is not really necessary to slice the clusters C' up
as much as we do: the vertices destined to go into slices C}, and Cy are
actually so few that they could go to any other slice without a problem. But
we think the exposition might be clearer if everything is well-controlled.

Finally, we fix a perfect matching Mg, of R which exists because of (10).
This matching will be used for embedding the trees from Fj.

6.1.4 The plan

For convenience, for each seed s € W, let 7, denote the set of all trees
from 7 \ L that hanging from s. We are going to traverse the seeds in the
transversal order 7, placing each seed s into a suitable cluster S(s) (we will
determine this cluster right before embedding s into it). We then embed
J7s before embedding any other seed. After having embedded all seeds
s € W and all corresponding trees from J 75, we embed all of L in one step
at the very end of the embedding process. So, if the seeds are ordered as
S1,52,83, ., Sy 0 T, then we embed in the order

s U o U T son U T sy U o I

and at every point in time, the embedded parts of the tree will form a con-
nected set in T'.

Each of the three different embedding procedures will be described in
detail in one of the following subsections, namely, in Subsection 6.2 (embed-
ding a seed s), in Subsection 6.3 (embedding |J7s) and in Subsection 6.4
(embedding L).

6.2 Embedding the seeds

6.2.1 Preliminaries

Assume we are about to embed some seed s. Denote by U the set of vertices
that, up to this point, have been used for embedding seeds and small trees.
So UNZ = () (we will ensure that this will always remain so), and every
cluster C' € V(R¢) divides into six sets: CNU, CNZ, Cw \ U, Cy \ U,
CFl\U, and CFQ\U
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Apart from U, it will be useful to have a set U" C Ucey gy (Cr \ U)
of vertices for which at some point we decided that they will never be used
for the embedding. The main purpose of this set U’ is that after embedding
certain trees from 7T N F; for some seed s, we can just make all sets Cp of
clusters C' equally ‘occupied’ by discarding some of the vertices of the emptier
sets C'r, by putting them into U’. This will be the only time we add vertices
to U'. We will make sure that for each seed s the number u, of vertices we
add to U’ while, or directly after, embedding 7 is bounded by
, 3
Since there at most % (original) seeds in the tree, this means that at any
time,

'] < % +600z - Y |T. N Fy| < 601em.
In other words, the set U’ will always stay so small that we can ignore it
while embedding.

Throughout the embedding, we will ensure that for each parent u of a
seed (the parent u might be a seed, or a vertex from f/) the following holds.
If u was embedded in vertex ¢(u), then we have that

seW

¢(u) is typical to slice Cy for all but at most ep clusters C of Rg. (16)

Note that by Observation 5.3, by the time we reach a seed s, the ‘relevant’
seeds in X have already been embedded into a set p(X;). Let Nz(Xj)
denote the set of all neighbours of vertices from X in Z, i.e. Nz(X,) =
N(Xs)NZ. Let N be the set of the corresponding subsets of the clusters of
Rg (e, UNs = Nz (Xy)).

6.2.2 Finding the target cluster S(s) for s

Before actually choosing the vertex ¢(s) we will embed s into, we will deter-
mine the target cluster S(s) for a seed s.
Observe that by Lemma 4.1, with ¢ := 13¢, we know that at least (3 +

£3)m of the vertices of G see a (53— £3)-portion of the vertices in Z\ Nz (X,).

So, for significantly more than a third of the clusters of Rs we have that a
1

significant portion of their vertices see at least (3 —e3)-|Z\ Nz(X,)| vertices
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in Z\ Nz(X5). Because of regularity, and because of (2), this means that for
any such cluster C, all but at most an e-fraction of the vertices in Cy has
at least (5 — 3e3) - |Z \ Nz(X,)| neighbours in Z\ Nz (X,).

Choose S(s) as any one of the clusters as above, i.e., such that

(a) all but at most €|S(s)y;,| vertices of the set S(s),; have degree at least
(1 —3e3)-|Z\ Nz(X,)| into Z \ Nz(X,);

and such that in addition (unless s = r, in which case the following two
conditions are void),

(B) S(s) is adjacent to S(p(s));
(7) @(p(s)) is typical with respect to S(s)yy,

where S(p(s)) denotes the cluster the parent p(s) of s was embedded into.

Such a choice of S(s) is possible since by (10), cluster S(p(s)) has degree

almost 2 in Rg, and because of (16).

6.2.3 Embedding seed s into target cluster S(s)

We place s in a vertex ¢(s) from S(s)y,; such that

(A) ¢(s) is a neighbour of ¢(p(s)) (where p(s) is the parent of s, and if s = r
this restriction is empty);

(B) ¢(s) is typical to Cy;, for all but at most ep clusters C' € V(Rg) \ S(s):
(C) ¢(s) is typical to Cy for all but at most ep clusters C' € V(Rg) \ S(s);

@(s) is typical to Cp, \ (U U U’) for all but at most ep clusters C' €
V(Rg) \ S(s); and

(E) ¢(s) is typical to C, for all but at most ep clusters C € V(Rg) \ S(s).

Such a choice is possible since by (2), almost all vertices in any given
cluster are typical with respect to any fixed significant subsets of almost all
other clusters. Note that in particular, (E) implies that

dega(p() = (2 —<h)|2) a7)



6.2.4 Degrees of the embedded seeds into 7

The reason for our choice of S(s) as a cluster fulfilling property («) from
Subsection 6.2.2 is that it allows us to accumulate degree into Z. More
precisely, if we consider a seed s together with its relevant seeds X, then we
know that the union of their neighbourhoods in Z is significantly larger than
the neighbourhood of s alone. Better still, the more vertices X contains, the
larger becomes our bound on this neighbourhood.

We make this informal observation more precise in the following claim.

Claim 6.1. Let B be a group of seeds.
(i) If B has size five, then
47 1
NeB) 2|2 (- 12]
(i1) If B has size four and is of type 1, then

N@B) N2l > (2 ) |2]

(111) If B = {by, by, b3, by} (with the seeds b; appearing in this order in o) is
of type 2, then

N(@B)NZ| > (53 —<h)- 2],

and

) 1
min { [N (({b1,52})) 1 ZI, IN ({05, ba})) 0 2} = (5 = £7) - 2],
(w) If B is large, say of size 47 - 27, then
IN(p({zf ri=1....j+6})NZ[ > (1~ —¢e1)-|Z|,

)

96 - 2J
where (xP)i—1_ 16 is the sequence defined in Subsection 5.2.2.

Proof. This follows rather directly from («) and (E) (from Subsections 6.2.2
and 6.2.3, respectively), from (17), and from the definition of the set X of
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relevant seeds (Definition 5.2). For instance, we can calculate the bound in
item (i) by using (17), («), (F), and Definition 5.2 (b) to see that

2 1 1 1 1 , a7,
N@eB)NZ|>E+ -4+ —+—+——5-323) - |Z]| > (— —e1) - |Z].
IN@B)NZI 2 (3+ e+ gt gyt g 53 1212 (55— |Z]

For item (iv), we need to take slightly more care with the calculation.
Note that the degree into Z of the image of the first seed is off 2|Z| by at

most 3¢3|Z|. The degree of second seed’s image is only off $|Z\ Nz(2?)| by

less than 3¢3Zl. For the third seed we are only off 1|2\ (Nz(z})UNz(z5))]

by 35%%, and so on, which means we can bound the error in our estimate
for the size of the joint neighbourhod in (iv) by (143 + 1 +...) 3e3|Z| <
2.3e3)|Z| <ei-|Z]. O

6.3 Embedding the small trees

Assume we have sucessfully embedded a seed s, and are now, before we
proceed to the next seed, about to embed all small trees from 7 (while still
leaving any leaves from L adjacent to s unembedded).

Our plan is to embed those trees of T, that belong to Fj into UCGV(RG) Cr,,
and those trees of 7, that belong to £, into UCGV(RG) Cr,. We first explain
how we deal with the larger trees, i.e. those in I, \ Fy, and those in Fj. After
that we explain how we deal with the constant sized trees, i.e. those in F.
Note that actually, it does not matter in which order we deal with the sets
Fi,Fy)\ Fy, F).

6.3.1 Embedding the trees from F;\ F}

For each T € T, N (Fy \ Fy), let r7 denote its root. We plan to put rz into
Ct \ U for some suitable cluster C". (We will explain below how exactly we
do that.) For the rest of V(T'), we proceed as follows.

