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Abstract

This is the third of a series of four papers in which we prove the following relaxation of
the Loebl-Komlés—Sés Conjecture: For every o > 0 there exists a number kg such that for
every k > ko every n-vertex graph G with at least (3 + a)n vertices of degree at least (1 + o)k
contains each tree T of order k as a subgraph.

In the first paper of the series, we gave a decomposition of the graph G into several parts
of different characteristics. In the second paper, we found a combinatorial structure inside the
decomposition. In this paper, we will give a refinement of this structure. In the forthcoming
fourth paper, the refined structure will be used for embedding the tree T'.
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1 Introduction

This is the third of a series of four papers [HKP*a, HKP*™b, HKP*c, HKP*d] in which we provide
an approximate solution of the Loebl-Komlés—Sés Conjecture. The conjecture reads as follows.

Conjecture 1.1 (Loebl-Komlés—-Sés Conjecture 1995 [EFLS95]). Suppose that G is an n-vertex
graph with at least n/2 vertices of degree more than k — 2. Then G contains each tree of order k.

We discuss the history and state of the art in detail in the first paper [HKPa] of our series. The
main result, which will be proved in [HKP*d], is the approximate solution of the Loebl-Koml6s—Sés
Conjecture, namely the following.

Theorem 1.2 (Main result [HKPTd]). For every a > 0 there exists ko such that for any k > ko we
have the following. Each n-vertex graph G with at least (% + a)n vertices of degree at least (14 «)k
contains each tree T' of order k.

In the first paper [HKP*a] we exposed the decomposition techniques, finding a sparse decom-
position of the host graph G. The sparse decomposition should be thought of as a counterpart
to the Szemerédi regularity lemma (but compared to the Szemerédi regularity lemma the sparse
decomposition seems to be less versatile). In the second paper [HKPTb], we combined the sparse
decomposition with a matching structure, obtaining in [HKP*b, Lemma 5.4] what we call the rough
structure. The rough structure obtained in [HKP*b, Lemma 5.4] depends on the graph G only, i.e.,
is independent of the tree T'. The rough structure encodes the general information how T should
be embedded on a macroscopic scale. However, from the perspective of embedding small parts
of T locally, the properties of the rough structure are insufficient. In the present paper we take the
preparation of the host graph one step further, refining the rough structure. This way we obtain
one of ten possible configurations. Formally, each of the configuration — denoted by (¢1)—(¢10)
— is a collection of favourable properties the said graph must satisfy. Each of these configurations
is based on the building blocks of the sparse decomposition, and describes in a very fine way a
substructure in G. Some of the configurations involve some basic parameters of the tree T. That
is, while the presence of some individual configurations (namely, configuration (¢1)—(¢5) and (¢10)
introduced in Section 3) suffices for embedding of each k-vertex tree, configurations (¢6)—(¢9) are
accompanied by parameters (denoted by h, h; and hg in Definitions 4.11-4.14) that depend on
certain parameters of the tree 7.

In the last paper [HKP*d] we will prove that each of these ten configurations allows to embed 7T
This will complete the proof of Theorem 1.2. An overview of how the embedding goes for each
individual configuration is given in [HKP"d, Section 6.1]. We recommend the reader to consult this
part of [HKP*d] in parallel when reading through the definitions of the configurations in Section 4.

The paper is organized as follows. In Section 2 we introduce some basic notation. In Section 3
we introduce some further auxiliary notions, and two “settings” that will be common to the rest
of the paper. In Section 4, we present the main result of this paper, Lemma 4.17. The lemma says
that in any graph that satisfies the conditions of Theorem 1.2, we can find at least one of the ten
configurations described above. To prove it, we first introduce some preliminary “cleaning lemmas”
in Section 5. The proof of Lemma 4.17 then occupies Section 6. This is illustrated in Figure 1.1.
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Figure 1.1: Diagram of the proof of Theorem 1.2 with focus on the part dealt with in this

paper.

2 Notation, basic facts, and bits from other papers in the series

2.1 General notation

The set {1,2,...,n} of the first n positive integers is denoted by [n].

We frequently employ

indexing by many indices. We write superscript indices in parentheses (such as a(3)), as opposed to
notation of powers (such as a®). We use sometimes subscript to refer to parameters appearing in
a fact/lemma/theorem. For example a9 refers to the parameter a from Theorem 1.2. We omit
rounding symbols when this does not affect the correctness of the arguments.

Table 2.1 shows the system of notation we use in this paper and in [HKP*a, HKP*b, HKP*d].

Table 2.1: Specific notation used in the series.

lower case Greek letters

small positive constants (< 1)
¢ reserved for embedding; ¢ : V(T) — V(G)

upper case Greek letters

large positive constants (> 1)

one-letter bold

sets of clusters

bold (e.g., trees(k), LKS(n, k,n))

classes of graphs

blackboard bold (e.g., H,E,S, »(G), XA)

distinguished vertex sets except for
N which denotes the set {1,2,...}

script (e.g., A, D, N)

families (of vertex sets, “dense spots”, and regular pairs)

V(=nabla)

sparse decomposition (see Definition 2.11)




2.2 Regular pairs

We write V(G) and E(G) for the vertex set and edge set of a graph G, respectively. Further,
v(G) = |V(G)] is the order of G, and e(G) = |E(G)| is its number of edges. If X,Y C V(G) are
two, not necessarily disjoint, sets of vertices we write e(X) for the number of edges induced by X,
and e(X,Y) for the number of ordered pairs (z,y) € X x Y such that zy € E(G). In particular,
note that 2e(X) = e(X, X).

For a graph G, a vertex v € V(G) and a set U C V(G), we write deg(v) and deg(v,U) for the
degree of v, and for the number of neighbours of v in U, respectively. We write mindeg(G) for the
minimum degree of G, mindeg(U) := min{deg(u) : u € U}, and mindeg(V1, V2) = min{deg(u, V2) :
u € Vi } for two sets V1,V C V(G). Similar notation is used for the maximum degree, denoted by
maxdeg(G). The neighbourhood of a vertex v is denoted by N(v), and we write N(U) = ¢y N(u).
These symbols have a subscript to emphasize the host graph.

The symbol “—" is used for two graph operations: if U C V(G) is a vertex set then G — U is
the subgraph of G induced by V(G) \ U. If H C G is a subgraph of G then the graph G — H is
defined on the vertex set V(G) and corresponds to deletion of edges of H from G.

A family A of pairwise disjoint subsets of V(G) is an ¢-ensemble in G if |A| > ¢ for each A € A.

2.2 Regular pairs

We now define regular pairs in the sense of Szemerédi’s regularity lemma. Given a graph H and a
pair (U, W) of disjoint sets U, W C V(H) the density of the pair (U, W) is defined as

_e(U, W)

d(U,W): T

Similarly, for a bipartite graph G with colour classes U, W we talk about its bipartite density
d(G) = % For a given € > 0, a pair (U, W) of disjoint sets U, W C V(H) is called an e-regular
pair if |d(U,W) —d(U',W")| < € for every U' CU, W C W with |U’'| > ¢|U]|, |W'| > e|W]|. If the
pair (U, W) is not e-regular, then it is called e-irregular. A stronger notion than regularity is that
of super-regularity which we recall now. A pair (A, B) is (e,7)-super-reqular if it is e-regular, and
both mindeg(A, B) > v|B|, and mindeg(B, A) > y|A|. Note that then (A, B) has bipartite density
at least 7.

The following facts are well known.

Fact 2.1. Suppose that (U, W) is an e-regular pair of density d. Let U' C W, W' C W be sets of
vertices with |U'| > o|U|, |[W'| > o|W|, where a > €. Then the pair (U',W') is a 2e/a-regular pair
of density at least d — €.

Fact 2.2. Suppose that (U, W) is an e-regular pair of density d. Then all but at most |U| vertices
v € U satisfy deg(v, W) > (d — ¢)|W|.

The next lemma asserts that if we have many e-regular pairs (R, Q;), then most vertices in R
have approximately the total degree into the set | J; @; that we would expect.

Lemma 2.3. Let Q1,...,Q¢ and R be disjoint vertex sets. Suppose further that for each i € [(],
the pair (R, Q;) is e-reqular. Then we have

(a) deg(v,J; Q:) = % —e|U; Qi for all but at most €|R| vertices v € R, and

(b) deg(v,; Qi) < % + e |U; Qi| for all but at most e|R| vertices v € R.



2.3 LKS graphs

Proof. We prove (a), the proof of (b) is similar. Suppose for contradiction that (a) does not
hold. Without loss of generality, assume that there is a set X C R, |X| > ¢|R| such that

% —e| U Qi] > deg(v,|J Q;) for each v € X. By averaging, there is an index i € [¢] such that
%e(}%, Q) — | X1|Qi| > e(X,Q;), or equivalently, d(R,Q;) — e > d(X, Q;). This contradicts the
e-regularity of the pair (R, Q;). O

2.3 LKS graphs

We now give some notation specific to our setting. We write trees(k) for the set of all trees (up to
isomorphism) of order k. We write LKS(n, k, ) for the class of all n-vertex graphs with at least
(2 + a)n vertices of degrees at least (1 + a)k. With this notation Conjecture 1.1 states that every
graph in LKS(n, k — 1,0) contains every tree from trees(k).

Given a graph G, denote by S, ;(G) the set of those vertices of G that have degree less than
(1+n)k and by L, 1 (G) the set of those vertices of G that have degree at least (1 + n)k.

In [HKP"a] we introduced the class LKSmin(n, k,n) of the graphs that are edge-minimal with
respect to membership to LKS(n, k,7). It would be sufficient to prove Theorem 1.2 for graphs in
LKSmin(n, k,n). This class, however, is too rigid with respect changes that are necessary when
applying the sparse decomposition. Therefore, in [HKPTa, Section 2.4] we derived a relaxation of
the class LKSmin(n, k,n) which we introduce next.

Definition 2.4. Let LKSsmall(n, k,n) be the class of graphs G € LKS(n, k,n) having the follow-
ing three properties:

1. All the neighbours of every vertex v € V(G) with deg(v) > [(1 + 2n)k]| have degrees at most
[(1+2n)k].

2. All the neighbours of every vertex of Sy 1(G) have degree exactly [(1+ n)k].
3. We have ¢(G) < kn.

2.4 Sparse decomposition

Here we recall some definitions from [HKP"a]: dense spots, avoiding sets, and the key notions of
bounded and sparse decomposition. This section is a rather dry list for later reference only, and the
reader should consult [HKP'a, Section 3] for a more detailed description of these notions. Here,
we just recall that the purpose for introducing dense spots, avoiding sets, nowhere-dense graph is
that together with high degree vertices they form a sparse decomposition of a given graph. The
main result of the first paper in the series, [HKP*a, Lemma 3.14], asserts that each graph from
LKS(n, k,n) has a sparse decomposition in which almost all edges are of one of the above types. (In
fact, the sparse decomposition is not specific to LKS graphs, and indeed in [HKP"a, Lemma 3.15]
we provide a corresponding general statement.)

Definition 2.5 ((m,~)-dense spot, (m,vy)-nowhere-dense). Suppose that m € N and v > 0.
An (m,~y)-dense spot in a graph G is a non-empty bipartite subgraph D = (U, W; F) of G with
d(D) > v and mindeg(D) > m. We call a graph G (m,~y)-nowhere-dense if it does not contain any
(m,y)-dense spot.

When the parameters m and v are not relevant, we call D simply a dense spot.



2.4 Sparse decomposition

Y
C’ exp

deg > Q™k

H

(a) Bounded decomposition (b) Sparse decomposition

Figure 2.1: A simplified illustration of a bounded/sparse decomposition of a graph. The
nowhere-dense graph Gexp shown in grey, the cluster graph G, and clusters V shown in red,
the avoiding set E in green, and the dense spots D in blue (different shades and shapes). The
difference between the bounded and the sparse decomposition is that no distinction regarding
degrees of vertices is made in the former.

Note that dense spots do not have a specified orientation. That is, we view (U, W; F) and
(W,U; F) as the same object.

Definition 2.6 ((m,)-dense cover). Suppose that m € N and v > 0. An (m,~y)-dense cover of
a given graph G is a family D of edge-disjoint (m,)-dense spots such that E(G) = |Jpep E(D).

The following two facts are proved in [HKP*a, Facts 3.4, 3.5].

Fact 2.7. Let (U, W; F) be a (vk,~)-dense spot in a graph G of mazimum degree at most Qk. Then
maxc{[U], W]} < 2k.

Fact 2.8. Let H be a graph of mazimum degree at most Qk, let v € V(H), and let D be a family
of edge-disjoint (yk,~y)-dense spots. Then less than % dense spots from D contain v.

We now define the avoiding set. Informally, a set E of vertices is avoiding if for each set U of
size at most Ak (where A > 1 is a large constant) and for each vertex v € E there is a dense spot
containing v and almost disjoint from U. Favourable properties of avoiding sets for embedding
trees are shown in [HKPTa, Section 3.5].

Definition 2.9 ((A,¢,~, k)-avoiding set). Suppose that e,v > 0, A > 0, and k € N. Suppose that
G is a graph and D is a family of dense spots in G. A set E C |Upep V(D) is (A, e,7, k)-avoiding
with respect to D if for every U C V(G) with |[U| < Ak the following holds for all but at most €k
vertices v € E. There is a dense spot D € D with |[U NV (D)| < vk that contains v.

Finally, we can introduce the most important tool in the proof of Theorem 1.2, the sparse
decomposition. It generalises the notion of equitable partition from Szemerédi’s regularity lemma.
The first step towards this end is the notion of bounded decomposition. An illustration is given in
Figure 2.1.

Definition 2.10 ((k,A,~, e, v, p)-bounded decomposition). Let V = {Vi, Vs, ..., Vs} be a parti-
tion of the vertex set of a graph G. We say that (V, D, Greg, Gexp, E) is a (k,A,v, e, v, p)-bounded
decomposition of G with respect to V if the following properties are satisfied:



2.4 Sparse decomposition

1. Gexp 15 a (vk,y)-nowhere-dense subgraph of G with mindeg(Gexp) > pk.
2. 'V consists of disjoint subsets of V(G).

3. Greg is a subgraph of G — Gexp on the vertex set | JV. For each edge xy € E(Gheg) there are
distinct Cy 3 x and Cy 3 y from V, and G[Cy, Cy| = Greg|Cy, Cy]. Furthermore, G[Cy, Cy]

forms an e-regular pair of density at least 2.
4. We have vk < |C| = |C'| < ek for all C,C" € V.

5. D is a family of edge-disjoint (vk,~y)-dense spots in G — Gexp. For each D = (U,W;F) € D
all the edges of GIU, W] are covered by D (but not necessarily by D).

6. If Greg contains at least one edge between C1 € V and Cy € 'V then there exists a dense spot
D = (U,W;F) e D such that C; CU and Co CW.

7. For each C € V there is V €V so that either C C VNV (Gexp) 0r C C V\V (Gexp). For each
C €V and each D = (U,W; F) € D we have that either C is disjoint from D or contained
m D.

8. Eis a (A, e,7,k)-avoiding subset of V(G) \ |V with respect to dense spots D.

We say that the bounded decomposition (V, D, Greg, Gexp, E) respects the avoiding threshold b
if for each C € V we either have maxdeg(C,E) < b, or mindeg(C,E) > b.