Recall that we defined a perfect matching of Rs near the end of Sec-
tion 6.1.1. Choose an edge C'D of Mp, that contains at least 3¢ - o unused
vertices in each of Cr,, Dp,. If |Cr, \ U| > |Dp, \ U|, we will aim at putting
the larger colour class of T —r into Cr, \U, and otherwise, we aim at putting
it into Dp, \ U. Observe that if we manage to do this for every tree T we

embed, we can ensure that throughout the process (even when embeeding
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trees from 7y, for some s’ # s), the edges from Mp, keep their free space in
a more or less balanced way, that is, for all edges C'D’ in Mpg,,

|C, \ U| and | D7, \ U] differ by at most ol (18)
p

Let us now explain how we manage to embed T in this way. Assume
our aim is to embed the children of r# in to CF, \ U, the grandchildren into
Dpg, \ U, the grand-grandchildren into Cr, \ U, and so on. The embedding
of T — rp will be easy using Lemma 4.5 once we found a vertex ¢(rg) to
embed 74 into, that is, a vertex that is both a neighbour of ¢(s) and typical
with respect to Cp, \ U.

So we only need to find a suitable vertex for ¢(rg), the root of T (which
belongs to V). In order to do so, we first determine a cluster C’ that is
adjacent to both C and S(s), and that fulfills d(S(s),C") > 1. At least
nearly a third of the clusters in Rg qualify for this, because of (10). Now,
by (C) in the choice of ¢(s) (in Subsection 6.2.3), we know that ¢(s) has
typical degree into the set 0{7 for all but very few clusters C’. Typical
degree means that ¢(s) has at least (3 —&?) - |C% | neighbours in Cf,, and by
Lemma 5.1 (i), at most 28m vertices have been used for earlier vertices from
V. So, by (7), we can choose a suitable C’ such that ¢(s) has a large enough
neighbourhood in C}, to ensure it contains a vertex ¢(rg) that is typical with
respect to C, \ U, i.e. such that ¢(r7) has at least (10y/z —&?)|Cp, \U| > fm
neighbours in Cp, \ U, where the inequality follows from (14) and (18).

6.3.2 Embedding the trees from F}

For each T € T, N F,, we proceed exactly as in the preceding paragraph,
except that now, we have to make a small adjustment when we are close to
embedding @, the second vertex from V contained in V(T).

Suppose s’ is the seed which is adjacent to © in T'. Because we embed the
seeds following the transversal order, we know that s’ is not yet embedded
by the time we deal with 7. We take care to embed ¥ into a vertex that is
typical with respect to almost all the sets Cy;,. That is, the image of v will
be chosen such that (16) holds.

Finally, observe that (14) and (18) ensure that the space we had assigned
to Fy is enough for embedding first all of F, \ F3, and now, all of 3.
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6.3.3 Embedding the trees from F)

We now explain how we embed the trees from 7, N F}. Note that because
of (13) and (15), we have enough space to embed all of 7;N Fy. Furthermore,
because the trees from F) are small, and because of regularity, we have no
problem with the actual embedding of them into the regular pairs of G. The
only thing we need to make sure is that the roots of the trees from 7,N F} are
embedded into neighbours of ¢(s), and that we maintain the unused parts
of the cluster slices C'r, balanced at all times.

Since there is no matching like Mp, that can be used throughout the
whole embedding (i.e., for all seeds), we will have to simultaneously keep
all of the clusters reasonably balanced. This will be possible because of the
rather delicate embedding strategy we employ, and which we will start to
explain now.

Preparing the slices Cr,. Assume we are about to start the embedding
process of the trees from T, N Fy. First of all, note that we can partition
the free space Cr, \ (U U U’) of the slices Cr, of each of the clusters C' €
V(Rg) \ {S(s)} into sets QF,...,Q¢ for some r, such that |Qf| < 2[e%]
and QY| = [5%1 for i = 1,...,r, and such that for each i = 1,...,r, either
all or none of the vertices in Q¢ are adjacent to ¢(s). The reason for doing
this is that we now have total control over where exactly the neighbours of
¢(s) are (since the sets Qf are small enough to be ignored during this step
of the embedding). Observe that the sets QF, for i = 1,...,r, are large
enough to preserve regularity properties, although now we have to replace
the regularity parameter £? with é =e.

Consider the graph H with vertex set {Q%}i—1.. rCev(Rg) and an edge
for each e-regular pair of sufficient density. Say H has p’ vertices. By (10),
the weighted minimum degree of R¢ is bounded by 6, (Rg) > (3 — 13¢)p,
and therefore, the weighted minimum degree of H is bounded by §,,(H) >
(2 —17e)p.

So, by our choice of ¢(s), in particular by (D) of Subsection 6.2.3, we
know that ¢(s) has neighbours in at least (2 — 20e)p’ of the sets QF . Let N
consist of a set of [(3 —20e)p'] sets QF that contain neighbours of ¢(s). We
apply Lemma 4.3 with £ := 17¢ to H to obtain a set X, of size

X| < [255ep'| + 1 < 300ep, (19)
as well as an (N \ X)-good matching M (= M), an (N \ X)-in-good path
partition P4 and an (N \ X)-out-good path partition Pp of H — X.
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Set Q 1= UCGV(RG){QIC, QY,...,QY}\ X. By (13), and by (15), we know
that J Q is large enough to host all of | J 7,0 F. In fact, if | 7,0 F} could be
embedded absolutely balanced into the sets () € Q, then there would even
be a leftover space of more than 1005% in each of the sets Q).

Recall that during the embedding of the trees from 7, N F}, we will add
some vertices to a set U’, for keeping better track of the balancing of the
edges. We will keep U’ small, that is, we will ensure that (15) holds.

Preparing 7, N F;. We now partition the set of trees from T; N F} into
three sets®: the set Tz, contains all the balanced trees, i.e. those trees whose
color classes have the same size; the set TyeqrBa contains all trees having the
property that their colour classes differ by exactly one, with the bigger class
containing the root; and the set Ty,pe contains all the remaining trees, that
is all unbalanced trees not belonging to TyearBai-

Phase 1. In the first phase of our embedding, we embed all trees from Tz,
using the matching M. We try to spread these trees as evenly as possible
among the edges of M. It is not difficult to see that by Lemma 5.1 (e), it is
possible to make the used part of the clusters differ by at most % (but even

the more obvious weaker bound % is sufficient for our purposes). At the end
of this phase of the embedding, we add to U’ at most % unused vertices from

each of the clusters @ € V(M), and can thus make sure each of the clusters
has exactly the same number of vertices in Qp, \ (UUU").

Phase 2. In the second phase of our embedding, we embed all trees from
Tunpar- We group the trees from Ty, by their number of vertices, which is
some number between 3 and %. Then we subdivide these groups according
to the number of vertices belonging to the same colour class as their root.
The final groups represent the types of trees. Since all trees we consider have
order at most %,

1 . .
there are at most — different types of trees in Typpar- (20)

B

For each of the types T, say with t vertices, and colour classes of sizes
t; and t9, where the class of size t; contains the root, we proceed as follows.

3We remark that it is not really necessary to treat the trees from T, separately (as
they could be treated together with the trees from Typpq; in Phase 2), but we believe that
embedding | Tsq first (in Phase 1) is more instructive.
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We go through the elements of our N-out-good path partition Pp in some
fixed order, always embedding only a constant number of trees of type 7. In
each round, we keep the clusters of H — X perfectly balanced. Only when we
run out of trees of type T', we will (necessarily) have to make a last round,
possibly not reaching all elements of Ppg, and thus unbalancing some of the
clusters a bit (by at most %)

To make the above description more precise, recall that Pp consists of

(M1) single edges AB with both ends in N
(M2) paths ABC'D with B,C € N; and
(M3) paths ABCDEF with B,C,D,E € N.

Say there are my paths AB as in (M1), ms paths ABC'D as in (M2), and ms
paths ABCDEF as in (M3). Let us now analyse how the sets @ € Q lying
in edges or paths from (M1)—-(M3) fill up when we embed small trees of type
T into them in the following specific ways.

First, the sets A, B of any edge as in (M1) will each get filled up with ¢
vertices if we embed one tree of type T in one ‘direction’ and a second tree of
type T in the other ‘direction’. In other words, we can embed a total of 2m1h
trees of type T into the edges from (M1), filling each of the corresponding
clusters () with th vertices (where h is any not too large natural number).

The sets @ on paths ABC'D as in (M2) will get filled as follows. If we

e perform z rounds in which we embed one tree of the current type 7" in
the edge AB, with the root going to B;

e perform z rounds in which we embed a tree of type T in the edge CD,
with the root going to C;

e perform y rounds of embedding a tree of type 7' with the root going
to C, but the rest of the tree going to AB; and

e perform y rounds of embedding a tree of type T with the root going
to B, but the rest of the tree going to C'D,

then after these 2x + 2y rounds, A and D each have received xty + y(t; — 1)
vertices, while B and C' each have received zt; + y(to + 1) vertices.

So, if t; > t5 (observe that then actually t; >ty + 2, since T' ¢ TearBal),
we will have filled each of the four sets A, B, C, D with exactly (t; —to — 1)t
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vertices if we choose x = t; —ty — 2 and y = t; — to. If t5 > t1, we can fill
each of the four sets A, B, C, D with exactly (t, —t; 4+ 1)t vertices by taking
r=1ty—ti+2and y =1y — ;.

Resumingly, for any not too large natural number A, there is a way to
embed a total of [t; —to — 1|-4myh’ trees of type T into the edges from (M2),
filling up each of the corresponding clusters ) with |t; — to — 1| - ¢ vertices.
Even more, taking into account what we said above for edges from (M1), we
conclude that for any not too large h’, we are able to embed a total of

’tl — tg — 1‘ . leh/ -+ ’tl — tg — 1‘ . 4m2h’ = ‘tl — t2 — 1| : (27711 +4m2)h’

trees of type T into the edges from (M1) and (M2), filling up each of the
corresponding clusters @ with [t; — ¢y — 1| - th’ vertices.

For the paths ABCDEF from (M3) we can calculate similarly: Say we
do x rounds of embedding of a tree of type T in the edge AB and another x
rounds embedding it into FF'. We then do y rounds of embedding the tree
into AB, but with the root of the tree going into C', and another y rounds
putting it into E'F, with the root going into D. Moreover, we perform
2z rounds where we embed the tree into C'D, of which 2z rounds in each
‘direction’. Then after these 2z + 2y + 2z rounds, we filled each of A and F'
with zty + y(t; — 1) vertices, each of B and E with zt; + yts vertices, and
each of C' and D with y + zt vertices.

SO7 if t2 Z tl, then with x = ¢ - (tz - tl + 1), Yy = t- (tQ - tl), and
z=(t—1)-(ta — t1) + t1, we have filled each of the six sets A, B,C, D, E, F
with exactly the same amount of vertices, namely with ¢ - (¢ - (to — t1) + ¢1)
vertices each. If t; > ¢y, we choose x =t - (t; —ty — 1), y =1t- (t; —t3), and
z=(t—1)(t1 — ta) — t1, and fill each of the six sets A, B,C, D, E, F' with
t-(t-(ty —ta) —t1) vertices. So, adopting the convention that +¢; means
+t; if to > t; and —t; otherwise, we can embed, for any not too large h”,
a total of 6( - [ty — t1| & t1)msh” trees of type T into the edges from (M3),
placing exactly t - (¢ - |t — t1| & t1)h” vertices into each of the corresponding
clusters Q).

Recalling the earlier observations on embedding trees of type T into edges
from (M1) and (M2), we conclude that we are able to embed

dT = |t1 — t2 — 1| . (le —|—4m2)(t . |t2 — t1| :]:tl)
+6(t . ’tg — t1| :l:tl)mg . ‘tl — t2 — 1|
=ty —ty— 1| (t-|ts — tr| £ 1) - (2m1 + d1ma + Gms)
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trees of the current type 7', using all sets Q € Q in a completely balanced
way (each receives exactly ¢ - (t - |to — 1| £ t1) - [t1 — to — 1| vertices).

Now, we embed the first ds trees of type 7' in this way, then proceed to
embed the next d; trees of this type, then the next ds such trees, and so on.
If at some point (this might happen in the first round already), there are less
than ds trees of type T left, then we perform a last round for embedding
these trees, simultaneously blocking at most dz -t vertices which we add to U’
(note that they have not been used for the embedding). In this way, we can
finish the embedding of all the trees of the current type 7' while perfectly
balancing @ N (U U U’) for all clusters @ € Q. In particular, each of the
clusters has exactly the same number of vertices in Qp, \ (UUU’).

Note that, when working on one t-vertex tree T € Tyrnpar, the number of
vertices we add to U’ although they are not actually used for the embedding
is at most 2 ] I

th§2t4‘pI§@'g§ 505 S 5
where we used that each tree in Ty C Fi has at most 1 vertices. So, the
number of vertices we add to U’ after working on all trees from Ty, is at

most the number of types of trees multiplied by BLE” and thus, by (20), at

1
Fo-

Phase 3. In this phase, we embed the trees from Teerpa. Each of these
trees has (at least) one leaf in its heavier colour class. Instead of the root, as
in phase 2, we will now put this leaf into a different cluster, and instead of the
N-out-good path partition we will be using the N-in-good path partition P4.

Again we go through the different types T of trees, of which there are
at most ﬁ Now say we are working on the trees of a fixed type T, with ¢
vertices. Easier considerations than in the previous case show that we can
embed exactly ¢ vertices into each of the slices Qp, of clusters Q € V(M) if
we embed six trees of type T into the six clusters corresponding to a path of
length 6, four trees of type T into the six clusters corresponding to a path
of length 4, and two trees of type T into the six clusters corresponding to a
path of length 2. So, putting at most ﬁ . % pl < % unused vertices into U’,
we can finish the embedding of all the trees of Theqra balancing all slices
as desired. In particular, each of the clusters () € Q has exactly the same
number of vertices in Qg, \ (UUU’).

After finishing Phase 3, we still put some more vertices into U’, before
declaring the embedding procedure of the trees in 7, N F} finished. Namely,

most

31



we put an appropiate number of vertices from the sets in X into U’. That is,
the number of vertices from any of the sets of X we add to U’ is the same as
the number of vertices from any of the sets Q € Q that went to U or to U’
during the embedding of 7; N Fy. This cleaning-up is only done because it
will be nicer to be able to start the embedding of the trees at the next seed
with all slices C'r, perfectly balanced.

Observe that the number of vertices we added to U’ while dealing with
the trees from 7, N F} is at most*

ul, < %+%+%+1X|-@ < %+6005-y7;mF11,

where we used (6) for the last inequality. Hence the bound (15) we had
claimed above is correct. This ensures we have enough space for all future
trees from F7.

6.4 Embedding the leaves

This section is devoted to the embedding of the leaves. That is, we are now
at a stage where we have sucessfully embedded all seeds and all small trees,
and all that is left to embed is L, the set of leaves adjacent to seeds. We will
show we can embed all of L at once.

If we cannot embed L into Z, then by Hall’s theorem?®, there is some
subset K C W such that

[N(p(K)) N Z] < [Lkl, (21)

where Ly is the set of leaves adjacent to elements of K, the set ¢(K) is the
set of images of K, and N(¢(K))N Z is the union of the neighbours in Z of
the elements of ¢(K).

Recall that by (E) from Subsection 6.2.3, we chose as the image of a
seed s a vertex p(s) that is typical with respect to C, for almost all clusters
C of Rg. Because of (10), this means that

2
each element of ¢(K) sees at least <§ — 20¢)|Z| vertices of Z. (22)

“Note that we did not add UCeV(Rc)(Qg uQy) to U’

5Hall’s theorem can be found in any standard textbook, it states that a bipartite graph
with bipartition classes A and B either has a matching covering all of A, or there is an
‘obstruction’: a set A" C A such that |[N(A")| < |4/|.
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In particular, by (11), each element of ¢(K) sees more than 2(|L| + s5am)
vertices of Z. Thus, we may assume that

2> 22", (23)
2
as otherwise 2(|L| + ;5am) > |L|, which means that we could have embed-
ded L without a problem.

Our aim is to reach a contradiction to the assumption that the set K
exists. We will reach this contradiction by proving in Claims 6.2-6.6 that K
misses a vertex in each of the large groups and also in most of the small
groups of seeds we defined in Subsection 5.2.1. In some of the small groups
K actually misses more than one vertex. We will prove these claims by
repeatedly using (21). This means that in total, K misses many vertices
from W, and these vertices spread out among the blocks (and thus have a
corresponding proportion of the leaves hanging from them). Therefore, we
can conclude that |Lk| is smaller than the bound for the neighbourhood
of p(K) given in (22), and thus, Lx could have been embedded without a
problem, which is a contradiction.

Let us make this outline more precise. We start by proving that each of
the large groups has a vertex outside K.