The members of V are called clusters. Define the cluster graph Gyeg as the graph on the vertex
set 'V that has an edge C1C5 for each pair (C, C2) which has density at least v in the graph Gyeg.

We can now introduce the notion of sparse decomposition in which we enhance a bounded
decomposition by distinguishing between vertices of huge and moderate degree.

Definition 2.11 ((k, Q**,Q* A,~v,e,v, p)-sparse decomposition). Suppose thatk € N ande,~v,v,p >
0 and A, Q*, Q0 > 0. Let V = {V1,Va,...,Vs} be a partition of the vertex set of a graph G. We
say that V = (H,V, D, Greg, Gexp, E) is a (k, Q" Q% A, v,e,v, p)-sparse decomposition of G with
respect to Vi, Va, ..., Vs if the following holds.

1. H C V(G), mindeg,(H) > Q**k, maxdegy (V(G) \ H) < Q*k, where K is spanned by the
edges of |JD, Gexp, and edges incident with H,

2. (V,D,Greg, Gexp, E) is a (k, A, v,e,v, p)-bounded decomposition of G —H with respect to Vi \
H, Vs \H,...,V,\H.

If the parameters do not matter, we call V simply a sparse decomposition, and similarly we
speak about a bounded decomposition.

Definition 2.12 (captured edges, graphs Gy and Gp). In the situation of Definition 2.11,
we define the graph Gp as the graph induced by the dense spots, i.e., V(Gp) = Upep V(D),
B(Gp) = Upep E(D).

We refer to the edges in E(Greg) U E(Gexp) U Eq(H, V(G)) U Eg,(E,EUJV) as captured by
the sparse decomposition. We write Gy for the subgraph of G on the same vertex set which consists
of the captured edges.

Likewise, the captured edges of a bounded decomposition (V, D, Greg, Gexp, E) of a graph G are
those in E(Greg) U E(Gexp) U Egp (E,EUJV).



2.5 Regularized matchings

2.5 Regularized matchings
We recall the notion of a regularized matching, introduced in [HKP*b].!

Definition 2.13 ((e,d, ¢)-regularized matching). Suppose that { € N and d,e > 0. A collection
N of pairs (A, B) with A,B C V(H) is called an (g,d, {)-regularized matching of a graph H if

(i) |A| =|B| = ¥ for each (A,B) € N,

(ii) (A, B) induces in H an e-regqular pair of density at least d, for each (A, B) € N, and
(ii) the sets {A}a,Byen and {B}a pjen are pairwise disjoint.
Sometimes, when the parameters do not matter we simply write regularized matching.

Suppose that A is a regularized matching, and (A, B) € N. Then we call A a partner of B,
and B a partner of A (in N).

We shall make use of some auxiliary results from [HKP*b]. To this end, we need a definition.

Definition 2.14 ([HKP*b, Definition 3.7]). We define G(n, k, 2, p,v,T) to be the class of all tuples
(G, D, H, A) with the following properties:

(i) G is a graph of order n with maxdeg(G) < Qk,

(ii) H is a bipartite subgraph of G with colour classes Ay and By and with e(H) > Tkn,
(i1i) D is a (pk, p)-dense cover of G,

(iv) A is a (vk)-ensemble in G, and Ag C |J A,

(v) ANU € {0, A} for each A € A and for each D = (U,W; F) € D.

Lemma 2.15 ([HKP*b, Lemma 4.4]). For every Q € N and p,&,7 € (0,1) there exists an & > 0
such that for every v € (0,1) there is a number ko € N such that the following holds for every
k> ];70.

For each (G,D,H,A) € G(n,k,Q,p,v,T) there exists an (&, ?,dﬂk)—regulam'zed matching M
of G such that

(1) for each (X,Y) € M there are A€ A, and D = (U,W; F) € D such that X CUNAN Ay and
Y CWnN By, and

(2) [VIM)] > .

2.6 Cutting trees

We outline the way we process any k-vertex tree 17" in our proof of Theorem 1.2. This is done in
detail in [HKP"d, Section 3]. The purpose of the informal description below is only to serve as a
reference when we motivate the configurations in Section 4.1.

Given T', we introduce a constant number (i.e., independent of k) of cut-vertices W C V(T).
We can do so in such a way that the following properties are satisfied:?

'Tn older versions of [HKP b, HKP*d] (available on the arXiv) and in the published version of [HPS™15] we used
the name of “semiregular matchings”.

*Here, we list only properties that are relevant for the description later. See [HKPTd, Definition 3.3 and Lemma 3.5]
for details.



e The set W is partitioned into sets WUWp such that the distance between each vertex of
W4 and each vertex of Wp is odd.

e The trees of T'— W, which are called shrubs, are all small, i.e., of order O(%) Each shrub
either neighbours one vertex of W (in which case it is called an end shrub) or two vertices of
W (in which case it is called an internal shrub).

e The two neighbours in W of each internal shrub are from W4.
e The components of T[W] are referred to as hubs.

e The shrubs that neighbour a vertex (or two vertices) of Wy are denoted S4. The shrubs that
neighbour a vertex of Wg are denoted Sp.

We call the quadruple (W4, Wg,S4,Sg) a fine partition of T

3 Shadows, random splitting, and common settings

In this section we will prove some preliminaries needed for the main results of this paper, presented
in Section 4. The present section is organized as follows. In Section 3.1 we introduce an auxiliary
notion of shadows and prove some simple properties. Section 3.2 introduces randomized splitting of
the vertex set of an input graph. In Section 3.3 we introduce building blocks for the finer structure
we will obtain in Section 4.

3.1 Shadows

We will find it convenient to work with the notion of a shadow. To motivate this notion, we recall
the greedy embedding strategy. Suppose that T is a tree of order k£ and G is a graph with minimum
degree at least k—1. We can then root T" at an arbitrary vertex. Then, we embed that vertex in G.
Now, at each step, we have a partial embedding of T in G. We pick one vertex of T that is already
embedded but whose children are yet unembedded, and we embed those in T". The minimum degree
condition tells us that we can always accommodate these children.

The greedy embedding strategy clearly fails in the setting of Theorem 1.2. So, we need to
enhance the strategy by not embedding the vertices of Trry.2 in some part U (which is not suitable
for continuing the embedding) of G1.9. This forces us to look-ahead: when embedding a vertex v
of T1.5 we want not only to avoid U, but also vertices that send many edges to U, since we want
to avoid U also with the children of v. The notion of shadow formalizes this.

Given a graph H, a set U C V(H), and a number ¢ we define inductively

Shadowg)(U, ¢):=U, and
shadowgfl)(U, 0)={veV(H) : degH(v,shadowg_l)(U, 0)) > ¢} for i > 1.

We abbreviate shadowg)(U, ¢) as shadowy (U, ¢). Further, the graph H is omitted from the sub-
script if it is clear from the context. Note that the shadow of a set U might intersect U.

Below, we state two facts which bound the size of a shadow of a given set. Fact 3.1 gives a
bound for general graphs of bounded maximum degree and Fact 3.2 gives a stronger bound for
nowhere-dense graphs.



3.2 Random splitting

Fact 3.1. Suppose H is a graph with maxdeg(H) < Qk. Then for each o > 0,7 € {0,1,...}, and
each set U C V(H), we have

. o\’
|shadow ™ (U, ark)| < () U] .
«
Proof. Proceeding by induction on i it suffices to show that [shadow™ (U, ak)| < Q|U|/c. To this
end, observe that U sends out at most Qk|U| edges while each vertex of shadow (U, ak) receives at
least ak edges from U. 0

Fact 3.2. Let a,v,Q > 0 be three numbers such that 1 < Q < %. Suppose that H is a (vk,)-
nowhere-dense graph, and let U C V(H) with |U| < Qk. Then we have

16Q%y
[0

k.

|shadow (U, ak)| <

Proof. Suppose the contrary and let W C shadow(U, ak) be of size |W| = %/@ < Qk. Then
eg(UUW) = 33, cw degy (v, U) = 8yQ?k%. Thus H[U U W] has average degree at least

2eg(UUW)

> 8vQk ,
\U| + W]

and therefore, by a well-known fact, contains a subgraph H’ of minimum degree at least 4yQk.
Taking a maximal cut (A, B) in H', it is easy to see that H'[A, B] has minimum degree at least

29Qk > ~vk. Further, H'[A, B] has density at least V'lﬁ"ﬁk > v, contradicting that H is (vk,~)-

nowhere-dense. O

3.2 Random splitting

Suppose a graph G (together with its bounded decomposition) is given. In this section we split its
vertex set into several classes the sizes of which have given ratios. It is important that most vertices
will have their degrees split obeying approximately these ratios. The corresponding statement is
given in Lemma 3.3. It will be used to split the vertices of the host graph G = G129 according
to which part of the tree T' = Tt 9 € trees(k) they will host. More precisely, suppose that
(Wa,Wp,S84,Sp) is a fine partition of T'. Let ti; and tenqg be the total sizes of the internal and
end shrubs, respectively. We then want to partition V(G) into three sets Ag, A1, Ay in the ratio
(approximately)
(|WA|+|WB|)  lint : tend

so that degrees of the vertices of V(G) are split proportionally. This will allow us to embed the
vertices of WUWpg into Ay, the internal shrubs into A1, and end shrubs into As. Actually, since our
embedding procedure is more complex, we not only require the degrees to be split proportionally,
but also to partition proportionally the objects from the bounded decomposition. In [HKP*d] it
will get clearer why such a random splitting needs to be used.

Lemma 3.3 below is formulated in an abstract setting, without any reference to the tree T', and
with a general number of classes in the partition.



3.2 Random splitting

Lemma 3.3. For each p € N and a > 0 there exists kg > 0 such that for each k > kg we have the
following.

Suppose G is a graph of order n > ko and maxdeg(G) < Q*k with its (k,A,~,e, ,0)-
bounded decomposition (V, D, Greg, Gexp, E). As usual, we write Gy for the subgraph captured by
(V,D,Greg, Gexp, E), and Gp for the spanning subgraph of G consisting of the edges in D. Let
M be an (g,d, k%%)-regularized matching in G, and By,...,B, be subsets of V(G). Suppose that
Q> 1 and Q* )y < K%L,

Suppose that qi,...,q, € {0} U [a,1] are reals with Y q; < 1. Then there exists a partition
AU...UA, =V(G), and sets V C V(G), V CV(M), V C 'V with the following properties.

(1) V| < exp(=k>Nn, |UV| < exp(=k)n, | V] < exp(—k*)n.
(2) For each i € [p] and each C € V\ 'V we have |C N A;| > q;|A;| — £%°.

k—0.05

(8) For each i € [p] and each C € V(M) \ V we have |C N A;| > q;|A;| — k9.
(4) For each i € [p], D = (U,W; F) € D and mindeg,(U \ V,W N A;) > qivk — k9.
(5) For each i,j € [p] we have |A; NB;| > q;|B;| — n?
(6) For each i € [p] each J C [p] and each v € V(G) \ V we have
degy (v, A NBy) > q;degyy (v, By) — 277k,
for each graph H € {G,Gv,Gexp, Gp, Gy UGp}, where By := (mjeJ ]B%j) \ (Uje[p]\J Bj).
(7) For each i,i,7,5' € [p| (j #j'), we have

en(AiNBj, Ay NB;) >4
e(H[ANBy]) > g

’qu/eH(B B ) k0'6n0'6,
iqire(H[B;]) — k%6n00 ifi #14, and
Ze(H[B,]) — K500

for each graph H € {G,Gv,Gexp, Gp, Gy UGp}.
(8) For each i € [p] if q; = 0 then A; = 0.

Proof. We can assume that »_ q; = 1 since all bounds in (2)—(7) are lower bounds. Assume that
k is large enough. We assign each vertex v € V(G) to one of the sets Aj, ..., A, at random with
respective probabilities q1,...,qp. Let V4 and V4 be the vertices which do not satisfy (4) and (6),
respectively. Let V be the sets of V(M) which do not satisfy (3), and let V be the clusters of V
which do not satisfy (2). Setting V := V] U Vi, we need to show that (1), (5) and (7) are fulfilled
simultaneously with positive probability. Using the union bound, it suffices to show that each of
the properties (1), (5) and (7) is violated with probability at most 0.2. The probability of each of
these three properties can be controlled in a straightforward way by the Chernoff bound. We only
give such a bound (with error probability at most 0.1) on the size of the set Vi (appearing in (1)),
which is the most difficult one to control.

For i € [p], let V1, be the set of vertices v for which there exists D = (U,W;F) € D, U > v,
such that degp (v, W NA;) < g7k — k%Y. We aim to show that for each i € [p] the probability that
[Viil > exp(—k%2)n is at most ﬁ. Indeed, summing such an error bound together with similar

10



3.3 Common settings

bounds for other properties will allow us to conclude with the statement. This will in turn follow
from the Markov Inequality provided that we show that

— 1
E[|V1]] < 0 exp(—k%?)n . (3.1)

Indeed, let us consider an arbitrary vertex v € V(G). By Fact 2.8, v is contained in at most Q* /v
dense spots of D. For a fixed dense spot D = (U, W; F') € D with v € U let us bound the probability
of the event &, p that degp(v, W NA;) < qivk — k%9, To this end, fix a set N C W N Np(v) of
size exactly vk before the random assignment is performed. Now, elements of V' (G) are distributed
randomly into the sets Aj,...,A,. In particular, the number |A; N N| has binomial distribution
with parameters vk and ;. Using the Chernoff bound, we get

P[&,ip] <P [|A;NN| < qivk — k9] <exp(—k"?) .
Thus, it follows by summing the tail over at most Q* /v < k%! dense spots containing v, that
Plv € V1] < k% exp(—k%3) . (3.2)
Now, (3.1) follows by linearity of expectation. O

Lemma 3.3 is utilized for the purpose of our proof of Theorem 1.2 using the notion of propor-
tional partition introduced in Definition 3.7 below.

3.3 Common settings

Throughout Section 3 we shall be working with the setting that comes from [HKP*b, Lemma 5.4].
In order to keep statements of the subsequent lemmas reasonably short we introduce a common
setting.

Suppose that G is a graph with a (k, Q™ Q* A,~, e, v, p)-sparse decomposition

V = (H, V, D, Greg> Gexpa E)

with respect to (L, x(G), Sy k(G)). Suppose further that M4, Mp are (¢/,d, vk)-regularized match-
ings in Gp. We then define the triple (XA, XB,XC) = (XA, XB, XC)(n, V, M4, Mp) by setting

XA =L, x(G)\V(MBg),
1 = {1 € VM) NLya(C) + o) < (1475 }
XC :=L,x(G)\ (XAUXB) ,
where d/eTg(v) on the second line is defined by
deg(v) 1= deg (v, Syr(G) \ (V(Gexp) UEU V(M4 UMp)) . (3.3)

Remark 3.4. The sets XA, XB, XC were defined in [HKP™b, Definition 5.3]. Of course, in appli-
cations, the matchings M4 and Mp will be guaranteed to have some favourable properties. These
properties are formulated in [HKP™b, Lemma 5.4] and are listed in (1)—(8) of Setting 3.5 below.

11



3.3 Common settings

It was argued in [HKP"b, Section 5.1] why then the set XA has excellent properties for accommo-
dating cut-vertices of Tr1.2, and the set XB has “half-that-excellent properties” for accommodating
cut-vertices. In particular, the formula defining XB suggests that we cannot make use of the set
Spk(G) \ (V(Gexp) UEU V(Mg U Mp) for the purpose of embedding shrubs neighbouring the

cut-vertices embedded into XB.