Claim 6.2. No large group is completely contained in K.

Proof. Assume otherwise, and consider the largest j for which there is a
group of size 47 -2/ completely contained in K. Then by Claim 6.1 (iv) from
Subsection 6.2.4, we know that

IN((K))NZ| > (1 - —e1)|Z]. (24)

95 - 20

If j > j® := [log mw, then by (11), the bound from (24) exceeds |L|,
1000

which yields a contradiction to (21). So

j<j® (25)

In particular, because of (7) and (8), we know that j < j*, and hence,
there exists a large group of size 47 - 2771 = 94 . 29, For any such group
B, we know that, by the choice of j, there is a vertex vg € B that is not
in K. Let Lg be the set of leaves adjacent to seeds in B, and let {,.x(B) and
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lmin(B) be the number of leaves adjacent to the first and the last seed in B,
respectively, under the size order . Thus, every seed b € B is adjacent to a
number /¢, of leaves, with lyin(B) < £y < lpax(B).

Set
dif (B) = lmax(B) — luin(B).
Then
|Lp| . |B| —1
Coy > loin(B) > =20 — dif(B) -

(B) B (B) ]
B |Lg| . 1
“ oo WD) U-gr5)

Since the groups are consecutive in the size order o, and since no seed has
more than am leaves adjacent to it, we know that

Z dif (B) < am.
B: |B|=94-27

So, the number of leaves adjacent to seeds that are not in K can be bounded
by calculating

|L| - |LK| > Z ng

B: |B|=94-27

L) , 1
> 2. 4B )

04.9
B: |B|=94-27 -2

V

“94.95 " 04 .27
Therefore,
Lyl < (1 1
Lkl < (1= org) - (1Ll +am)
1 at
1— . —
1 1
< — - — 4
<(1- 5 —chiZ
< [N(p(K))NZ|, (26)
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where the second and last inequalities follow from (11) and (24), respectively,
and the third inequality follows from the observation that

4 3
I 2 « 7] < ( 1 |
94.95-2

1
< 2.9 ez
106" = 3106 )2,

where for the first inequality we used that |Z] > |L| > 32 (by (23)), and

the second inequality follows from the facts that e < 13% (by (5)) and j < j¢
(by (25)).
Now, inequality (26) gives a contradiction to (21). This proves Claim 6.2.

O
Next, we show a similar fact for all small groups of size five.
Claim 6.3. No small group of size 5 is completely contained in K.
Proof. Indeed, otherwise, because of Claim 6.1 (i), we know that
IN((E) N 2 > (3~ )il (27)

Moreover, Claim 6.2 implies that every large group B of size 47 has a ver-
tex vp which is not in K, and thus we can calculate, similar as above for
Claim 6.2, that

L 1
L= [Lk] = > by > u—am'(l——
B: |B| =47
and thus, employing (11), we find that
1 at
Ll <(1——)-(|Z]+ —
Ll € (0= 22) - (121 + Sgm),

which, with the help of (23) and (27), and using the fact that o > ¢, yields
a contradiction to (21). This proves Claim 6.3. O

Next, we turn to the groups of size four, separating the treatment of these
into two cases depending on their type.

Claim 6.4. No small group of size 4 and of type 1 is completely contained
n K.
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Proof. Otherwise, because of Claim 6.1 (ii), we know that

IN(@(K) N 2] 2 (2~ ehz). (28)
By Claim 6.3 we know that every group of size five has a vertex which is not
in K. Hence, every large group B of size 47 contains at least two vertices vh
and v% that are not in K. Moreover, by the definition of the small groups,
the first of these vertices, vk, is one of the first 23 vertices of B under the
size order, and the second vertex v%, is one of the next 23 vertices of B under
the size order.

So, we can split the group B minus its last vertex into two groups By, Bo
containing the first 23 and the next 23 consecutive elements in the size order,
respectively, with v, € By and v} € B,. Defining dif (By), dif (Bs) as in
Claim 6.2 for each of these two subgroups Bi, By of the group B of size
47, and letting EviB denote the number of leaves at vy, for i = 1,2, we can

calculate that

gle =93 23 . d’Lf(Bl),
and Ll 22
B .
s > - — B
by 2 5 ~ 53 W(B),

where Lp, and Lp, denote the sets of leaves adjacent to vertices from B

and By, repectively. Thus, letting Lp, denote the set of leaves adjacent to

|LB|

the very last vertex of the group B (of size 47), and noticing that |Lp,| < 72,

we can calculate that

’L’ - ‘LK| = Z (gv}g +€v23>

B: |B| =47
1Ll = > 5 = ar [ LBs| 22 . .
> % —55 2 (dif(B) + dif (By))
B: |B| =47
|L| |L| 22
— oo — Toam.
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Therefore, using (11) and (28), we obtain that

22 1
Lyg| < —(|L 1+ ==
Ll < 221+ am) - (1+ )

4
<22Z o _ 1

< N(p(K)) N Z],
a contradiction to (21). This proves Claim 6.4. O

Claim 6.5. No small group of size 4 and of type 2 is completely contained
mn K.

Proof. Otherwise, because of Claim 6.1 (iii), we know that

IN(p(K) N 2] > (55— )2, (29)
However, by Claims 6.3 and 6.4, we know that every small group of size 5
and every small group of size 4 and of type 1 has a vertex which is not
in K. So, we can split every large group B of size 47 into five subgroups By,
By, Bs, By, Bs, each consecutive in the size order, and with |B;| = 11 for
i=1,2,3,4 and |Bs| = 3, such that each of By, By, B3, B, contains a vertex
U, U5, U, v & K.

Similar as above, we can calculate that

L= Lkl > > (o + b+ + L)
B: |B| =47
S L B £ B .
- 11 11-47 11 ’
where numbers £,; are defined as in the previous claim. Now, using (11)

and (29), we obtain that

10 1
Lyl < —(|L - (1
Ll < 1202+ am) - (14 )
11 1
< (= —¢e1)|Z
< (53— hiZ|
< [N(p(K)) N Z],
a contradiction to (21). This proves Claim 6.5. O
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Next, we will show that we can actually get some more out of the groups
of type 2.

Claim 6.6. No small group of size 4 and of type 2 has three or more vertices
n K.

Proof. Indeed, otherwise, because of the second part of Claim 6.1 (iii), we
know that

IN(o(E) N 2] 2 2~ b)) (30)

By Claims 6.3, 6.4 and 6.5, every small group B, except possibly those of size
one, has a vertex vg which is not in K. So, similar as in the previous claims,
but now going over all groups of sizes 4 and 5, and temporarily considering
the groups of size 1 to form part of the previous group (which had size 4,
and so now has size 5), we calculate that

|LB| . |B| 1
L|—|L g Ly, g —— — dif (B) -

B: 4<|B|<5 B: 4<|B|<5

11 3 4
>min{=. =Y. |L| — i O
> m1n{4, z |L| max{4, 5} am
L] 4
Z - — zam,
5 5
where Lp is the set of leaves at B, and dif (B) is the difference between the
biggest number of leaves at a vertex in B and the smallest such number. We
then use (11) and (30), to obtain that

Ll < S (LI +am) < (2 - <4)|2] < [N(o(K)) N 2],

a contradiction to (21). This proves Claim 6.6. O

Resumingly, Claims 6.3-6.6 tell us that K misses at least one vertex
of each small group of size four or five, and misses at least two vertices
from each small group of size four and type 2. Recalling our ordering
4,4,4,4,5,4,4,4,4,5,4,1 of the small groups inside each group B of size
47 as given in (4) in Subsection 5.2 (under ordering o), we see that we can
split B into five groups By, By, B3, By, Bs such that

e for ¢+ = 1,3, the group B; has 8 vertices, at least 3 of which are not
in K;
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e for i = 2,4, the group B; has 13 vertices, at least 5 of which are not
in K; and

e Bs has 5 vertices, at least two of which are not in K.

Therefore, similar calculations as for the previous claim give that

3 5 2 5 8 3
Ll —|Lg| > min{=,—, =} |L| — - -}
LI~ 1Lxl = min{Z, =, 2} |1 - max{z, 5.5} o
31| 5
> — — -am,
8 8

and thus by (11), we get
5) 2
b < 311+ am) < (3~ 209 2],

a contradiction to (22). This means the Hall-obstruction K cannot exist,
and we can thus finish the embedding of 7" by embedding all leaves from L
in one step. This finishes the proof of Lemma 2.1.