With this notation, we can introduce the common setting, Setting 3.5. Setting 3.5 serves as an
interface between what has been done in [HKP"a, HKP*b] and what will be needed in [HKP*d].
Thus, where possible, we interlace the (highly technical) definitions of Setting 3.5 with some moti-
vation and references.

Setting 3.5. We assume that the constants A, Q*, Q** ko and a,~v,¢e,¢',n, 7, p, T,d satisfy

1 R 1
Sp>y>d>—ezmz2azed>r>T> — >0, (3.4)

1
2 _
o > A ko

1
O QO

N

and that k > ko. Here, by writing ¢ > a1 > ag > ... > ay > 0 we mean that there exist suitable
non-decreasing functions f; : (0,¢)* — (0,¢) (i =1,...,£—1) such that for each i € [( — 1] we have
ai+1 < fiai,...,a;). A suitable choice of these functions in (3.4) is determined by the properties
we require in [HKP*d].

Suppose that G € LKSsmall(n, k,n) is given with its (k,Q**, Q* A, v,€',v, p)-sparse decompo-
sition
v == (IHL V7 D7 Greg’ Gexp7 E) 9
with respect to the partition {S, 1(G), Ly, x(G)}, and with respect to the avoiding threshold 10’6%.
We write

k
V...z = shadowg _xu(E, ﬁ) and V_g:={CeV :CCV.g}. (3.5)
The graph Gyeg is the corresponding cluster graph. Let ¢ be the size of an arbitrary cluster® in V.
Let Gy be the spanning subgraph of G formed by the edges captured by V. There are two (g,d,mc)-

reqularized matchings My and Mp in Gp, with the following properties (we abbreviate XA :=
XA(n, V, Ma, Mp), XB := XB(n, V, M4, Mp), and XC := XC(n, V, M4, Mp))*

(1) VIMa) NV (Mp) =0,

(2) Vi(Mp) C S°, where
59 1= 8,4(G) \ (V(Gexp) UE) , (3.6)

(3) for each (X,Y) € MaUMsp, there is a dense spot (U,W;F) € D with X CU andY C W,
and further, either X C S, x(G) or X C Ly, x(G), andY C S, 1 (G) orY C L, 1(G),

(4) for each X1 € Vi(Ma U Mp) there exists a cluster Cy € V such that X1 C Cy, and for each
Xy € Vo(M4 UMp) there exists Co € V U {LLy, (G) NE} such that Xo C Co,

3The number ¢ is not defined when V = §). However in that case ¢ is never actually used.
“Let us note that Properties (1)—(8) come from [HKP*b, Lemma 5.4] and Properties (9) and (10) come
from [HKP*ta, Lemma 3.14].

12



3.3 Common settings

5) each pair of the regularized matching Mgood := {(X1, X2) € M4 : X1UXo C XA} corresponds
g
to an edge in Greg,

(6) ecy (XA, S0\ V(M) < vkn,
(7) €Groy(V(G) \ V(MaUMp)) <¥°kn,

(8) for the regularized matching NE ={(X,)Y) e MgUMp : (XUY)NE # 0} we have
egreg( (G)\V(M4aUMB),V )§ an

(9) |E(@)\ E(Gv)| < 20kn,
(10) |E(GD) \ (B(Greg) U EGIE,EUUV])| < Svkn.

We now define several additional vertex sets. The first of them, the set V., is just the comple-
ment of the set used in (3.3).

Vi = V(G)\ (8" \ V(M4 UMBp)) (3.7)
— Ly 4 (G) UV (Gexp) UE U V(M4 UMp) . (3.8)

The set Ly defined below is the set of “bad vertices of L, 1(G)”, that is, the set of those vertices
which have many uncaptured neighbours in the sparse decomposition. If we think of the set Vi as
candidate vertices for embedding certain shrubs (cf. Remark 3.4) then we better discard vertices
with a big uncaptured degree from that set. This leads us to the definition of the set Vyooq. Since
the set H is treated separately, it is also deleted from Vgooq.

Ly =Lyi(G)\Ls, 1 (Gv) , and (3.9)

We can now define sets YA and YB which should be regarded as cleaned versions of the sets XA
and XB. Here, by a cleaning we mean the process of getting rid of certain atypical vertices. Indeed,

Lemma 3.10 below asserts that the YA approzimately equals XA and YB approximately equals XB.
Set

_ n n

YA := shadowc, (V+ \ Ly, (1+ 1O)k:> \ shadowg—_co (V(G), o k) , (3.11)
k n

YB := shadowg, (V+ \ Ly (14 7 O)> \ shadowe_cq (V(G), ﬁk) . (3.12)

When the set H is negligible the configuration we obtain does not involve H at all. In other words,
H is not used for embedding. Thus, we use the concept of shadows in the way described at the
beginning of Section 3.1 to avoid H, and define V.. as follows.

Ve = (XA UXB) N shadowg (H, {J5k) . (3.13)

13
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Next, we define “bad sets” Jg, J1, J, J2 and J3, again using shadows.

Jg := shadowg,,, (V(NE),7k) \ V(MaUMp),
J1 := shadowg,,, (V(G) \ V(MAUMB),vk) \ V(MaUMsB),
J:=XA\YA)U(XAUXB)\ YB)U Vg ULy U
U shadowg,uay (Vom U Ly UJr Uy, 772k/105) ,
Ja := XA N shadowg, (S°\ V(Ma), V7k) ,
J3 := XA N shadowg (XA, 7%k /10°) .
Eliminating Jg from an embedding procedure, for example, will guarantee that we will not be forced
to enter the set Ng. This is convenient in some situations. Which sets are “bad” depends on a
particular configuration we want to get. That is, some properties given in the definitions of our
configurations in Section 4.1 could be phrased in terms of avoiding some of the sets Jg, J1, J, Jo
and J3. For some other properties of the configurations, we take only some of the sets Jg, J1, J,
Jo and J3 as initial natural forbidden sets, but then we need to apply some non-trivial cleaning (in
Lemmas 6.1, 6.2, and 6.3) to get a desired configuration.

We define a set F of clusters of My U Mp. As it turns out (see Lemma 3.11), F is actually
an (Ma U Mp)-cover.

F:={CeV(My):CCXA}UV(Mp). (3.14)

On the interface between Lemma 4.17 and Lemma 6.3 we shall need to work with a regularized
matching which is formed of only those edges E(D) which are either incident with E, or included
in Greg. The following lemma provides us with an appropriate “cleaned version of D”. The notion
of being absorbed adapts in a straightforward way to two families of dense spots: a family of dense
spots D is absorbed by another family Ds if for every D; € D; there exists Do € Dy such that Dy
is contained in Dy as a subgraph.

Lemma 3.6. Assume we are in Setting 3.5. Then there exists a family Dv of edge-disjoint
(v3k/4,7/2)-dense spots absorbed by D such that

1. |E(D)\ E(Dy)| < pkn, and
2. E(Dy) C E(Greg) UE(GE,EUJV]).
The proof of Lemma 3.6 is a warm-up for proofs in Section 5.

Proof of Lemma 8.6. Let D~ C D be the set of dense spots D € D for which
VAe(D) < |E(D)\ (E(Greg) U E(GIE,EUJV])] .
Thus,

Ve(D7) < |E(D7)\ (E(Greg) UE(G[E,EU(V])]
< |E(D)\ (E(Greg) UE(G[E,EU(JV])]

ykn . (3.15)

14
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For each D € D\ D~ we show below how to extract a (73k/4,7/2)-dense spot D' C D with

e(D') = (1 - 2/7)e(D) (3.16)

and E(D') C E(Greg) U E(GIE,EU(JV]). Let Dy be the set of all thus obtained D’. That is, we
have E(Dy) C E(D \ D™). This ensures Property 2. We also have Property 1, since

|[E(D)\ E(Dy)| = [E(D7)|+ |[E(D\ D)\ E(Dv)|
5
((3.15) for 1st term and (3.16) for 2nd term) < Eﬁkn + 2ﬁ . €(D)

~
(as e(D) < e(@) < kn) < pkn .

We now show how to extract a (v*k/4,~/2)-dense spot D' C D with e(D') > (1 — 2,/7)e(D)
and E(D’) C E(Greg) U E(G[E,E U JV]) from any spot D € D\ D~. Let D = (A4,B; F), and
a = |A], b:= |B|. As D is (vk,~)-dense, we have a,b > ~vk. Note also that Definition 2.5 gives
that

’ylﬁab

e(D) = vyab > (3.17)

First, we discard from D all edges not contained in E(Gies) U E(G[E,E U[JV]) to obtain a dense
spot D* C D with e(D*) > (1 — \/7)e(D). Next, we perform a sequential cleaning procedure in
D*. As long as there are such vertices, discard from A any vertex whose current degree is less
than v2b/4, and discard from B any vertex whose current degree is less than y2a/4. When this
procedure terminates, the resulting graph D’ = (A’, B’; F') has mindeg, (A") > +2b/4 > ~3k/4
and mindeg, (B') > 73k /4. Note that we deleted at most a - v2b/4 + b - v%a/4 edges out of the at
least (1 —,/7)e(D) edges of D*. This means that

3.1

e(D') > (1= yA)e(D) —7%abj2 2 (1= 2y7)e(D) |

as desired. Thus we also have the required density of D', namely dp/(A’,B’) > (1 — 2,/7)y >
/2. O

In some cases we shall also partition the set V(G) into three sets as in Lemma 3.3. This
motivates the following definition.

Definition 3.7 (Proportional splitting). Let po, p1,p2 > 0 be three positive reals with ), p; < 1.
Under Setting 3.5, suppose that (Ao, A1, A2) is a partition of V(G) \ H satisfying the assertions of
Lemma 3.3 with parameter pr33 := 10 for graph Gis4 = (Gv —H) U Gp (here the union means
union of the edges), bounded decomposition (V,D, Greg, Gexp, E), matching Mizz := My U Mp,
sets ]Bl = Vgood,IBQ = XA\ (HUJ), Bg = XB\J, B4 = V(Gexp), 1835 = E, BG = VW]E, B7 = J]E,
Bg := ]Ln,k(G)z By := L#, Big := Vem and reals q1 := po, g2 := p1, q3 := P2, q4 := ... = qi0 = 0.
Note that by Lemma 3.3(8) we have that (Ao, A1, Ag) is a partition of V(G)\H. We call (Ao, A1, A2)
a proportional (pg : p1 : p2) splitting.

We refer to properties of the proportional (pg : p1 : p2) splitting (Ao, A1, Ag) using the numbering
of Lemma 3.3; for ezample, “Definition 3.7(5)” tells us, among others, that |(XA\ (JUH))NAg| >
polXA \ (JUH)| — n0.
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Setting 3.8. Under Setting 3.5, suppose that we are given a proportional (po : p1 : p2) splitting
(Ao, A1,A2) of V(G) \ H. We assume that

> 1 1
Po, P1, P2 100 (3 8)

Let V., V,V be the exceptional sets as in Definition 3.7(1).

We write 2,
R \ \ 2% - 1
F := shadowg,, (Uv uJvruyv, 1010) , (3.19)
where V* are family of partners of V in My U Mp.
We have
F| <en. (3.20)

For an arbitrary set U C V(G) and for i € {0,1,2} we write U for the set U N A,.

For each (X,Y) € MU Mgp such that X,Y ¢ V we write (X,Y)!" for an arbitrary fived pair
(X' C X,Y' CY) with the property that |X'| = |Y'| = min{|X?|,|Y|}. We extend this notion of
restriction to an arbitrary reqularized matching N C M4 U Mp as follows. We set

NE=1(X, V) (X,Y) € N with X,Y ¢ V} .
The next lemma provides some simple properties of a restriction of a regularized matching.

Lemma 3.9. Assume Setting 3.5 and Setting 3.8. Then for each i € {0,1,2}, and for each

N C M4 UMp we have that N is a (4(;]05, g, 355 ¢)-reqularized matching satisfying

VN = pi| VIN)| — 2720 (3.21)

Moreover for allv ¢ F and for all i = 0,1,2 we have degg, (v, V(N)"\ V(N1%)) < 717%];.
Proof. Let us consider an arbitrary pair (X,Y) € N. By Definition 3.7(3) we have

. (3.18) ] . (3.18) 7
X“ >, X| — k0.9 > X d Y“ > p; Y| — ]{,’0'9 > L

Y] . (3.22)
In particular, Fact 2.1 gives that (X,Y)!" is a 400¢ /n-regular pair of density at least d/2.
We now turn to (3.21). The total order of pairs (X,Y) € A excluded entirely from N is at

most
2exp(—k"Nn < k790, (3.23)

by Definition 3.7(1). Further, for each (X,Y) € A" whose part is included to N/ we have by that

i (3.22) 0.9
VIXY))] =2 pa(IX]+[Y]) = 2k77 (3.24)

Recall that M4 and Mp are (g,d, nc)-regularized. In particular, M4 and Mp are (g, d, k%9)-

regularized. Consequently,
n

|N\<|MAUMB|<W

(3.25)
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Collecting the loss caused by entirely excluded pairs in (3.23) and the loss of at most 2k%- vertices
from (3.24) to each of the at most |N|-many non-excluded pairs, we get that

_(3.23)

(3.25
VIS VN = k0% — 2609 5 p |V ()| — 2k 0%

and (3.21) follows.
For the moreover part, note that by Fact 2.7 and Fact 2.8

2 *12 2
I Ii ko () 09 _ Nk
degg,, (v, V(M) \ V(N)) < 1010 + 0 -3k < 10
O
The following lemma gives a useful bound on the sizes of some sets defined on page 13.
Lemma 3.10. Suppose we are in Setting 3.5. Let
8> 1A (3.26)
be arbitrary. Suppose that all but at most Bkn edges are captured by V. Then,
20
|Ly| < fn (3.27)
xa\va| < 2% ond (3.28)
n
600
(XAUXB) \ YB| < UQBTL . (3.29)
Further, let B> 0 be arbitrary. If eq(H, XA UXB) < Skn then
10043n
|Vom| < 776 (3.30)

Proof. Let Wy :={v € V(G) : degg(v) — degg, (v) = nk/100}. We have |[W1| < %n < 1?7—2[371.
Observe that Ly sends out at most (1 + %n)k|L#| < gkn edges in Gy. Let Wy := {v €
V(G) : degg (v, L) > nk/10}. We have |[Ws| < 2%8n.

"
Let W3 := {v € XA : degg (v, 5%\ V(Ma)) = /7k}. By Setting 3.5(6) we have

3.26)

@
sl < ym < n.

For (3.28), observe that XA\ YA C W, UW,UW3. For (3.29), observe that XB\ YB C W; UW,
and that YA C YB. Thus, (XA UXB) \ YB C (XA \ YA) U (XB\ YB) C W) U W, U Ws.
The bound (3.30) follows from (3.13). O

We finish this section with an auxiliary result which will only be used later in the proofs of
Lemmas 6.2 and 6.3.
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Lemma 3.11. Assume Settings 3.5 and 3.8. We have

2k

XAO\ (JUF) C Ag\ (IF U shadowg,, (VWH, 71705>> : (3.31)
3

maxdegg. (XA\( 2 UT3), Uf) - Zogk (3.32)

and for i = 1,2 we have

mindeggy, (XA\ (TUV), Vi) > i (1+55) k. (3.33)

mindeg (XB \[Juv), good) > Pi (1 + %)

1\3\??‘ ?y‘

(3.34)

Moreover, F defined in (3.14) is an (M4 U Mp)-cover.