7 Extending a given embedding

For the companion paper [RS19b], which contains the proof of the exact
version of Theorem 1.4, we will not only need Lemma 2.1, but also a second
result, namely Lemma 7.3, the main result of this section. Both lemmas
are very similar. The difference is that in the context of [RS19b], a small
tree T* is already embedded, except for a small set Y C V(T™). As images
of neighbours of Y are well chosen, we will later be able to absorb Y, i.e., we
choose a suitable set S C V(G) somewhat smaller than Y, embed T'—(7T*—Y")
into G — S, and then complete the embedding by using the leftover plus S
for the embedding of Y. So, in Lemma 7.3, we wish to embed T — T™, and
just as in Lemma 2.1 we have some extra free space, but now we have to
cope with the already embedded T — Y, which may block neighbourhoods.
However, as we will see below, our proof of Lemma 2.1 can be adapted to
the new setting, with two possible exceptions. First, if G is vy-special (see
Definition 7.1 below), our embedding scheme will fail, because the matchings
we need for the embedding of F; might not exist. In [RS19b] we show how
to embed 7' in that case. Second, if T" has a specific shape, and G is close
to containing a complete tripartite graph, we may not be able to find the
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in-good path partition needed for embedding TneqrBqr- This case is covered
by Lemma 7.4 below, which shows that then we can embed all of T
Another important difference to Lemma 2.1 is that in Lemma 7.3, we
know that no seed of T" has many leaves hanging from it. So, we can forget
about all the extra work that was done in the proof of Lemma 2.1 to embed
the set L of leaves hanging from seeds.
Let us now give the two definitions we need to state Lemma 7.3.

Definition 7.1. We say a graph G on m + 1 vertices is y-special, for some
v >0, if V(G) consists of three mutually disjoint sets X1, Xo, X3 such that

(i) 5 —3ym < |Xy| < % +3ym for eachi=1,2,3; and
(ii) there are at most v'9|X1| - | Xs| edges between X; and Xo.

Definition 7.2. Let T be a tree with m edges. Call a subtree T* of T with
root t* a y-nice subtree if |T*| < ym and every component of T — T* is
adjacent to t*.

We are now ready for the result we will need in [RS19b].

Lemma 7.3. For all v < # there are mg € N and A > 0 such that the
following holds for all m > my.

Let G be an (m + 1)-vertex graph of minimum degree at least |2*] and with
a unwversal vertez, such that G is not y-special. Let T be a tree with m edges
such that T € G and no vertex in T is adjacent to more than Am leaves.
Let T* be a ~y-nice subtree of T with root t*, let Y C V(T*) \ {t*}, and let
S C V(G) with |S| < [Y] = (2)*m.

If, for any W C V(G) — S with |W| > ym, there is an embedding of T* =Y
into G — S, with t* embedded in W, then there is an embedding of T —Y into
G — S extending the given embedding of T* —Y .

In the proof of Lemma 7.3, we will need the following lemma. Call a rooted
tree bad if it is a three-vertex path whose root is not the middle vertex.

Lemma 7.4. Let H be a graph on m + 1 vertices with universal verter w.
Let Hy U ... U Hjs be a partition of V(H), with |Hy| = |Hy| = |Hs| > 5m
and |Hs| < L|Hy|. Assume that for all i,j € {1,2,3} with i # j, each vertex
of H; is adjacent to at least % of the vertices in Hj, and for i« = 4,5, each
vertex of H; is adjacent to at least two fifths of the vertices of H; .

Let T be a tree with m edges, and let W, L, Fy, Fy be sets as in Lemma 5.1
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for some B with 3*m > 250, except that we do not require the upper bound

in Lemma 5.1 (f). If F\ contains at least f’—(i)m bad trees, then T C G.

We leave the proof of Lemma 7.4 to the end of the section, and first prove
Lemma 7.3, mainly following the lines of the proof of Lemma 2.1.

Proof of Lemma 7.3. We structure the proof according to the main steps.

Setting the constants. Given 7, we set o := ()*; this will be our ap-
proximation factor for the embedding of T'— Y. We choose ¢ such that

e <~%. (31)

Apply Lemma 4.4 (the regularity lemma) to €2 and M := 6% obtaining num-

bers M, and ng. We choose f < ¢, and A < 5;6;. Finally, choose a sufficiently

large number myq for the output of Lemma 7.3. Resumingly, we have

1
E<<)\<<ﬁ<<5<<oz<<”y. (32)
0

Holes. Call a subset of V(() containing at least %' — 7ym vertices a hole
if it induces less than 100em? edges. Let Vg.q be the set of all vertices in
V(G) whose non-neighbourhood contains a hole. For now, suppose that
m
5

(The other case will be treated at the end.) Now, assume we are given a
graph G as in the lemma, a set S, a tree T" and a subtree T™ of T', with

[V(T™)| < ym, (34)

avertex t* € V(T%), aset Y C V(T*)\ {t*}, and an embedding ¢ of T* - Y
into G — S. By (33), we may assume that

©(t*) & VBaa- (35)

Regularising the host graph. We take an e2-regular partition of G’ :=
G\ (p(V(T*=Y)US), with a reduced graph Rg on My < p' < M, vertices.
We wish to extend the embedding of 7" —Y to an embedding of all of T'—Y
into G — 5. Note that the minimum degree of R is no longer bounded from
below by (% — 13¢)p, as in the proof of Lemma 2.1, because of the possible
degree into the set p(V(T*—Y)). But we can guarantee the following bound:

|VBaal < (33)

2 ,74 / 2 74 /
P N> (2= Iyt q > (244 .
w(RG)_(3 7+(2) 3e)p _(3 7+2O)p (36)
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Cutting the tree. We use Lemma 5.1 to cut up the tree induced by V(7' —
T*)U{t*}, making ¢t* a seed. Add all neighbours of t* belonging to a tree from
F; to the set W of seeds. Use Lemma 5.1 (f), (g) and (h) to see that there
are at most 25(m — |V(T™)|) new seeds (with exactly the same argument as
the one used to prove Lemma 5.1 (i)). Note that the new seeds transform
the partition of the tree a little, as any new seed cuts the tree from Fy it
belonged to. We just add the newly formed small trees to L, Fy, Fy \ F}
or F}, as appropriate, and, slightly abusing notation, continue to call these
sets L, Fy, Fy \ F} or Fj. Let W* be the set of all seeds adajcent to t*. It
will not be necessary to add any more extra seeds, as we did in the proof of
Lemma 2.1, so the total number of seeds is bounded by %

Embedding leaves at t*, and reserving for W*. First embed the leaves
at t*, into any cluster, using the minimum degree of G. As t* has at most
Am < em leaves hanging from it, this will not disturb the rest of the em-
bedding process. Let L' denote the set of the remaining leaves from L.

Next, we choose a cluster C* such that at least a third of its vertices are
neighbours of ¢(t*). We reserve a set C};, € C* of size eim consisting of
neighbours of ¢(t*) in C*. This reservation ensures that we will not block
the neighbourhood of ¢(t*) before embedding W*.

Embedding the trees from F}. Now we embed the trees from F} :=
F1 N 7. We provisionally slice up each of the clusters of Rg into é smaller
sets (slices) of equal sizes (plus a very small garbage set), in a way that
at most one of the new slices contains both neighbours and non-neighbours
of o(t*). Let S be the set of all these slices except for the garbage set and
the mixed slice, and let Ry, be the reduced graph on S. Say |S| = p”. Note
that Ry, is still regular (with a slightly worse approximation), and in Ry,
the minimum degree bound from (36) becomes

2

du(Ber) = (3 =7p" (37)

Consider a set N C S of size [ (3 — ~)p”] such that (t*) is adjacent to all
vertices in all clusters of N. We will now find a matching M* and path
partitions P}, P, or slight variations thereof, as in the proof of Lemma 2.1,
where we employed Lemmas 4.2 and 4.3.

Let us start with the matching M* from Lemma 4.2. While the conditions

of the lemma are still satisfied if we take £ of the order of v, we would like
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to have an outcome with ¢ having the order of €. The only possible reason
that could prevent us from finding a set Y of order around 500ep” and an
N-good perfect matching M* of R, —Y as in Lemma 4.2 is that the first
line of the proof of Lemma 4.2, where we greedily match using the minimum
degree condition, fails in our new circumstances (for the rest of the argument
in that proof we only need a much weaker minimum degree condition). So,
if we cannot find M*, then each matching from V(R},) \ N to N leaves
more than |500ep” | vertices from V(Ry,) \ N uncovered. Thus there is a
Hall-obstruction, i.e., a set X| C V(Ry,) \ N with less than |X{| — [500ep” |
neighbours in N. Now, apply (37) to any vertex from X7, and set X3 :=
N(X{)NN and X; := V(R ) \ N to see that

2
X, U X > (5 - 7) a (39)
Moreover, as |X;| = p” — |N|, we see that
1 // / 1 ,y /! 1 ,y /!
- >\ X=X >2l=—=+2 >(=-—=
(347) 9z iz Xz (5-F 40 )= (5-1)0 @9

where for the third inequality we use (38) and the fact that |X3| < |X|| —
|500ep”|. Thus, we can bound the size of X3 as follows:

1 1

Letting X, denote the non-neighbours of X/ in N, we obtain from (37) in a

similar way as for X; that | X5 U X3| > (2 —7)p”, and therefore, using (40)
for a bound on |X3|, we obtain that

1
Also, by (38), we have that
]' //
[Xel < { 3 +7)p" (42)

But then G is vy-special. Indeed, (34), (39), (40), (41) and (42) imply that
Definition 7.1 (¢) holds for |JX;, J X, and X5 U o(V(T*) — Q) U S U
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(V(G") \ Uges V(S)), while Definition 7.1 (i7) holds by the definition of X5,
and since by (31), any non-edge in Ry, corresponds to a very sparse pair
of clusters in G. However, GG being vy-special is against the assumptions of
Lemma 7.3. So, no Hall-type obstruction can exist, and we find the matching
M* as desired.

Next, we turn to the good path partitions P, and P, from Lemma 4.3.
Let us start with Pf). In the proof of Lemma 4.3, we constructed P, using M*
and an auxiliary matching M, which, in turn, was obtained as the union
of two matchings, the first of which is M®, a maximum matching inside
V(M*)\N. We define M® in the same way here. Note that |V (M®)| > 6vp”,
as otherwise, (Q \ V(M®)) is a hole, which is impossible by (35). In the
proof of Lemma 4.3, M? is completed to M by matching clusters from
Q= V(M*)\ (NUV(M®?)) to clusters in N \ R, where R are the clusters
matched to Q by M*. By the maximality of M9, @ is independent, and all
but at most one of the vertices in () see at most one of the endvertices of any

edge in M®. So, these clusters see at least |N \ R| — w > Q\ V(MQ)]
clusters in N \ R, implying that we can match all but at most one vertex
of Q in M@, and thus find an N-in-good path partition P¢), as desired.

Let us now turn to the N-out-good path partition Py, from Lemma 4.3. To
find P% we employed a maximum matching M7 inside R. If [V (M) > 6yp”,
we can proceed as above to find Py. Otherwise, it is not hard to see that
we can match all except at most 6yp” clusters of R to N \ R, which leads
to almost all thus obtained paths having 6 vertices. We can then match the
remaining 6yp” clusters of R to the innermost vertices of these paths. In
this way, we find a partition into (vertex-disjoint copies of) the three types
of paths allowed in an N-out-good path partition, plus the following type
of graph on 8 vertices: its vertices are A, A’,B,B',C,D,E,E' F, I’ with
B,B"C,D,E,E" € N, and its edges are AB, A’'B’', BC, B'C', CD, DFE,
DE', EF, E'F'. We will call this partition P} ..

We embed | J F} using M*, P, and Py, 4, all the time avoiding Cf;,. Note
that when using P, , we will have to adapt our strategy from Section 6.3.2,
but this is not hard®. In order to leave all clusters balanced during the

6For any graph of the new type, consider embedding x trees of type T in the edge AB,
putting the bipartition class T} that contains the root r4 into B and the other class T
into A. Then embed z trees similarly into each of A’B’, EF and E'F’. Next, do y rounds
of embedding T with r# going into C, Ty going to B, and T — 7 going to A, and y
analogous rounds for each of the edges A’B’, EF, and E'F. Finally, embed T 2z times
into CD, of which z rounds in each ‘direction’. After these 4x + 4y + 2z rounds, we filled
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embedding of |J F, we again use a small set U’ of pseudo-used vertices.

Slicing up the clusters. We now go back to work in Rg/. We slice up the
yet unused parts of the clusters as before (but avoiding Cf;,), into sets Cy,
Cw, Cy, Cp\Fy, and Cp,. The slices Cx reflect the sizes of the corresponding
sets X, but we leave sufficient buffer space in each.

We now go through the subtree induced by W and the non-trivial trees
hanging from them in a connected way, starting with the root t*. As before,
we embed each seed together with all small trees from F; U F; hanging from
it. We always avoid the set Cy;,, unless we are embedding a seed from W*.

Embedding a seed s. We embed each seed s in a neighbour ¢(s) of the
image ¢(p) of its parent p, with ¢(s) ¢ Vpaq (this is possible by (33)), and
such that ¢(s) is typical with respect to the slices Cr, Cy, Cy and Cpy\
Usually, seeds go to Cyy, but seeds from W* go to their reserved space CYj,.
Note that we did not need to group and order our seeds as in the proof of
Lemma 2.1, and we also do not need to choose the target clusters as carefully.

Embedding the trees from F; U F} at s. For the trees from Fy, we can
find the matching Mg, just as before, as the minimum degree bound (37)
is sufficient. Again, we make the connections through the slices Cy,, using
the fact that the corresponding seeds are embedded in typical vertices (with
respect to almost all slices Cy).

For the trees from F}, we proceed as above for F}, i.e we slice up the clus-
ters, so that almost all of the obtained slices behave uniformly with repect
to being adjacent to ¢(s). Let R/, be the graph on these slices, after mo-
mentarily discarding the mixed slice and the garbage slice. Since G is not
~v-special, and since we embedded s outside any hole, we can proceed exactly
as above (when we embedded the trees from F}) to find a matching M, an
in-good path partition and a modified out-good path partition in Rf,.

each of A, A’, F, F' with xty + y(t; — 1) vertices, each of B, B’, E, E’ with xty + yto
vertices, and each of C, D with 2y + 2t vertices, where t; = |T;| for i = 1,2. So, taking
xr = (tl +t2) . (tQ 7t1+1), Yy = (tl +t2) . (tQ 7151), and z = (tl +t2 72) . (tg 7t1)+t1,
we fill each of the eight clusters with exactly the same amount of vertices. Similarly as in
Section 6.3.2, we can calculate how to fill all types of graphs from P, , simultaneously
with the same amount of vertices.
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Embedding the leaves from L’. In (32), we chose A such that

IL'| < —-Am <
Since there are about p’ slices C, each much larger than 5;—'},
the embedded seeds (except possibly t*) see about two thirds of almost all
slices Cr,, we can embed the leaves from L’ greedily into UCev( Rer) Cp. This
finishes the proof of Lemma 7.3 for the case that (33) holds.

and since

More holes. Now assume that (33) does not hold. We can delete a few
vertices from a hole so that inside the remaining set, no vertex has degree
more than \/em. By deleting a few more vertices, we arrive at a hole of size
exactly [(3 —8y)m]. Let H be the set of all holes obtained in this way. As G
has minimum degree at least [ |, for each H € H and = € V(H) we have

deg(z,V(G)\V(H)) = [V(G) \ V(H)| = 9ym. (43)

In particular, since (33) is not true, H contains at least two holes, H; and Hs,
and their intersection is empty.

By (43) it is easy to calculate that for ¢ = 1,2, all but at most 3,/ym
vertices of V(G) \ (H; U Hy) have degree at least |H;| — \/ym into H;. We
choose a set Hy C V(G) \ (Hy U Hy) with |Hs| = |H,| = |Hs| and such that
for each € Hs, and each i € {1,2}, deg(z, H;) > |H,| — \/ym.

Set Hy := V(G)\ (Hy U Hy U Hs). As 6(G) > 2], cach vertex in Hy
sees at least two fifths the vertices of at least two of the sets Hy, Hy, H3z. So,
there is an index i € {1,2,3}, without loss of generality let us assume i = 2,
such that at least two thirds of the vertices in H, are adjacent to at least
two fifths of the vertices in Hy. In other words, we can split Hy into two sets
H4, Hs as in Lemma 7.4.