Proof. The definition of J gives (3.31).
For (3.33) and (3.34), assume that i = 2 (the other case is analogous). Observe that

mindegg, (YA\ Vet UV), Voo )

(by Def 3.7(6)) > p2 - mindegGv (YA \ VWH, Vgood) — /{70'9
(by 310)) > pa - (mindegg (YA, Vi \ Ly) — maxdegq (YA \ Vg, H)) — k09

k
(by (3.11), (3.13)) PR <<1 + 10) k — 17700> k0.9

(by (3.4), (3.18)) = P2 (1 + 2770> k|

which proves (3.33), as XA\ (JUV) C YA\ (V..g U V). Similarly, we obtain that

mindeg g, (YIB%\ (Vem UV), Vgood> > P2 (1 + 20) ;

which proves (3.34).

We have maxdegq (XA \ J3,XA) < 103k and maxdegg_ (XA \ J2,5° \ V(My)) < k.
Thus (3.32) follows from Setting 3.5(2) and by (3.4).

For the “moreover” part, it suffices to prove that {C' € V(My) : C C XA} = F\ Vi (Mp) is
an M 4-cover. Let (T1,T2) C M 4. As G € LKSsmall(n, k,7), we have, by Setting 3.5(3) that for
some i € {1,2}, T; is contained in L, ,(G). Then by Setting 3.5(1), T; C XA, as desired. O

4 Ten types of Configurations

We now come to the heart of the present paper. We will introduce ten configurations — called
(01)—(¢10) — which may be found in a graph G € LKS(n,k,n).> We will be able to infer from
the main results of this section (Lemmas 6.1-6.3) and from other structural results of this paper
and of [HKP™b] that each graph G € LKS(n,k,n) contains at least one of these configurations.

5Saying that “we have Configuration X”, “the graph is in Configuration X”, or “Configuration X occurs” is the
same.
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4.1 The configurations

Lemmas 6.1-6.3 are based on the structure provided by [HKP*b, Lemma 5.4]. We refer to [HKP*d,
Section 6.1] where we describe in more detail how each of the configurations (¢1)—(¢10) can be used
for the embedding of any given tree from trees(k), as required for Theorem 1.2. A full description
and proofs of the embedding strategies is given in [HKP*d, Section 6.5].

The organization of this section is as follows. In Section 4.1 we state some preliminary definitions
and introduce the configurations (¢1)—(¢10). In Section 5 we prove certain “cleaning lemmas”. The
main results are then stated and proved in Section 6. The results of Section 6 rely on the auxiliary
lemmas of Section 3.2 and 5.

4.1 The configurations

We can now define the following preconfigurations (&), (©1), (©2), (exp), and (reg), and the
configurations® (¢1)-(¢10). Lemma 4.17 (proof of which occupies Section 6) asserts that each
graph LKS(n, k,n) contains at least one of the configurations (¢1)—(¢10). More precisely, after
getting the “rough structure” we obtained in [HKP*b] we get one of the configurations (¢1)-(¢10)
from Lemma 4.17, which builds on the analysis given in Lemmas 6.1-6.3.

We now give a brief overview of these configurations. Recall that for our proof of Theorem 1.2
we combine these configurations (in the host graph Grj2) with a given fine partition of the tree
Tr1.9 which was informally explained in Section 2.6.

Configuration (¢1) covers the easy and lucky case when G contains a subgraph with high
minimum degree. A very simple tree-embedding strategy similar to the greedy strategy turns out
to work in this case.

The purpose of Preconfiguration (&) is to utilize vertices of H. On the one hand these vertices
seem very powerful because of their large degree, on the other hand the edges incident with them
are very unstructured. Therefore Preconfiguration (&) distils some structure in H. This preconfig-
uration is then a part of configurations (¢2)—(¢5) which deal with the case when H is substantial.
Indeed, Lemma 6.1 asserts that whenever H is incident with many edges, then at least one of
configurations (¢1)—(¢5) must occur.

Let us note that each of the configurations (¢1)—(¢5) alone suffices for embedding all k-vertex
trees. However, when H is negligible, we may need different configurations (¢6)—(¢10) (with differ-
ent parameters) for embedding different individual trees from trees(k).

The cases when the number of edges incident with H is negligible are covered by configurations
(06)—(¢10). More precisely, in this setting Lemma 4.17 transforms the output structure we obtained
in [HKPTb] into an input structure for either Lemma 6.2 or Lemma 6.3. These lemmas then
assert that, indeed, one of the Configurations (¢6)—(¢10) must occur. The configurations (¢6)—
(08) involve combinations of one of the two preconfigurations (V1) and (©2) and one of the two
preconfigurations (exp) and (reg). The idea here is that the hubs are embedded using the structure
of (exp) or (reg) (whichever is applicable), the internal shrubs are embedded using the structure
which is specific to each of the configurations (¢6)—(¢8), and the end shrubs are embedded using the
structure of (V1) or (©2). For this reason, configurations (¢6)—(¢9) are accompanied by parameters
(denoted by h, hy and hg in Definitions 4.11-4.14) which correspond to the total orders of shrubs
of different kinds. The configuration (¢10) is very similar to the structures obtained in the dense
setting in [PS12, HP16], and (¢9) should be considered as half-way towards it.

5The word “configuration” is used for a final structure in a graph which is suitable for embedding purposes while
“preconfigurations” are building blocks for configurations.
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4.1 The configurations

Some of the configurations below are accompanied with parameters in the parentheses; note
that we do not make explicit those numerical parameters which are inherited from Setting 3.5.

We start by defining Configuration (¢1). This is a very easy configuration in which a modifica-
tion of the greedy tree-embedding strategy works.

Definition 4.1 (Configuration (¢1)). We say that a graph G is in Configuration (¢1) if there
exists a non-empty bipartite graph H C G with mindeg,(V(H)) > k and mindeg(H) > k/2.

We now introduce the configurations (¢2)—(¢5) which make use of the set H. These configura-
tions build on Preconfiguration (é).

Definition 4.2 (Preconfiguration (&)). Suppose that we are in Setting 3.5. We say that the
graph G is in Preconfiguration (&)(Q2*) if the following conditions are satisfied. G contains non-
empty sets L' C L' C Lo, w(Gv) \ H, and a non-empty set H' C H such that

10"

k
d LH\H) < 22 41
max egGv< ’ \ ) < 100’ ( )
mindegg_ (H', L") > Q*k , and (4.2)
" / nk
maxdegg, (L ,L%mk(Gv) \(HUL") < 100 ° (4.3)

Definition 4.3 (Configuration (¢2)). Suppose that we are in Setting 3.5. We say that the graph
G is in Configuration (02)(Q*, €0, 8) if the following conditions are satisfied.

The triple L", L', H' witnesses preconfiguration (&)(2*) in G. There exist a non-empty set
H" CH', a set Vi C V(Gexp) NYBNL", and a set Vo C V(Gexp) with the following properties.

mindegg, (H', V1) > Qk

mindegq_ (V1,H") > pk ,
mindegg, (1, Va) = Bk,
mindegc,, (Va, V1) > Bk

Definition 4.4 (Configuration (¢3)). Suppose that we are in Setting 3.5. We say that the graph
G is in Configuration (03)(*,Q,¢,0) if the following conditions are satisfied.

The triple L", L' ', witnesses preconfiguration (&)(2*) in G. There exist a non-empty set
H'"CH, aset Vi CENYBNL", and a set Vo C V(G) \ H such that the following properties are
satisfied.

mindegq_ (H", V1) > Qk
mindegg, (V1, H") > 6k ,

maxdegg, (Vi, V(G) \ (Vs UH)) < Ck (1.4
mindegq_ (Va, V1) = 6k . (4.5)

Definition 4.5 (Configuration (¢4)). Suppose that we are in Setting 5.5. We say that the
graph G is in Configuration (¢4)(Q*,,(,0) if the following conditions are satisfied.
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4.1 The configurations

The triple L" L', H' witnesses preconfiguration (&)(X*) in G. There exist a non-empty set
H" CH, sets Vi CYBNL", E' CE, and Vo, C V(G) \ H with the following properties

mindegg (H', V1) > Qk ,

mindegg (V1, H") > ok ,
mmdegGVUgD(Vl, " > 6k, (4.6)
mindegg, g, (E', V1) = 0k, (4.7)
mindegg g, (Vo, B) = 0k, (4.8)
maxdegg e, (B, V(G) \ (HU V) < Ck . (4.9)

Definition 4.6 (Configuration (05)). Suppose that we are in Setting 3.5. We say that the graph
G is in Configuration (05)(Q*, €, 6, 7) if the following conditions are satisfied.

The triple L", L', H' witnesses preconfiguration (&)(2*) in G. There exists a non-empty set
H” CH, and a set Vi C (YBNL"NUYV)\ V(Gexp) such that the following conditions are fulfilled.

mindegq_ (H”, V1) > Qk , (4.10)
mindegg (V1, H") > 6k , (4.11)
mindegg, . (V1) = (k. (4.12)
Further, we have
cCNnWVvi=0or|CNnW| = 7|C| (4.13)

for every C € V.

In remains to introduce configurations (¢6)—(¢10). In these configurations the set H is not
utilized. All these configurations make use of Setting 3.8, i.e., the set V(G) \ H is partitioned into
three sets Ag, A1 and Ay. The purpose of Ay, A1 and A, is to make possible to embed the hubs,
the internal shrubs, and the end shrubs of Ty .9, respectively. Thus the parameters pg, p1 and po
are chosen proportionally to the sizes of these respective parts of Trpq .

We first introduce four preconfigurations (©1), (©2), (exp) and (reg).

An M-cover of a regularized matching M is a family 7 C V(M) with the property that at
least one of the elements S; and Sy is a member of F, for each (S, 52) € M.

Definition 4.7 (Preconfiguration (V1)). Suppose that we are in Setting 3.5 and Setting 3.8.
We say that the graph G is in Preconfiguration (V1)(v/,h) of V(G) if there are two non-empty sets

Vo, Vi CAp\ (IF U shadowg, (Veom, 71727];)) with the following properties.

mindegg, (VO, g00d> h/2, (4.14)
mindegg, (Vi,Ving) > A (4.15)

Further, there is an (My U Mp)-cover F such that

maxdeg g (Vl, U]—") <Ak. (4.16)
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4.1 The configurations

Definition 4.8 (Preconfiguration (©2)). Suppose that we are in Setting 3.5 and Setting 3.8.
We say that the graph G is in Preconﬁguration (V2)(h) of V(G) if there are two non-empty sets

Vo, Vi C Ap \ (IF Ushadowgy, (Vem, 155 )) with the following properties.

mindegg, (VoU Vi, Vg ) > h. (4.17)

Definition 4.9 (Preconfiguration (exp)). Suppose that we are in Setting 3.5 and Setting 3.8.
We say that the graph G is in Preconfiguration (exp)(53) if there are two non-empty sets Vo, Vi C Ay
with the following properties.

mindeg, (Vo V2)

mindegg,  (V1, Vo)

k (4.18)

B
Bk . (4.19)

VoWV

Definition 4.10 (Preconfiguration (reg)). Suppose that we are in Setting 3.5 and Setting 3.8.
We say that the graph G is in Preconfiguration (reg)(¢,d’,u) if there are two non-empty sets
Vo, Vi € Ag and a non-empty family of vertex-disjoint (€,d')-super-reqular pairs {(Q(()j),ng)}jey
(with respect to the edge set E(G)) with Vp := UQ((]j) and Vi = Ung) such that

min {1Q§”1, 1Q} > uk (4.20)

Definition 4.11 (Configuration (¢6)). Suppose that we are in Settings 3.5 and 3.8. We say that
the graph G is in Configuration (06)(9,&,d’, u,7', he) if the following conditions are satisfied.

The vertex sets Vi, Vi witness Preconfiguration (reg)(g,d’, u) or Preconfiguration (exp)(d) and
either Preconfiguration (V1)(y',he) or Preconfiguration (V2)(hg). There exist non-empty sets
Vo, V3 C Ay such that

mindegq(V1, Vo) = 0k , (4.21)
mindegq(Va, V1) = 0k , (4.22)
mindegq,  (V2,V3) > 0k , and (4.23)
mindeg, (V3,V2) > 0k . (4.24)

Definition 4.12 (Configuration (¢7)). Suppose that we are in Settings 3.5 and 3.8. We say that
the graph G is in Configuration (¢7)(d, o/, &,d’', p, 7', he) if the following conditions are satisfied.

The sets Vi, Vi witness Preconfiguration (reg)(&,d’, ) and either Preconfiguration (V1)(v/, ha)
or Preconfiguration (V2)(hg). There exist non-empty sets Vo CEIN\ V and V3 C Ay such that

mindegq(V1, Va) = 0k , (4.25)
mindegq(Va, V1) > 0k , (4.26)
maxdegq, (Va, A1\ V3) < p'k and (4.27)
mindeg_ (Vs, V2) > 6k . (4.28)

Definition 4.13 (Configuration (¢8)). Suppose that we are in Settings 3.5 and 3.8. We say that
the graph G is in Configuration (08)(0, p’,e1, €2, d1, da, pi1, pi2, h1, ha) if the following conditions are
satisfied.
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4.1 The configurations

The vertex sets Vi, Vi witness Preconfiguration (reg)(ea,ds, pu2) and Preconfiguration (©2)(hs).
There exist non-empty sets Vo C Ao, V3,Vy C A1, V3 C E\V, and an (e1,d1, p1k)-reqularized
matching N absorbed by (MaUMp) \ Ng, V(N) C Ay \ V3 such that

mindegq(V1, Va) > (4.29)

mindegq(Va, V1) > 5/{: , (4.30)

mindegg, (V2, V3) > 6k , (4.31)

mindegg, (V3, Va) > 6k , (4.32)
maxdegq, (Va, A1\ Vi) < o'k, (4.33)
mindegq_ (Vi, V3) > 6k , and (4.34)

degg, (v, V3) + degg,,, (v, V(N)) = by for each v € Va. (4.35)

Definition 4.14 (Configuration (¢9)). Suppose that we are in Settings 3.5, and 3.8. We say
that the graph G is in Configuration (¢9)(8,7’, h1, ha, €1, d1, p1, €2, da, o) if the following conditions
are satisfied.

The sets Vi, Vi together with the (My U Mp)-cover F' witness Preconfiguration (V1)(v/, ha).
There exists an (e1,d1, u1k)-reqularized matching N absorbed by M U Mp, with V(N) C A;.
Further, there is a family {( ((]]), gj))}jey as in Preconfiguration (reg)(e2,da, p2). There is a set
Vo CVIN)\NUF C UV with the following properties:

mindeg (V1,Va)
mindegg, (Vz, V1)

hi (4.36)

=
> 6k . (4.37)

Our last configuration, Configuration (¢10), will lead to an embedding very similar to the one
in the dense case (as treated in [PS12]; this will be explained in detail in [HKP*d]). To formalize
the configuration we need a preliminary definition. We shall generalize the standard concept of a
regularity graph (in the context of regular partitions and Szemerédi’s regularity lemma) to graphs
with clusters whose sizes are only bounded from below.