Let Tgaq be the set of all bad trees in Fy. If |Tguq| > 13—0%771, we add the
trees from T* —t* to L, Taq, F1\TBaa, and Fy, where we now allow that trees
in F, have more than Sm vertices. Forgetting about the embedding ¢ of T™,
we apply Lemma 7.4 to G, finding that T' C G, contrary to the assumptions

of Lemma 7.3. So,

33
Toudl < —2m.
I Toad < 55m

Now, we let t* be embedded into the hole H;. We regularise G — p(T* —Y),
respecting the prepartition given by Hy, Hy, V(G)\ (H1UHs). In the reduced
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graph Rg on p clusters, we use (43) to find an edge X; X, with X; C H; for
i = 1,2, and | Xy N N(e(t*))] > lX—;' Using (43) again, we find a set D of
disjoint triangles ABC with A C Hy, B C Hy and C C Hj, such that for
each i = 1,2, two of the pairs (A, X;), (B, X;), (C,X;) have large density
(larger than 2), and such that moreover, ¢(t*) sees at least 2 of the vertices
in B and in C. We can choose D such that |D| = [(5 — 1007)p].

We now split the clusters from V(Rq) \ { X1, X2} into slices. Each cluster
belonging to a triangle from D is split into one slice D of size % +100em,
and one slice Dy containing the remaining vertices. Doing this, we put as
many neighbours of ¢(t*) as possible into D;. Let S be the set of all slices
of type D; and note that together they are large enough to accommodate
all trees from Tgyq (there is even some buffer space). Let D’ denote the set
of triangles in the reduced graph on § corresponding to triangles from D.
Now, take the set of all slices of type D, and all clusters in V(Rg) \ (V(D)U
{X1, X5}), and split each of these elements into slices of size 6% (plus possibly
one garbage set). Let S’ be the set of all these slices, and denote by Ry, the

reduced graph on &’. By our bound on |Ts44|, we know that
2
o(Rg) > (5 5007)p’, (44)

where p' = |S’|. Now, we embed the leaves at t* as before, and embed the
bad trees at t* into | J S, using regularity inside the triangles, and filling the
clusters from S’ as evenly as possible. For this, consider a triangle A'B'C’ €
D' and note that ¢(t*) sees almost 2 of the clusters B and C”. So, if necessary
we can fill almost all AU B’ U C" with trees from T.q, by distributing their
first vertices among B’ and C’.

We then embed the trees from F; \ Tp.q adjacent to t*. For this, we
temporarily splice up the clusters from S’ into about % new slices, so that
almost all new slices contain either only neighbours or only non-neighbours
of p(t*), disregarding the possible garbage slice and the possible mixed slice,
as before. Call this new set of slices Sj.. In the reduced graph on Sj., we find
a matching M* (for this, we use (44) and the fact that most of the vertices in
the non-neighbourhood of ¢(t*) lie in H;, which means that they see almost
all of V(G)\ Hy). We then find a modified out-path partition P,,.q as before.
We may be unable to find a in-good path partition Py as before (as now
©(t*) lies in a hole). But, in a similar way as we found P,,,q, we can find a
modified partition P/ .. which allows for graphs of the three types from the
definition of the in-good path partition, plus a new type of graph on eight
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vertices A, A", B,B',C,D,E, E',F, F', with A, A", C, D, F, " € N, and edges
AB, A'B', BC, B'C,CD, DE, DE', EF, E'F’. Recall that the in-good path
partition was only used for the trees from TyeqrBar- It is not hard to see that
all trees in TyearBal \ TBaa can be embedded into the modified in-good path
partition P/ .7 We fill all clusters from |JS” evenly (again using a set U’).

Next, we slice up the yet unused parts of the clusters as before into sets
Cr, Cw, Cy, Cp\ry, Cry, each of the size needed, plus buffer space. We go
through the seeds s and the trees from F; U F, hanging from s. We embed s
into a vertex p(s) € X;, for some i = 1,2, such that ¢(s) is typical with
respect to all clusters from triangles A’B'C" € D', with respect to all unused
parts of these clusters, with respect to all unused parts of slices of clusters
from &', and with respect to X3_;. We also require that s is embedded into
a neighbour of the image of its parent, which is not a problem, since all such
parents are embedded into vertices having sufficient degree into X; U Xs.

We embed all trees from Tg,q hanging from s into | JS, using regularity
and filling all clusters from S almost evenly. Note that ¢(s) is typical with
respect to the unused part of at least two of the clusters of any triangle
A'B'C" € D', i.e. ¢(s) sees almost 2 of these unused parts. So, as above for
©(t*), we can distribute the first vertices of the trees in Tp,q at s among the
two clusters and thus fill up the triangle if necessary.

We then embed the trees from Fj \ Tgaq at s into |JS', using the same
strategy as before, i.e. temporarily splicing up the clusters from S’ into about
% new slices, so that almost all contain either only neighbours or only non-
neighbours of ¢(s). Finding a matching M* and modified path partitions as
above, we can fill all clusters from (JS” evenly. For the trees in F, hanging
from s, we use a matching Mp,, as before. If T € F, contains a parent p of
a seed, we embed p into a suitable vertex v € C} with many neighbours in
X7 U X,. We finish by embedding the leaves at seeds as before. O

It remains to prove Lemma 7.4. For its proof it will be convenient to have
the following auxiliary result at hand.

"In order to show this, let us just prove that any graph of the new type can be equally
filled with a fixed type of tree T € TwearBal \ TBaa. For this, let ¢; denote the size of the
larger partition class of T. Note that t; > 3 and the other class has size t; — 1. Let r be
the root of T. Embed 2¢; — 1 times 7+ into C, the smaller bipartition class into B, and
the rest into A. Do the same three more times, replacing the triple C, B, A with C, B’,
A’ with D, E, F, and with D, E’, F’. Embed t; — 3 times the larger bipartition class into
C, and the smaller class into D. Also embed t; — 3 copies of T' the other way around into
D and C. Then each of the eight clusters is filled with exactly (2¢t; — 1)(¢; — 1) vertices.
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Lemma 7.5. Let H be a gmph with universal vertexr w. Let Hy, Hy, H3 C
V(H) be dzsyomt with |H;| > m and such that each vertez of H; is adjacent
to at least <& of the vertices m 5, for i =1,23 and j € {1,2,3}\ {i}.
Let T be a tree on m—+ 1 vertices, with sets W, L, Fl, F5 as in Lemma 5.1 for
some 3 with $*m > 600, except that we do not require the upper bound in
Lemma 5.1 (f). If Fy contains at least 2>m bad trees, then there is a tree

100
1" C T with |V(T')| < & and an embedding @ of T" into H such that

(i) each component of T —T" is a bad tree from Fy, and for at least 43030

of these trees, their neighbour in p(T") is embedded in Hy U{w}; and

(ii) |o(V(T")) N Hy| = |@(V(T")) N Hif fori=1,3.

Proof. Let Tguq be the set of all bad trees in F} and let T” be the union of W
and all trees from (L U F} U Fy) \ Tgeq- Consider the bipartition Wy U Wy
of W induced by the bipartition of 7" and say W) is adjacent to at least as
many trees from Tg.,q as Wi. So, there are at least 200m bad trees at Wj.
Partition Wy into three sets Wy, W5, W3 such that W contains all seeds
from W not adjacent to any leaves, and such that |(Cy; +|W3|) — (b +[W3))|
is minimised, where we define /x as the number of leaves adjacent to the
vertices of X, for any X C W. Say Wj is adjacent to at least as many bad
trees as Wy. If by + [W5| > by + [W3|, choose s* arbitrarily in W3, and if
by + W3] < by + [W3), there is at least one vertex in W, adjacent to more
than one leaf, let s* be such a vertex. Then, setting Wy := (W5 U W)\ {s*}
and W5 := Wi\ {s*},

33
there are at least 0™ bad trees hanging from W5, (45)
every seed in Ws is adjacent to at least one leaf, and (46)
bwy + lisry + [Wa| = bw, + [W3]. (47)

(Indeed, (47) is obvious if s* € W}, and if s* € W), note that by our choice
of W3 and W3, we have lyy; + iy + [Wo \ {5} > by — sy + W3 U {s*}]
which implies (47).) Finally, for each s € W that is adjacent to a tree from
Tad, choose one such tree, and let Ty, be the set of all these trees. Let T”
be the tree induced by 7" U Ty, .

Now, proceed as follows for each s € W, starting with any seed and then
always choosing a seed whose parent is already embedded. If s € W;, then
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embed s into H;, and embed s* into w. In what follows we will often use the
minimum degree between the sets H; without explicitly mentioning it.

Let T € Ty, U (Fy \ (TBaa) U F» be a tree from 7" — W hanging from s,
with root r7. Our aim is to show that we can embed T such that

o(V(T)) N Ha| > max{|o(V(T)) N Hl, [p(V(T)Us) VHil}.  (48)

This is easy if T € Ty, because then we can embed the first and the last
vertex of T into Hy, and the middle vertex into H;. So assume T ¢ Tyy,. Let
Ty, Ts be the partition of T — r+ induced by the bipartition classes of T, with
|Ty| > |Ti|. If |Tz| = |T1], suppose T} is the class not containing neighbours
of rp, and let v € T} — r7 (such a vertex exists as in this case |T}| > 2 since
T ¢ Tpaq U L). If T contains a parent p of a seed, we can choose v # p.

Let us first find an adequate set H; for rp. For this, if s € W, for
j € {1,3}, then set i := 4 — j, and if s € W5, then choose any i € {1 3}.
If T contains no parents of seeds, we can embed 7+ into H;, embed T} into
H,, and embed T} into Hy_;, unless ]Tﬂ = |Ty| and s € Wy, in which case
we embed 74 and v into Hs, embed T5 into Hy, and embed T} — v into H;.
In this way we ensure (48) for all T' not containing parents of seeds.

Now assume 71" contains a parent p of a seed s, say s’ € W,. If p = ry,
then s and s’ belong to the same bipartition class of T, i.e. both are in W,
or both are in W5 U W3. So we can proceed exactly as above (note that if
s € Wy we are at liberty to choose ¢ = 1), as r7 will always be embedded
outside H;. The same is true if p # ry and j = ¢, and because of the liberty
we have for choosing i if s € W5, we can from now on assume that

p#ry, j#1and if s € Wy, then j = 2. (49)

If rep ¢ E(T), we embed 77 and p into H;, embed the larger bipartition class
of T —rg—p (as induced by the bipartition of T') into Hy, and embed the rest
into H,_;, unless both classes T}, Ty have the same size and s € W, in which
case we wish to embed an additional vertex ¢v" into H;. Note that it does not
matter which partition class v comes from (as we can embed the other one
into Hy), so if there is no suitable v’ then all vertices of T —r5—p are adjacent
to either r7 or p. Hence, as |T}| = |Ty| > % > 2 by Lemma 5.1 (e), r and p
lie in different partition classes of T', and since r¢p ¢ E(T), there is a four-
vertex path rya,279p in T. We can embed this path with ¢(r7), p(p) & Hy and
©(p) ¢ H;. We then embed all other vertices of T into Hy, thus ensurig (48).
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Finally, assume ryp € E(T). Then s and s lie in distinct bipartition
classes of T. So by (49), s ¢ W5, and moreover, if s € W, then s’ € Wy,
ie. 7 = 1 = i, a contradiction. So s € Wi, and thus s’ € Wy U W3, more
precisely, since j # i, we have s’ € W,. We embed 74 into H3 and p into H,
and consider the two components T, Tp of T — r#p. We embed the larger
bipartition class of each of T, — ry, T, — p into Hs, and embed the other
class into H; and Hjs, respectively. This results in an embedding as needed
for (48), unless we are in one the following two situations. First, it could be
that T, — ¢ = 0 while the two bipartition classes of T, — p have the same
size (and are thus large). In this case we reembed a vertex from Hjz to Hj,
similarly as before. Seondly, it could be that T}, — p has at most two vertices
and the sizes of the bipartition classes of T,.—r differ by at most one, in which
case we reembed up to two vertices from H; to Hs. We thus proved (48).

Now consider any T € L at s. If s € W, U W5 U {s*}, we embed T
into Hy, and if s € Wy, we embed T into Hs. Note that (47) ensures that we
embedded at least as much of W U L into Hy as into Hs. If we can also show
that we embedded at least as much of WUL into Hj as into Hy, then, by (45)
and (48), and since |V (Ty,)| < % < 155 by Lemma 5.1 (b), we embedded 7"
in a way that (i) and (ii) hold.

To see this, first note that no T' € L was embedded into H;. Consider a
seed s € Wy. If there is a leaf v at s, then v was embedded into Hs, so s is
accounted for. If there is a tree T € FyUF, hanging from s, then by the choice
of Ty, , we can assume T’ € Ty, U(F} \ (Tgaq) U Fy, and by (48), s is accounted
for. Otherwise, there are no trees hanging at s, so by Lemma 5.1 (c¢), s has
a child s € W. As s € Wi, we know that s € Wo U W5, If s € Wy, then
©(s") € Hy, which accounts for s, and if s € W3, then by (46), s’ has a leaf,
which was embedded in Hs and which accounts for s. O

We are now ready to prove the final ingredient for the proof, Lemma 7.4.

Proof of Lemma 7./. We start by applying Lemma 7.5 to find a tree 1" with
\V(T")| < &, and an embedding ¢ of it into H; U Hy U H3 U {w} with
the properties given in the lemma. In particular, there are at least %m
unembedded bad trees whose seeds were embedded into Hy;. We extend ¢
by embedding some of these trees, in a way that we fill all of Hy U H5. By
the assumptions of Lemma 7.4, (and using the minimum degree between the
sets H;, and the fact that both 7" and H, U Hy are small,) we know that for

any x € V(Hs) we can embed such a T mapping its first vertex into Hy, its
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second vertex into an appropriate vertex of Hs, and its third vertex into x.
For any = € V(H,), we can put the first vertex of T into either H; or Hs, the
second vertex into Hs, and the third vertex into z. Alternating H; and Hj
when filling Hy, and recalling Lemma 7.5 (ii), we can ensure that for i = 1,3,

3
(7)1 Hi| < [o(T) N Hal < VT + [Hy U Hs| < —sm, and - (50)

T > m, G1)
where Ty, is the set of all yet unembedded trees whose seed is embedded
in Hy. We now embed some more trees from T € Ty,, in two phases. This
time our aim is to balance the sizes of the used parts of the three sets Hj,
H,, Hs. Let H; be the set containing the least number of embedded vertices.
By (50), we know that ¢ # 2. In the first phase, if H; has strictly less used
vertices than Hy, we embed trees from Ty, by putting their first vertex into
H;, their second vertex into Hs, and their third vertex into H;. We do this
until the used parts of H; and Hj differ by at most one vertex. In the second
phase, we embed trees from T},, only using H; and Hjs, and keeping their
used parts almost perfectly balanced, until the one of them has exactly as
many used vertices as Hy. Then, since the unused part of G is divisible by
three (as the unembedded part of T is), all three of Hy, Hy, H3 have exactly
the same number of used vertices. By (50), and since the used part of Hs
has augmented by a factor of at most %, this number is at most 3.

Moreover, we used at most so-m trees in the first phase, and at most

200
s5-m trees in the second phase. So by (51), we still have at least 2 + 2 yet

a(;?embedded trees in Thy,. We embed up to two more of these trees, keeping
the sets H; balanced, so that the number of unembedded trees in 7%, is now
divisible by 3.

We next embed all yet unembedded bad trees from Tg.q\Tx,, distributing
their three vertices equally among the three sets H;. Note that the minimum
degree between the sets H; is large enough so that it does not matter that
in this step, all but 5z vertices of each H; may become occupied.

In order to embed the remaining trees, we will still use the minimum
degree between the sets H; to embed their first and second vertices, and then
a Hall-type argument to embed their last vertex. Let us make this more
precise. We always embed three paths at a time. The first vertex of the first
path goes to Hs, and the first vertex of each of the other two paths goes
to Hi. The second vertex of the second path goes to Hs, and the second
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vertex of the other two paths goes to Hs. Doing this for all remaining trees,
the unused space U; in each H; has the same size, which is at least 2.

Our plan is to embed the third vertex vp of each path P as follows:
vp goes into Hy if P was a ‘first path’, into Hy if P was a ‘second path’
and into Hjz if P was a ‘third path’. Let A; be the set of all images of
second vertices on paths whose third vertex is scheduled to go to H;. Using
Hall’s theorem we see that if we cannot embed all third vertices as planned,
then there is an obstruction, that is, there is an index i € {1,2,3} and a
set A" C A; such that |[N(A") NU;| < |A'|. In particular, there is a vertex
v € U;\N(4’), and by our minimum degree condition, v is adjacent to all but
at most o= vertices of A;. Hence |A'| < & < 4] On the other hand, any

250 250 — 2

vertex a € A’ is adjacent to all but at most 5% vertices of U;, and therefore

|A'] > [N(A)NU;| > 2 — s > Ml This finishes the embedding of 7. [
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