Definition 4.15 ((¢,d, {1, 2)-regularized graph). Let G be a graph, and let V be an ¢1-ensemble
that partitions V(G). Suppose that G[X] is empty for each X € V and suppose G[X,Y] is e-reqular
and of density either 0 or at least d for each X,Y € V. Further suppose that for all X € V it holds
that || JNg(X)| < la. Then we say that (G, V) is an (e,d, {1, {2)-regularized graph.

A regularized matching M of G is consistent with (G,V) if V(M) C V.

Definition 4.16 (Configuration (010)(¢,d’, ¢1,(2,7')). Assume Setting 3.5. The graph G con-
tains an (£, d’,~€1,€2)—7"egularized graph (G, V) and there is a (€,d', £1)-reqularized matching M con-
sistent with (G,V). There are a family L* CV and distinct clusters A, B € V with

(a) E(G[A,B]) #9,

(b) degg (v, V(M)UUL*) = (1+ 1)k for all but at most &|A| vertices v € A and for all but at
most €| B| vertices v € B, and

(c) for each X € L* we have degs(v) > (1+n")k for all but at most E|X| vertices v € X.
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4.2 The main result

4.2 The main result

We are now ready to state the main result of the present paper, Lemma 4.17. In the remaining
part of the paper we build up the arguments that lead to the proof of Lemma 4.17, which is given
in Section 6.2.

Lemma 4.17. Suppose we are in Settings 3.5 and 3.8. Further suppose that at least one of the
followings hold in G.

(K1) 2eq(XA) + eq(XA, XB) > nkn/3,

(K2) |V(Mgooa)| = nn/3,

where Mgood := {(A,B) € My : AUB C XA}. Then one of the configurations
o (o1),

nBQQ** W n13p2
L4 (02> 4,1090(9*)11; 2 ) 128-1030~(Q*)5
77399** W ~ 7713'72
i (03) 4-1090(Q*)1T» ~ 2 ’ 9 128-1030.(Q%)5 )7
4 nSQQ** W ~ n13,y3
o (o4) ( gom(@T 2 3> FeEi0M@)s
o (05) 77399** W 7,]13 n 7713
4‘1090(9*)115 2 9 128-1030~(Q*)3’ 29 128-1030~(Q*)4 )

3 4 3
p v
ooy 47, 355 3107 2000,]32(1 +56)k),

3
n°y°p n’v
1012(Q9) % 100> 475 3 329*’ 2.107> 2- 103,132(1 +56)k).

[ ]
—
&
x

n*y*p  my 400e Y3p  mme
1015(Q*)52 4007 7 4, 27 3207 200k 2- 104,131(1 + 20)k pa(l + 20)k)

3 2
i (09) 027(9*)37 1037p1(1 + 40)k 132(1 + QO)k 497067 ga 2%76274 , 32(52*7 27.710,/4)}

2

.(010)(,777rf/<: 2 ,15)

occurs in G.

Remark 4.18. The effect of changing the parameters py and po in Setting 3.8 can be more sub-
stantial that a mere change of the parameters in one configuration asserted by Lemma 4.17. That
is, it may happen that for some Ua,lues of p1 and pa the only configuration that occurs in the graph

that occurs iS, say, (08) ('a ERERERERE R R Pl( 20)k> pQ(l + %)k) :

Recall that p1 and po are set proportionally to the sizes of the internal- and end- shrubs of the
tree Tr1.9, respectively. Thus the above tells us that different trees Tm1.9 may be embedded into
different parts of Gr1.2, and using different embedding techniques.

Note that it follows from the main results of our previous papers [HKP*a, HKP*b| that graphs
from Theorem 1.2 indeed satisfy the hypothesis of Lemma 4.17. More specifically, after obtaining a
sparse decomposition of Gy in [HKPta, Lemma 3.14], we can apply [HKP*b, Lemma 5.4] which
asserts that (K1) or (K2) are fulfilled.
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5 Cleaning

This section contains five “cleaning lemmas” (Lemma 5.1-5.5). The basic setting of all these lemmas
is the same. There is a system of vertex sets and some density assumptions on edges between certain
sets of this system. The assertion is that a small number of vertices can be discarded from the sets
so that some conditions on the minimum degree are fullfilled. While the cleaning strategy is simply
discarding the vertices which violate these minimum degree conditions the analysis of the outcome
is non-trivial. The simplest application of such an approach was the proof of Lemma 3.6 above.

Lemmas 5.1-5.5 are used to get the structures required by (pre-)configurations introduced in
Section 4.1.

The first lemma will be used to obtain preconfiguration (&) in certain situations.

Lemma 5.1. Let v € (0,1), and T',Q, Q' > 1 be arbitrary, with
P30 > A% . (5.1)

Let P and @ be two disjoint vertex sets in a graph G. Assume thatY C V(G) is given. We assume
that

mindeg(P, Q) = Qk , and (5.2)
maxdeg(Q) < T'k .

Then there ezist sets P' C P, Q" C Q' C Q\'Y such that the following holds.
(a) maxdeg(Q', P\ P') < ¥k,

(b) maxdeg(Q",Q\ (Q"UY)) < ¥k,

(c) mindeg(P’, Q") > 'k, and

(d) e(P',Q") = (1 —)e(P,Q) — [Y NQTk.

Proof. Initially, set P’ := P, Q" := Q\Y, and Q" := Q'. We shall sequentially’ discard from the
sets P', @ and Q" those vertices that violate any of the properties (a)—(c). Further, if a vertex
v € Q is removed from @’ then we remove it from the set Q” as well. We thus have Q" C @’ in
each step. After this sequential cleaning procedure finishes it only remains to establish (d).

First, observe that the way we constructed P’ (together with (5.2)) ensures that

e(P\P,Q") <e(P\P.,Q) < ge(P, Q). (5.4)

Let Q* C @ be the set of the vertices removed from @’ because of condition (a).

Note that a vertex u of P¢ = P\ P’ was removed at some point from the set P’ because (c)
failed for u. Let C! denote the set @' just before this time. Let f(u) := deg(u,C)). A vertex
v € QY= Q\(Q'UY) was removed at some point from the set Q' because (a) failed for v. Let A! be
the set P’ just before this time. Let g(v) := deg(v, P\ A}). Observe that 3, pe f(u) = >_,c0. 9(v).
Indeed, at the moment when v € @ is removed from @', the g(v) edges that v sends to the set

"No particular order is imposed on the vertices.
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P\ Al are counted in > ueN(w)npe f(u). Note also that we have f(u) < Q'k and g(v) > 9k for each
u € P¢ and each v € Q%, because u and v fail (c) and (a), respectively. We therefore have

Pk > D fu) = Y g(v) = [Q%vk . (5.5)
uepPe¢ VEQR®
By (5.2) we have
deg(u, P,
|PC‘ < Z eg((;;ﬁ Q) < e(QkQ) ) (5.6)
ue P¢

Putting (5.5) and (5.6) together, we get that
!/

WOk

QY < (P,Q) . (5.7)

Because vertices in Q' \ Q" fail property (b) we have

QN\Q k< S deg(w, @\ (QUY)) 'S 1Q\ (@ UY)[Tk
weQ'\Q"’ (5.8)

.7 T
= 1@k < oe(P.Q).

Finally, we can lower-bound e(P’, Q") as follows.

e(P,Q") > e(P,Q)—e(P\P,Q")— Y NQITk — |Q*Tk — |Q"\ Q"|Tk
QO T 1%
> 2t
by (5.4), 5.7), 5.8)) = e(P,Q) (1 Q ) 20

by 1) = (1=1)e(P,Q)— Y NQITE .

)—|YOQ|Fk

O]

The purpose of the lemmas below (Lemmas 5.2-5.5) is to distill vertex sets for configurations
(¢2)-(¢10). They will be applied in Lemmas 6.1, 6.2, 6.3. This is the final “cleaning step” on
our way to the proof of Theorem 1.2 — the outputs of these lemmas can by used for a vertex-
by-vertex embedding of any tree T' € trees(k) (although the corresponding embedding procedures
in [HKP*d] are quite complex).

The first two of these cleaning lemmas (Lemmas 5.2 and 5.3) are suited when the set H of
vertices of huge degrees (cf. Setting 3.5) needs to be considered.

For the following lemma, recall that we defined [r] as the set of the first r natural numbers,
excluding 0.

Lemma 5.2. For all r,Q*, Q** € N, and §,v,n € (0,1), with (%)Td < n/10, and Q** > 1000 the
following holds. Suppose there are verter sets Xo, X1,...,X, and Y of an n-vertex graph G such
that

L. Y] < nn/(42%),
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e(Xo, X1) = nkn,

mindeg(Xo, Xl) = Q**k,

e e

mindeg(X;, Xi+1) = vk for alli € [r — 1], and
5. maxdeg (Y UUiep XZ-> < Q.
Then there are sets X! C X; for i =0,1,...,r such that
(a) X1NY =0,
(b) mindeg(X], Xi_) > 6k for alli € [r],

(¢) maxdeg(X/, Xiy1 \ X[,1) <vk/2 for alli € [r — 1],

2
(d) mindeg(X(, X|) = VQ*k, and
(e) e(X(, X1) = nkn/2, in particular X # 0.
Proof. In the formulae below we refer to hypotheses of the lemma as “1.”—%5.”.
Set X1 :=X;\Y. Fori=0,2,3,4,...,r, set X := X;. Discard sequentially from X/ any
vertex that violates any of the Properties (b)—(d). Properties (a)—(d) are trivially satisfied when
the procedure terminates. To show that Property (e) holds at this point, we bound the number of

edges from e(Xy, X1) that are incident with Xo \ X or with X; \ X] in an amortized way.
For i € {0,...,7} and for v € X; \ X| we write

fi(v) := deg (v, Xiy1 \ Xi11(v)) ,
9i(v) := deg (v, X{_(v)) , and
hulo) = de (4, XL1y(0)
where the sets X;_;(v), X (v), X;,,(v) above refer to the moment just before v is removed from X;
(we do not define f;(v) and h;(v) for i = r and g;(v) for i = 0).
For i € [r] let X? denote the vertices in X;\ X/ that were removed from X/ because of violating
Property (b). Then for a given i € [r] we have that

> gi(v) < Skn. (5.9)
UEXf’

Fori=1,...,r — 1 let X¢ denote the vertices in X; \ X that violated Property (c). Set Xt := 0.
For a given i € [r — 1] we have

Fig 5.1 5.,(5.9) .
X5 yk/2< Y fily) < > gin(w) < k4 X7 Q0 (5.10)
UGX,E; wEXZ-+1\X1{+1

as X;\ X] = Xf’UXf, fori=2,...,r. Using (5.10) for j = 0,...,r — 1, we inductively deduce that

=L 7000\
\X;:;j\g < Z( > on . (5.11)

izo T
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fi(v)

gir1(w) 4

X£+1(U)

/
Xi+1

X; Xit1

Figure 5.1: Situation in (5.10). A summand from ) _. fi(v) (corresponding edges hatched),
and a summand from Xi\ XL, gi+1(w). Thus the former sum counts the number of edges

vw such that v € Xy and w € X;11 \ X, (v). For each such pair vw we have that v € X;(v) C

X{(w), as w must have been removed from X, ; prior to v being removed from X;. Hence, the

edge vw is counted in g;+1(w) as well. Similar counting is used in (5.21) and in (5.29).

(The left-hand side is zero for j = 0.) The bound (5.11) for j =r — 1 gives

r—2 i
2 204\ ' 2(20%)r 1
X5 <=y ( > PR CLL i (5.12)
Yo\ v
Therefore,
(5.12),1. 20\ "
e(Xo, Y UXS) < [Y UXE]- Ok < nlan + ( ) Skn . (5.13)
gl

For any vertex u € X\ X{, we have ho(u) < vVQ*k, and at the same time by Hypothesis 3. we
have deg(u, X1) > Q*k. So,

e(Xo, X
> ho(u 0’**1) . (5.14)
UGX()\X/ Q
By consulting Figure 5.2 we have
e(Xp, X1) > e(Xo, X1) — e(Xo,Y U XT) — Z ho(u Z g1(v) . (5.15)
u€Xo\ X veXx?
Therefore,
e(Xp, X7) > e(X0, X1) —e(Xo, YUX() = Y ho(u) = > q1(v)
u€Xo\ X veEX?

”kn 2&2* T G(XO’ Xl)
(by (5.9), (5.13), (5.14)) > e(Xp, X ——( >6kn—_5kn
by (5.9 5.13 5.14 ( 0 1) —

4
wy2) =nkn/2,

proving Property (e). O
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Xo X4

Figure 5.2: The terms in (5.15). The edges in the term e(Xp, (Y N X71) U X{) are shown in red,
some edges of the term ¢ . X/ ho(u) are shown in green (note that we undercount here, as the
summands hg(u) reflect preliminary situations in the set X7). It is clear that each edge between
X? and X/ (solid blue) is counted in Zvexf g1(v). Consider now an edge zv, z € Xo \ X,
v € X? (dashed blue). Suppose first that = was removed from X{ before v was put in X?. Then
the edge xv was counted in ZueXO\X5 ho(u). Suppose next that v was put in X? before z was
removed from X|). Then zv was counted in Evexf g1(v).

Lemma 5.3. Let §,n,Q*,Q** h > 0, let G be an n-vertex graph, let X9, X1,Y C V(G), and let C
be a family of subsets of V(G) such that

1. 2006 + 2=) <,

2kn > e(Xo, X1) = nkn,

mindeg( Xy, X1) > Q**k,
maxdeg(X1) < Q*Fk,

Y| < nn/(42), and

S &

10A|C|2* < nn.

Then there are sets X\, C Xo and X C X1 \'Y such that
() mindeg(Xp, X1) > VA,

(b) mindeg(X7], X() = ok,

(c) for all C € C, either X{NC =0, or | X;NC| = h, and
(@) e(X}, X}) > nkn/2.

Proof. Set X(j := Xy and X := X; \ Y. Discard sequentially from X|, any vertex violating
Property (a). We discard from X| any vertex violating Property (b). Last, we discard from X}
all the vertices lying in any set C' € C violating (c). The deletions from X|), or X| can take turns
in an arbitrary order until no more are possible. When the process ends, we verify Property (d)
by bounding the number of edges in e(Xp, X;) incident with X, \ X or with X; \ Xj. Given
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Assumption 2, and since by Assumptions 4 and 5 there are at most ink;n edges incident with

Y N X, it suffices to prove that
Y nkn

E(Xo,Xl)—E(XO,Xl)—e(YﬂXl,Xo) < R (516)

Denote by X? the set of vertices in X; \ (Y U X}) that violated Property (b), and by X§ the

set of vertices in X7 \ (Y U X]) that violated Property (c). Note that for each C' € C, we have

|X§NC| < h, and thus
| XT| < h[C]. (5.17)
For a vertex v € X1 \ (Y UX}), let g(v) denote deg(v, X((v)), where X{,(v) denotes the set X, just

before v is removed from X|. Analogously we define f(v), for v € Xy \ X, as deg(v, X/ (v)) where
the set X7 (v) denotes the set X/ just before v is removed from X;. We have >vext 9(v) < kn,

4. (5.17)
> gv) <Xk < hC|- Q°F, and
veEXY

S ooty 2
Q)+ \/W

’UEXO\X(/)
Thus,
e(Xo, X1) — e(Xg, X1) — e(Y N X1, Xo)
=> g+ > g+ D f)
veXx? veXY{ vEXo\ X}
2
< (0 4+ —=)kn + h|C|Q*K
(5 s o+ hic)
< Tk
(by 1. and 6.) 4 .
establishing (5.16). O

The next two lemmas (Lemmas 5.4 and 5.5) deal with cleaning outside the set of huge degree
vertices H.

Lemma 5.4. For allr,Q € N, r > 2 and all 7,5, > 0 such that

8O\ n
— ] < — 5.18
< gl ) 10 )
the following holds. Suppose there are vertex sets Y, Xg, X1,..., X, C V, where V is a set of
n vertices. Suppose that edge sets Ey,...,E, are given on V. The expressions deg;, maxdeg;,

mindeg,, and e; below refer to the edge set E;. Suppose that the following properties are fulfilled
1. Y] < dn,
2. el(Xo,X1> > nkn,

3. for alli € [r — 1] we have mindeg; {(X; \ Y, Xi11) > 7k,
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4. for alli € {0,...,r — 1}, we have maxdeg; | (X;) < Qk, and maxdeg; | (X;+1) < Qk.
Then there are sets X! C X; \Y (i =0,...,r) satisfying the following.
(a) For alli € [r] and we have mindeg,; (X!, X! |) > 0k,
(b) for alli € [r — 1] we have maxdeg,; 1 (X}, Xiv1 \ Xj 1) <7k/2,
(¢) mindeg, (X{, X{) > 0k, and
(@) e1(Xb X1) > nn/2

Proof. We proceed similarly as in the proof of Lemma 5.2. Set X/ := X; \'Y for each i =0,...,7.
Discard sequentially from X/ any vertex that violates Property (a) or (b), or (c). When the
procedure terminates, we certainly have that (a)—(c) hold. We then show that Property (d) holds
by bounding the number of edges from e; (X, X1) that are incident with X\ X{, or with X; \ X7.
For i € {0,...,r} and for v € X; \ X| we write

fir1(v) = degipy (v, Xi1 \ Xi1(v))
gi(v) = degi(vaz{fl(v)) ’ and
h(v) := deg, (v, X1(v))

where the sets X|(v), X]_;(v) and X/, (v) above refer to the sets X, X/ _;, and X, respectively,
at the moment® just before v is removed from X/ (we do not define f;11(v) for i =7 and g;(v) for
i = 0).

Let X* C X;, X? C X; for i € [r — 1] be the sets of vertices removed from X! because of
Property (a) and (b), respectively. Set X2 := X, \ X, and X§ := X\ X{;. We have for each i € [r],

> gi(v) < Skn . (5.19)

veX?

Also, note that we have

> h(v) < dkn. . (5.20)

veX§

We set X! := (). For a given i € [r — 1] we have

vk
X2 Y fi)

veX?
(see Figure 5.1) < Z gz+1('U)
U€X¢+1\Xl{+1
by 1, 510 < Okn + | XD |Q (5.21)

as X; \ X/ C X¢UXPUY, fori=2,...,r. Using (5.21), we deduce inductively that

‘Xf?_j‘ < <8§2>J o, (5.22)

8if v € Y then this moment is the zero-th step
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for j =0,...,r — 1. (The left-hand side is zero for j = 0.) Therefore,

e1(Xp, X1) > er(Xo, X1) = (V] + [XT)Q%k — D~ g1(v) = > h(v)
veX{ veX|

SON\"
(by 2, (5.22), (5.19), (5.20)) = Nkn — | — | dkn — 20kn
vy
n
2 71{; 9
5 n

establishing Property (d). O

Lemma 5.5. For allr,Q €N, r > 2 and all v,n,6,&, u,d > 0 with

Q T
20 < d and (i) 5 < % (5.23)

the following holds. Suppose there are vertex sets Y, Xo, X1,...,X, C V, where V is a set of n
vertices. Let Pi(l), cee Pi(p) partition X;, for i = 0,1. Suppose that edge sets Fv, Fo, E3, ..., E,. are
given on V. The expressions deg;, maxdeg,;, and mindeg; below refer to the edge set E;. Suppose
that

1. Y| < dn,

2. | X1 = nn,

3. for alli € [r — 1] we have mindeg; ,{(X; \ Y, Xi11) > 7k,

4. the family {(Péj),Pl(j))}je[p] is an (e, d, pk)-regularized matching with respect to the edge set
FEq, and

5. for alli € {0,...,r — 1}, maxdeg; ,(X;41) < Qk, and (when i # r) maxdeg,  ;(X;) < Qk.

Then there exists a non-empty family Y C [p|] and a family {( (()j), gj))}jey of wvertez-disjoint
(4e, %)—super—regular pairs with respect to Eq, with

(a) Q51| > & for cach j € Y,

and sets X, = QY C Xo\ Y, X! :=JQY C X, \Y, X! C X;\Y (i=2,...,r) such that
(b) for alli € [r — 1] we have mindeg,; (X}, ,,X]) > ok, and

(c) for alli € [r — 1], we have maxdeg, (X[, Xiy1 \ X[, ;) < vk/2.

Proof. Initially, set J := () and X/ := X;\Y for each i =0,...,r. Discard sequentially from X any
vertex that violates any of the Properties (b) or (c). We would like to keep track of these vertices

and therefore we call Xf’,Xf C X; the sets of vertices removed from X, because of Property (b),

and (c), respectively. Further, for i = 0,1 and for j € [p] remove any vertex v € X/ N Pi(j ) from X!

if
o _ AP
deg, (v, X1_; N P”)) < T"‘ : (5.24)
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For i = 0,1, let X/ be the set of those Vertices of X; that were removed because of (5 24).

If for some j € [p] we have |P ﬂY| > ‘ a or |P N(YUXy) )‘
the sets P, (') and P( 2 entirely from X and X1, ie., we set X{ := X0 \ P0 and X| = X|\ P1
We also add the 1ndex J to the set J in this case.

When the procedure terminates define ) := [p] \ J, and for j € } set ( (()j ), ng )) = (Péj ’n
X}, Pl(j 'nx 1)- The sets X/ obviously satisfy Properties (b)—(c). We now turn to verifying Prop-
erty (a). This relies on the following claim.

|P0 \ Pm\

Claim 5.5.1. If j € [p] \ J then |PY) N X¢| < and |PY) N X9 <

Proof of Claim 5.5.1. Recall that E; is the relevant underlying edge set when working with the

pairs (P(g] ),PI(J )). Also, recall that only vertices from Y U X§ were removed from P(j )

)

vertices from Y U X{ U X{ were removed from Pl(] .

Since j ¢ J, the pair (Po(j) \Y, Pl(j) \ (Y UXY)) is 2e-regular of density at least 0.9d by Fact 2.1.
Let

and only

Ko:={ve PP\ Y : deg (v, PP\ (Y UXF) <08dPY\ (Y UX])|}, and
Ky = {ve PP\ (YUX{) : deg,(v, P\ Y) <0.8dPP\ Y|} .

By Fact 2.2, we have |Kp| < 25|P(§j) \Y| < 0.1d|Péj)| and |K;| < 0. 1d|P | In particular, we have

0.8d| P\ (Y U XF)| — | K1
0.8d-0.75/PY| — 0.1d| P (5.25)
> 0.25d|P7|  and

> 0.8d| P\ Y| — | Ko

> 0.8d - 0.75|PY)| — 0.1d|P{?| (5.26)
> 0.25d|P7)| .

mindeg; (P \ (Y U Ko), P\ (Y UX§ U K1) >
=

mindeg, (P \ (Y UX{UKy), P\ (Y U Ko))

Then (5.25) and (5.26) allow us to prove that Pl-(j )ﬁXZq C K, fori = 0,1. Indeed, assume inductively
that Pi(] e X C K; for i = 0,1 throughout the cleaning process until a certain step. Then (5.25)

and (5.26) assert that no vertex outside of Péj) \ (YUK)) or of Pl(j) \ (YUX{UK;) can be removed
because of (5.24), proving the induction step. The claim follows. O

Putting together the definition of J (through which one controls the size of Pi(j ' (Y U XY))
and Claim 5.5.1 (which controls the size of Pi(j e X?) we get for each j € Y and ¢ =0, 1,

P
|Q J)‘ ’

Therefore, these pairs are 4e-regular (cf. Fact 2.1). We get the property of (4e, %)—super—regularity

from the definition of X¢ (cf. (5.24)). Thus, the pairs ( (()j), gj)) are as required for Lemma 5.5
and satisfy its Property (a).
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The only thing we have to prove is that the set X| is nonempty. By the definition, for each
j € J, we either have |PY| < 4(|(YUXe)nPP)) or [PY| < 4]y nPY)|. We use that || = | PV

to see that
Upl(j)
J
For i € {1,...,r} and for v € X; \ X/ write
fir1(v) = degy 1 (v, Xip1 \ Xy, (v)) , and
gi(v) := deg;(v, Xj_(v)) .
where the sets X{(v), X;_1(v)" and X;, ,(v) above refer to the sets z — 1, X;_;, and X, respec-

tively, at the moment® just before v is removed from X! (we do not define fiy1(v) for i =r).
Observe that for each i € {2,...,7}, we have

> giv) < okn. (5.28)

vEXib

<A(Y |+ | XT]) - (5.27)

We set X¢ := (. For a given i € [r — 1] we have

L
X515 < D firav)

veXy
(see Figure 5.1) < Z gl+1(1})
’L}GX,L'+1\X,L{+1
(by 1. 5., (528)) < Okm + | ic+1|Qk, (5.29)

as X; \ X! C Xf’ UXFUY, fori=2,...,r. Using (5.29), we deduce inductively that |X7?7j| <
J
<¥> on for j =1,2,...,7r — 1, and in particular that

Q r—1
X¢| < (87) 5. (5.30)

As X{ = (), we obtain that

xt =[x\ | PP ulJ (e 0y uxfuxg)
jeT JEY

ooy > | X1| - 4(Y]+ |x5) - | U (Pfﬂnxg)

jey
n .
(by 1., (5.23), (5.30)) = ‘Xl — % _ U (Pl(ﬂ) N X%

jey

nm | Xy

mycassy = | Xq|— |

by2) >0,
as desired. -

9if v € Y then this moment is the zero-th step
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6 Obtaining a configuration

In this section we prove that the structure in the graph G € LKS(n, k,n) guaranteed by the main
results of [HKPTa, HKP'b] always leads to one of the configurations (¢1)-(¢10), as promised in
Lemma 4.17. We distinguish two cases. When the set H of vertices of huge degree (coming from a
sparse decomposition of G) sees many edges, then one of the configurations (¢1)—(¢5) must occur
(cf. Lemma 6.1). Otherwise, when the edges incident with H can be neglected, we obtain one of
the configurations (¢6)—(¢10) (cf. Lemmas 6.2 and 6.3).

Lemmas 6.1, 6.2, and 6.3 are stated in the first subsection of this section, and their proofs
occupy Sections 6.3, 6.4, and 6.5, respectively. The proof of Lemma 4.17 is in Section 6.2.

6.1 Statements of the auxiliary lemmas

The proof of the main result of this paper, Lemma 4.17, relies on Lemmas 6.1, 6.2 and 6.3 below. For
an input graph Gp4.17 one of these lemmas is applied depending on the majority type of “good”
edges in Gpg17. Observe that (K1) of [HKP*b, Lemma 5.4] guarantees edges between H and
XA UXB, or between XA and XA U XB either in E(Gexp) or in E(Gp). Lemma 6.1 is used if we
find edges between H and XA U XB. Lemma 6.2 is used if we find edges of E(Gexp) between XA
and XA UXB. The remaining case can be reduced to the setting of Lemma 6.3. Lemma 6.3 is also
used to obtain a configuration if we are in case (K2) of [HKP*b, Lemma 5.4].

Lemma 6.1. Suppose we are in Setting 3.5. Assume that

H, XA UXB) > /L &"
Then G contains at least one of the configurations
o (o1),
39Q** 49** 13,2
o (02) (4-1890(9*)“’ \/277 128-17630/?(9*)5»
399** 49** 1342
o (03) (4.1890(9*)”’ \/j’ 3 128-1770307(9*)5)’
n39Q** W v 7713,Y3
o (04) (4.1090(9*)11’ 2 757384&030(9*)6)’ or
7300 W n'3 n '
* (05) (4.1090&*)11’ 2 T8I0 (9% 2 128~1030'<9*)4>

Lemma 6.2. Suppose that we are in Setting 3.5 and Setting 3.8. If there exist two disjoint sets
YA, YAy C V(G) such that

€Gexp (YA, YA2) > 2pkn , (6.2)
and either

YA; UYAy € XA\ (JUV UF), or (6.3)
YA; C XA\ (JUVUFUJ,UJs), and YAy CXBO\ (JUV UF),

then G has configuration (06)(%, 0,1,1, %,pg (1 + 2%) k).
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6.2 Proof of Lemma 4.17

Lemma 6.3. Suppose that we are in Setting 3.5 and Setting 5.8. Let Dy be as in Lemma 3 6
Suppose that there exists an (&, d, Bk)-reqularized matching M, with V(M) C Ao, [V(M)| > &,
and fulfilling one of the following two properties.

(M1) M is absorbed by Mgood, € := 105 ' ,d = 1 ,and 8= 7823;]‘;,

)

(M2) E(M) C E(Dy), M is absorbed by Dy, & :=7, d := 329*, and (3 := &
Suppose further that one of the following occurs.

(cA) V(M) CXAIP\ (JUV UF), and we have for the set

2’k
R := shadowgy, <(VW1E N Lmk(G)) \ V(M4 UMBp), 17]05>

one of the following
(t1) Vi(M) C shadowgy, (V(Gexp), pk),
(t2) Vi(M) € Vg,
(t3) Vi(M) C R\ (shadowgy, (V(Gexp), pk) UV.iR), or
(t5) V(M) € V(Greg) \ (shadowgg (V (Gexp), pk) U Vg U R).
(cB) Vi(M) C XA\ (JUJ,UJ3UV UF) and Vo(M) CXBO\ (JUV UF), and we have

(t1) Vi(M) C shadowgy (V(Gexp), pk),
(t2) Vi(M) C Vg, or
(t3-5) Vi(M) N (shadowgg (V (Gexp), pk) U Vig) = 0.

Then at least one of the followz'ng configurations occurs:

d 4 3 3
° (06>(1012(Q*)4747r’ 329*7 2507 5000+ P2 (1 + 56)k).

~3p v 3np n
otz 1000 4T 35 329*’ a07> 5000+ P2 (L + 35)K).

4 4 400 3 T
(10°Q ouﬂ)’ n oA ,2,372&,2%02,2104,131(1—%20)l<: p2(1+ 35)k),

k, 400e d nmme 4o v3p 7721/)

L
° 1027( Q*d?lﬂé?pl( + 36)k 2 (1+ 55) n 20 200k 2T 32070 2.107

*\2
e (010)(e, %,W\QV}C, (QW% ).

6.2 Proof of Lemma 4.17

Throughout this section (and including subordinate lemmas) we assume that we have the setting
of Lemma 4.17. In particular, we shall assume Settings 3.5 and 3.8.

We distinguish different types of edges captured in cases (K1) and (K2). If in case (K1) many
of the captured edges from XA to XAUXB are incident with H, we will get one of the configurations
(¢1)—(¢5) by employing Lemma 6.1. Otherwise, there must be many edges from XA to XA U XB
in the graph Gexp, or in Gp. Lemma 6.2 shows that the former case leads to configuration (¢6).
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6.2 Proof of Lemma 4.17

We will reduce the latter case to the situation in Lemma 6.3 which gives one of the configurations
(¢6)—(<10).
We use Lemma 6.3 to give one of the configurations (¢6)—(¢10) also in case (K2). °

Let us now turn to the details of the proof. If eq (H,XA UXB) > wg;zigf)g then we use
Lemma 6.1 to obtain one of the configurations (¢1)—(¢5), with the parameters as in the statement
of Lemma 4.17.

Recall that every edge of GG incident to H is captured. Thus, in the remainder of the proof we

assume that
7,’13 kn

1028(Q*)3
We now bound the size of the set J. By Setting 3.5(9) we have that

eq(H, XA UXB) = e (H, XA UXB) < (6.5)

|E(G)\ E(Gv)| < 2pkn.

We shall therefore use Lemma 3.10 with 1,319 = 2p. This choice of fr3.1¢ is consistent with (3.26);
indeed, by (3.4) we have that n > p > v, and thus p > 7?/7.!'! From Lemma 3.10 we get
|Ly| < 2022, XA\ YA| < < R, and [(XAUXB)\ YB| < 5P Further, using (6.5), Lemma 3.10

also gives that |V.g| < 10261(75;1)3. It follows from Settlng 3.5(8) that |Jg| < 7n. Lastly, by
Setting 3.5(7) we have |J;| < 2yn. Thus,

I < [XA\YA| + |(XAUXB) \ YB| + [Voom| + [Lyg| + [J1]
2
k
+ |shadowe, o (Ve U L U Jg U Iy, %)
(34)  2pl0

< o) (6.6)

where we used Fact 3.1 to bound the size of the shadows (to this end recall that by Property 1 of
Definition 2.11, the graph Gp U Gy indeed has maximum degree at most Q*k).

Let us first turn our attention to case (K1). By Definition 3.7 we have HN Ay = (). Therefore,

eay (XA \J,(XAUXB)\J) = eq (XA \ (HU )", (XA\ (HUD)" U (XB\J)"P)

by Defar (M) = Pg - eay (XA \ (HUT), (XAUXB) \ (HUJ)) — £%0n"6
2

by Gagy 2 1”—04((3% (XA, XA UXB) — 2eqy (H, XA UXB) — 2/J|Q%k) — kO6n0
nkn 2n'3kn 4n'%%n 0.6,,0.6
(by (1), 65), (66) 2 707 ( PRI IE 10219*> —k
3
n°kn
T8 (6.7)

We consider the following two complementary cases:

19 Actually, our proof of Lemma 6.3 implies that one does not get configuration (¢9) in case (K2); but this fact is
never needed.
"Recall that the choice of constants in (3.4) proceeds from left to right.
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6.2 Proof of Lemma 4.17

(WA) egy ((XA\ D)) > 40pkn.
(WB) eqo (XA\ D)) < 40pkn.

Note that XA\J C YA, and (XAUXB)\J C YB. We shall now define in each of the cases (wA)
and (wB) certain sets YA, YAs. The way these sets shall be defined will guarantee a lower bound
on the number of edges between them. Although the definition of these sets is different for the
cases (WA) and (wB), for ease of notation they receive the same names.

In case (wA) a standard argument (take a maximal cut) gives disjoint sets YA, YAy C (XA '\
(JUV UF)® C YA with

eay (YA, YA) %(egv (XA\ DO — |[VUF| Q%)
(by Def 3.7(1) and by (3.20)) 2%(40pkn —2eQ%kn)
>19pkn . (6.8)
Let us now define YA, YAy for case (wB). Setting 3.5(6) implies that
lJ2] < \/An . (6.9)

Also, by Definition 3.7(7) we have

1
o (XA) < P(egv((m \ )10 + £O6106) 1 eqo (H, XA) + |J|Qk
0

104 13 10

(by (3.18), (WB), (6.5), and (6.6)) < F . (40pk:n + k:o'ﬁno‘G) + 102;7(9*)3 kn + IOZOQ* kn
(by 34)) < 107175;%'” .
Consequently,
n’k Uk
I3 - 108 <egy (I3, XA) <2 mkm,
and thus,
5
13l < 2+ o (6.10)

Set YA; := (XA\ (JUJUJ3UV UF))I® C YA and YA, := (XB\ (JUV UF))® C YB. Then the
sets YA; and YAs are disjoint and we have

eco (YA1, YAs) > eqq ((XA\T), (XA UXE) \ 1)°) - 2eqq (XA 1))
— (|J2| + |J3| + 2|V | + 2|F]) - Q*k

3 N0
(by (6.7), (WB), (6.9), (6.10), D3.7(1), (3.20)) > 10: — 80pkn — /A kn — ankn — 4eQkn
(3.4)
> 19pkn . (6.11)

We have thus defined YA, YAy for both cases (wA) and (wB).
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6.2 Proof of Lemma 4.17

Observe first that if eGexp (YAl, YAs) > 2pkn then we may apply Lemma 6.2 to obtain Configura-

tion (06)(W, 0,1,1, 5 103 , P2 (1 + 2%) k). Hence, from now on, let us assume that e¢
2pkn. Then by (6.8) and (6.11) we have that

exp (

€Gp (YAI,YAQ) > 17pkn
We fix a family Dy as in Lemma 3.6. In particular, we have

epy (YA, YAg) > 16pkn ,and (6.12)

maxdeg(Dy) < maxdeg(D) < Q. (6.13)
Let R := shadowgy, ((VWE NL,x(G)) \ V(MaUMp), W) For i = 1,2 define

YEI) := shadow (V (Gexp), pk) N YA, ,
Y? = (Veg n YA\ YV
Y® = (RN YA\ (YW

YW = En YA, ) \ (Yfl uY
Y& = va\ (YWu... U

(6.14)

Clearly, the sets YZ(-]) partition YA; for ¢ =1, 2.

We now present two lemmas (one for case (wA) and one for case (wB)) which help to distin-
guish several subcases based on the majority type of edges we find between YA; and YAs. The
first of the two lemmas follows by a simple counting argument from (6.12).

Lemma 6.4. In case (WB), we have one of the following.
(t1) epy Ygl),YA2> > 2pkn,
(t2) epy
(t3) epo YP,YAg) > 2pkn,
(t4) epy Y§4),YA2> > 2pkn, or
(t5) epo (Y§5),\§{A2) > 20kn.

Our second lemma is a bit more involved.

Lemma 6.5. In case (WA), we have one of the following.
(t1) epy (Y, YAS) + epy (YA1, YY) > dpkn,

(62) epg (Y1, YA\ V) +eng (YA \ YV, ¥E) > dpkn,
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6.2 Proof of Lemma 4.17

(83) epg (Y17, Y42\ (V8 UYE)) +eng (YA \ (v UYE), ) > dpkn, or
(t5) epo (YP,Y?)) > 2pkn.
Proof. By (6.12), we only need to establish that
epe (V{7 ¥a2\ () U Y UV + epg (YAl VP oy uy®), ¥i0) < pkn

For this, note that Y( ) C E and that YAs \ ( U Y(2) U Y(g)) is disjoint from V_.g. Thus we
have epg (Y% , YA\ ( 'y Y(2) U Y( ))) 6’]53*. We can bound the other summand using a

symmetric argument. ]

We can now provide a crucial step for finishing case (K1).

Lemma 6.6. Let G* be the spanning subgraph of Gp formed by the edges of Dy . If there are

two disjoint sets Z1 and Zy with eg«(Z1, Za) = 2pkn then there exists an (m, 37260*, C;Zf) reqularized

matching N in G* with Vi(N') C Z; (i =1,2), and |[V(N)| > &=.

Proof. By (6.13), the maximum degree of G* is bounded by Q*k. Therefore, we have |Z;| > 26’*” >
20k Thus,

47 Q

where the class of the right-hand side was defined in Definition 2.14. Lemma 2.15 (which applies
with these parameters by the choice of & and kg by (3.4)) immediately gives the desired output. [J

(G*, Dy, G*[ 21, Z3), {Z1}) Eg(v( b)), k, O, 7 op 2p> ,

We use Lemma 6.6 with Z7, Z5 being the pair of sets containing many edges as in the cases
(t1)—(t3) and (t5) of Lemma 6.5'2 and (t1)-(t5) of Lemma 6.4. The lemma outputs a regularized
matching Mpg.3 := Ng6. This matching is a basis of the input for Lemma 6.3(M2) (subcase (t1)—
(t3), (t5), or (t3—5)). Thus, we get one of the configurations (¢6)—(¢10) as in the statement of
the lemma. This finishes the proof for case (K1).

~ Let us now turn our attention to case (K2). For every pair (X,Y) € Mgood, let X' C X\ Ju
VUF) and Y/ C Y0\ (JUV UF) be maximal with |X’| = |Y’|. Define N := {(X",Y') : (X,Y) €
Meood » | X' = 5 103} By Lemma 3.9, and using (3.4) and (3.18), we know that

2

|V(Mgc]>od)| > %
Therefore, we have
n’n
VN = V(M0 = 21UV UF| - 2553
77 4-n'n n’n
(by (K2), (6.6), Def3.7(1), (3.20)) 400 W —4den — 100
1770&) (6.15)

12The quantities in Lemma 6.5 have two summands. We take the sets Z;,Z> as those appearing in the majority
summand.



6.3 Proof of Lemma 6.1

By Fact 2.1, N is a (4'177()23":/, "’—22, 271253 )-regularized matching.

We use the definitions of the sets Y(l) Y(.5) as given in (6.14) with YA; := V;(N) (i = 1,2).
As V(N) C V(Greg), we have that Y =0 (i=1,2). Aset X € V;(N) is said to be of Type 1 if
‘X N Ygl)’ > i[X |. Analogously, we define elements of V(N') of Type 2, Type 3, and Type 5.

By (6.15) and as V(Mgeod) € XA, we are in subcase (WA). For each (X, X») € N with at
least one X; € {X1, X2} being of Type 1, set X/ := XiﬁY(l) and take an arbitrary set X} , C X3_;
of size | X/|. Note that by Fact 2.1 (X}, X}_,) forms a 10 ' regular pair of density at least 72/4

We let N7 be the regularized matching consisting of all palrs (X!, X}_,) obtained in this way.!?

Likewise, we construct Ms, N3 and N5 using the features of Type 2, 3, and 5. Observe that the
matchings A; may intersect.

Because of (6.15) and since we included at least one quarter of each N-edge into one of
N1, N2, N3 and N, one of the regularized matchings N; satisfies |V (N;)| > % > n. So,
N; serves as a matching My for Lemma 6.3(M1). Thus, we get one of the configurations
(¢6)—(©10) as in the statement of the lemma. This finishes case (K2).

6.3 Proof of Lemma 6.1

Set 77 := W Define NT := {v € V(@) : degg (v,H) >k}, and N¥ := Ng (H) \ NT. Recall
that by the definition of the class LKSsmall(n, k, ), the set H is independent, and thus the sets
NT and N+ are disjoint from H. Also, using the same definition, we have

Ngo(H) € L, x(G) \H , and thus (6.16)
eqy(H, B) = eqy (H, BN L, 1(G)) for any B C V(G). (6.17)

We shall distinguish two cases.
Case A: eqo (H,NT) > eqo (H, XA UXB)/S8.
Let us focus on the bipartite subgraph H’ of Gy induced by the sets H and NT. Obviously, the
average degree of the vertices of NT in H' is at least k.

First, suppose that |H| < [NT|. Then, the average degree of H in H’ is at least k, and hence, the
average degree of H' is at least k. Thus, there exists a bipartite subgraph H C H’ with mindeg(H) >
k/2. Furthermore, mindegg (V (H)) > k. We conclude that we are in Configuration (¢1).

Now, suppose |H| > |NT|. Using the bounds given by Case A, and using (6.1), we get

_ coo BN _ dikn _ in
Q*k Ok 8O

Therefore, we have

G) > deggg (v) = H|Q™E > [NT|Qk >
veH

89*9 kS

a contradiction to Property 3 of Definition 2.4.

13Note that we are thus changing the orientation of some subpairs.
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6.3 Proof of Lemma 6.1

Case B: eqo (H,NT) < e, (H, XA UXB)/8.
Consequently, we get

6.1

(
eco (H, (XA UXB) \ NT) > ger (H,XAUXB) > gﬁkn : (6.18)

We now apply Lemma 5.1 to Gy with input sets P51 := H, Qus1 = Ly x(G) \ H, Yi51 =
L, x(G) \L%n,k(GV)’ and parameters ¥p51 = 7/100, I's1 = QF, Qs = Q, and Qp;, =
3 /(4 - 109(Q*)?). Assumption (5.2) of the lemma follows from (6.16), and Assumption (5.1)

holds by the choice of € 5 ;. The lemma yields three sets L” := Qggé, L' :=Qi5,, and H := P/, |,
4.1%6(9*)2 )-

Recall that e(G) < kn. Since by the definition of Y151, we have |Yi51] < %n, we obtain from
Lemma 5.1 (d) that

and it is easy to check that they witness Preconfiguration (é)(

Ui

ecy (H, Ly x(G)) — eqy (H', L") < 10056+ (H, Ly x(G)) + [Yi5.1 |2k
7 40pn .,
< — — 0
100 kn + o k
(34)
< glm (6.19)
So,
eay (H', (L' N (XA UXB)) \NT) > eqq (H, (L, 1(G) N (XA UXB)) \ NT)

— (eay (H, Ly x(G)) — eqy (H', L"))

= eqo (H, (XA UXB) \ NT)
— (eGy (H, Ly k(G)) — ey (H', L")

(6.19) 4 ﬁ
> ego (H, (XAUXB) \NT) — §kn

(6.18)
> %ﬁkn . (6.20)

We define

H* .= {v e : degg (v, L N (XA UXB) N NY) > \/Q**k} .
Using that e(G) < kn, we shall prove the following.
Lemma 6.7. We have ey (H*, L” N (XA UXB) N N¥) > Lijkn.

Proof. Suppose otherwise. Then by (6.20), we obtain that
1
eco (H/\H*, L N (XAUXB) N N¥) > Jkn
On the other hand, by the definition of H*,
|H'\ H*|VQ*k > eqy (' \ H*, L N (XA UXB) NNY) .
Consequently, we have
nkn nn

H' \ H*| > = .
AR ek T e
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6.3 Proof of Lemma 6.1

Thus, as H is independent,

e(G) > Y dogy (v) > [HIQ™k > B\ E Q" > V0% kn > kon
veH

a contradiction. O

Let us define O := shadowg,, (E, vk). Next, we define

Ny := V(Gexp) N L" N (XA UXB) NN
No:=ENL"N(XAUXB) NN,

N3 :=O0NL"NXAUXB)NN', and

Ny:= (LN (XAUXB) NN\ (N] U Ny U N3) .

Observe that
ONNy=0. (6.21)

Further, for i = 1,...,4 define
C; = {v e H* : degg, (v, N;) = degg, (v, L' N (XA UXB) N Ni)/4} :

An easy calculation gives that there exists an index i € [4] such that

1 L6.7
eao(Ci, Ni) = —eqo (H*, L N (XAUXB) NNY) >

1
> —iikn . 22
16 nkn (6.22)

Set Y := (XAUXB) \ (YBUH) = (XA UXB) \ YB, and 1152 = n15.3 := 1557- By Lemma 3.10

we have
NL5.21

40+
We split the rest of the proof into four subcases according to the value of 7.
Subcase B, i = 1.

: * * kk 5 2
We shall apply Lemma 5.2 with ris0 1= 2, Q[ = Q5 Q% , = VO™/4, 152 = %,
YL5.2 ‘= P, 1L5.2, XO = Cl, X1 = Nl, and XQ = V(Gexp)-) and Y, and the graph GL5.2, which is
formed by the vertices of GG, with all edges from E(Gy) that are in E(Gexp) or that are incident

with H. We briefly verify the assumptions of Lemma 5.2. First of all the choice of 1,50 guarantees
« 2
that (%) dus2 < 452, Assumption 1 is given by (6.23). Assumption 2 holds since we

Y| < (6.23)

TL5.2

assume that (6.22) is satisfied for ¢ = 1 and by definition of 7,52. Assumption 3 follows from the
definitions of C; and of H*. Assumption 4 follows from the fact that X1 C V(Gexp) = X2, and
since mindeg(Gexp) > pk which is guaranteed by the definition of a (k, 0**, Q*, A, v, €', v, p)-sparse
decomposition. This definition also guarantees Assumption 5, as Y U X; U Xo C V(G) \ H.

Lemma 5.2 outputs sets H” := X{, Vi := X{, V3 := X} with mindegg_ (H",V1) > VQ*k/2
(by (d)), maxdegg, (Vi, X2 \ Va) < pk/2 (by (c)), mindege, (Vi, ) > ds0k (by (b)), and
mindegg, (Va, V1) = 5.2k (by (b)). By (a), we have that V4 C YBNL”. As mindeg, (V1,X5) >
mindeg(Gexp) > pk, we have mindegg,  (V1,V2) > mindegq,  (Vi, X2) —maxdegq,  (V1, X2\ V2) >
Or5.2k.
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6.3 Proof of Lemma 6.1

Since L', L", H' witness Preconﬁguration (&)(%
59** 4 —~

(02) (4 Tos(ey V2, 12800(9* )

Subcase B, i = 2.

We apply Lemma 5.2 with numerical parameters riso := 2, Q5 5 := Q%, Q% 5 1= VO /4, §150 :=

), this verifies that we have Configuration

%, YL5.2 = 7, and 7r5.2. Further input to the lemma are sets Xy := Cs, X1 := Na, and
X2 := V(G) \ H, and the set Y. The underlying graph Grs2 is the graph Gp with all edges
incident with H added. Verifying assumptions of Lemma 5.2 is analogous to Subcase B, i = 1
with the exception of Assumption 4. To verify this, it suffices to observe that each vertex in Xy
is contained in at least one (vk,y)-dense spot from D (cf. Definition 2.9), and thus has degree at
least vk in Xo.

Lemma 5.2 outputs sets X, X7, and X3 which witness Configuration (03) (4 1056991)2, V= /2,

/2, %). In fact, the only thing not analogous to the preceding subcase is that we have to
check (4.4). In other words, we have to verify that

vk

-

As V(G) \ (X, UH) = Xy \ X)), this follows from (c) of Lemma 5.2.

Subcase B, ¢ = 3.

We apply Lemma 5.2 with numerical parameters riso = 3, Oz, = QF, Qit, = \/W/Zl,

OLso = %, Y52 = 7, and n59. Further inputs are the sets Xy := Cs, X1 := Nj,

X9 := E, and X3 := V(G) \ H, and the set Y. The underlying graph is Gr52 := Gv U Gp.

Verifying assumptions Lemma 5.2 is analogous to Subcase B, ¢ = 1, only for Assumption 4 we

observe that mindegq ., (X1, X2) = mindegq (X1, X2) > vk by definition of X; = N3 C O, and

mindegg, e, (X2, X3) > mindegg (X2, X3) > vk for the same reason as in Subcase B, i = 2.
Lemma 5.2 outputs Configuration (¢4) (4103695; 2, VO /2,7/2, 35100 Q*)3>, with H” := X{,

Vi = X1, E' := X} and V5 := X3. Indeed, all calculations are similar to the ones in the preceding

maxdegg, (X1, V(G) \ (X3 UH)) <

two subcases, we only need to note additionally that mindegg,ug, (Vi,E') > 72k W, which
follows from the definition of N3 and of O.

Subcase B, i = 4.

We have V # () and ¢ is the size of an arbitrary cluster in V. We are going to apply Lemma 5.3 with
0153 i= 77L5.3/100, N5.3, his.g i= T]L5,3C/(1OOQ*), Q}:5.3 = 0, Qfg?) = \/W/ll and sets X := CYy,
X1 := Ny, and Y. The underlying graph is G153 := Gv, and Cr5.3 is the set of clusters V.

The fact e(G) < kn together with (6.22) and the choice of 53 gives Assumption 2 of
Lemma 5.3. The choice of Cy and H* ensures Assumption 3. The fact that X1 NH = ) yields
Assumption 4. With the help of (3.4) it is easy to check Assumption 1. Inequality (6.23) implies
Assumption 5. To verify Assumption 6, it is enough to use that |Crs3| < %. We have thus verified
all the assumptions of Lemma 5.3.

We claim that Lemma 5.3 outputs Configuration (<>5)<4 106(9*)2, VO /2, 3805 & 128009*)
with H” := X} and V; := X]. In fact, all conditions of the configuration, except condition (4.12),
which we check below, are easy to verify. (Note that V3 C YB since V; C X; = Ny C XA UXB.
Also, Vi C L”, and thus V; is disjoint from H. Moreover, by the conditions of Lemma 5.3, V; is
disjoint from Y. So, V4 C YB.) For (4.12), observe that (6.21) implies that maxdegq, (N4, E) < 7k.
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6.4 Proof of Lemma 6.2

Further, we have X| C Ny \Y. Soforall z € X{ C NV\ Y, we have that degq (7, V(G)\H) > %
As Ny CUV \ V(Gexp), we obtain degg, () > 7 gnk — k> T satisfying (4.12).

6.4 Proof of Lemma 6.2
Set YA] :={v e YA, : degg,,, (v, YA) > pk}. By (6.2) we have

€Gury (YA, YA2) > pkn . (6.24)
Set T15.4 i — 3, QL5_4 = Q*, YL5.4 ‘= 103, (5L54 = %, M54 = pP- Observe that (5.18) is
satisfied for these parameters. Set Y154 := V, Xo := YAg, X7 := YA], Xo = X3 := V(Gexp)“, and
V:=V(G). Let By := E(Gv), and Ey = E3 := E(Gexp). We now briefly verify conditions 1-4 of
Lemma 5.4. Condition 1 follows from Definition 3.7(1) and (3.4). Condition 2 follows from (6.24).
Using Definition 3.7(6), (3.18) and (3.4), we see that Condition 3 for i = 1 follows from the definition
of YA, and for i = 2 from the fact that mindeg(Gexp) > pk. Lastly, Condition 4 follows from the
fact that U?:o X; is disjoint from H.
Lemma 5.4 yields four non-empty sets X, ..., X5. By assertions (a), (b), (c), and hypothesis 3
of Lemma 5.4, for all i € {0,1,2,3}, j € {i —1,i+ 1} \ {—1,4} we have

mindegy, | (X7, X}) = Ous.ak, (6.25)

where H; j = Gexp, except for {i,j} = {1,2}, where H; ; = Gy.

Thus, the sets X and X| witness Preconfiguration (exp)(drs.4). By Lemma 3.11, and by (6.3)
and (6.4), the pair X|, X| together with the cover F from (3.14) witnesses either Preconfigura-
tion (@1)(2 103 ,p2 (1+ 55) k) (with respect to F) or Preconfiguration (92)(p2 (1 + 55) k).

Notice that (6.25) establishes the properties (4.21)—(4.24). Thus the sets X{,..., X} witness
Configuration (¢6)(dr5.4,0,1,1, %,pg (1+ 55) k).

6.5 Proof of Lemma 6.3

In Lemmas 6.8, 6.9, 6.11, 6.12, 6.13 below, we show that cases (t1), (t2), (t3), (t3—t5), and (t5)
of Lemma 6.3 lead to configuration (¢6), (¢7), (¢8), (¢9), and (¢10), respectively. While the first
three of these cases are handled by a fairly straightforward application of the Cleaning Lemma
(Lemma 5.5), the latter two cases require some further non-trivial computations.

Lemma 6.8. In case (tl) (of either subcase (cA) or subcase (cB)) we obtain Configuration
3 4 3

(06)(1012(9*)4 470, S 2771(1)/47 2000’132(1 +356)k).

Proof. We use Lemma 5.5 with the following input parameters: ri55 := 3, Q55 := QF, Y55 =
np/200, nss = p/(2Q2%), ous.5 := n3p*/(1012(Q*)Y), eLs5 = &, uLss := B and drss = d. Note
these parameters satisfy the numerical conditions of Lemma 5.5. We use the vertex sets Y155 :=
VUF, Xg := Va(M), X1 := Vi(M), Xo = X3 := V(Gexp)'', and V := V(G). The partitions of
X and X; in Lemma 5.5 are the ones induced by V(M), and the set F; consists of all edges from
E(Dv) between pairs from M. Further, set Fy := E(Gvy) and E3 := E(Gexp)-

Let us verify the conditions of Lemma 5.5. Condition 1 follows from Definition 3.7(1) and (3.20).
Condition 2 holds by the assumption on M. Condition 3 follows from Definition 3.7(6) by (3.18),
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6.5 Proof of Lemma 6.3

and for ¢ = 1 also from the definition of M. Condition 4 holds by the definition of M. Finally,
Condition 5 follows from the properties of the sparse decomposition V.

Lemma 5.5 outputs four sets X, ..., X4. By Lemma 3.11, the sets X, and X| witness Precon-
figuration (V1)(3n°/(2 - 10%),p2 (1 + 55) k), or (V2)(p2 (1 + 55) k). Further, Lemma 5.5(a) gives
that (X{, X{) witnesses Preconfiguration (reg)(4¢,d/4, 3/2). It is now easy to verify that we have

. 3,4 _ g 3
Configuration (06)(%,45, 4 %, %792(1 + 55)k).
This leads to Configuration (¢6) with parameters as claimed. Indeed, no matter whether we have
(M1) or (M2), we have 47 > 4- 12;8’, and v3p/(3200%) < 4%/4, and n%v/(2-10%) < n%c/(8-10%k) <
n%e’ /(8 -103) < ap/Q* (for the latter recall that ¢ < &'k by Definition 2.10 (4)). O

Lemma 6.9. In case (t2) (of either subcase (cA) or subcase (cB)) we obtain Configuration
3

(7) (sortabye: > 47 ke o't 24 w21+ 35)8).
Proof. We use Lemma 5.5 with the following input parameters: ri55 := 3, Q55 := QF, Y55 1=
n7/200, nus.s = p/Q, Suss = 133 p/(1012(Q*)4), eLss = &, prss := B and diss := d. We use
the vertex sets Y55 := VUT, Xg := Vo(M), X1 := Vi(M), Xo:=Ell X3:= Ay, and V := V(G).
The partitions of Xy and X7 in Lemma 5.5 are the ones induced by V(M), and the set F; consists
of all edges from E(Dy) between pairs from M. Further, set Es := E(Gy) and E3 := E(Gp).
The conditions of Lemma 5.5 are verified as before, let us just note that Condition 3 follows
from Definition 3.7(6) and by (3.18), and for ¢ = 1 from the definition of M, while for i = 2 it
holds since E is covered by the set D of (vk,y)-dense spots (cf. Definition 2.9).

It is now easy to check that the output of Lemma 5.5 are sets that witness Configuration
343

=d B 3p°
(07)(10?2296)47%74571757 2.?037‘32(1—’_ %)k) D

Before proceeding with dealing with cases (t3), (t5) and (t3—5) we state some properties of
the matching M := (MA U MB) B

2

Lemma 6.10. For Viggover := V(MAUMB)M\ V(M) and Yy := VUFUshadowg,, (Vieftover %),
we have

(a) M isa (42705, g, &85 )-reqularized matching absorbed by M4 U Mp and V(M) C A1, and

(b) Y| < 2005020,

Proof. Lemma 6.10 (a) follows from Lemma 3.9.
Observe that from properties (1) and (3) of Definition 3.7 we can calculate that

(3.4)

[Vietover| < 3 k%9 M4 UMp| + ‘UVUT)* <3k 1 4 oexp(—k%) < 2en. (6.26)

2me

Then

_ 0’k

|YM| g ‘V’ + ’F‘ + ShadOWGD <‘/Ieftover7 1000) ‘
_ 100092*
(by Fact 3.1) < |V’ + |F| + |‘/ieftover|T
3000eQ*n
(by (6.26), D3.7(1), (3.4) (3.20)) < T s

as desired for Lemma 6.10(b). O
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6.5 Proof of Lemma 6.3

Lemma 6.11. In Case (t3)(cA) we obtain Configuration (08)(%, 5> 4(1705,4 .5 %, SR g,
pr(1+ 55)k, p2(1 + 55)k).

Proof. We use Lemma 5.5 with the following input parameters: ri55 := 4, Q55 1= Q*_, YL5.5 1=
77/200, nus.s = p/Q, Suss = niytp/(101°(Q)%), erss = &, prss := B and diss := d. We use
the following vertex sets Y155 := Yy, Xo := Va(M), X; := Vi(M),

Xo = (Lyx(G) N V) \ (V(Gexp) UEUV(MAUME)UVogULg UTg UTL)

X3 =B, X, := Ay, and V := V(G). The partitions P”) of Xy and X; in Lemma 5.5 are the
ones induced by V(M), and the set F; consists of all edges from E(Dy) between pairs from M.
Further, set Ey = E3 := E(Gy) and E4 := E(Gp).

Most of the conditions of Lemma 5.5 are verified as before, let us only note the few differences.
Condition 1 follows from Lemma 6.10(b). Using Definition 3.7(6) and (3.18), we find that Condi-
tion 3 for i = 2 follows from the definition of V.., and Condition 3 for ¢ = 3 holds as it is the same
as Condition 3 for ¢ = 2 in Lemma 6.9. To verify Condition 3 for ¢ = 1 we first observe that since
we are in case (t3), we have

2n°k
Vi(M) C shadowey ((m ALy (G)) \ V(MaUMp), ) \ (shadowcig (V' (Gxg), pk) UV.g)

10°
(6.27)
Also, since we are in case (cA), we have

Vilm)ynT=0. (6.28)
Thus, for each v € V4 (M) we have, using Definition 3.7(6),

degg, (v, X2) =2 po(degav (v, (Lyx(G) N Vo) \ V(M4 UMp))

— degg, (v, V(Gexp) UE U Vogg U Ly U Jg U Jl)) s

2%k k 0’k
(by (6.27) & (6.28) & (3.18)) = % ( 17705 — pk — IOpOQ* — 105) 109
(by (3.4)) 77’7]{
v Z 200 °

which indeed verifies Condition 3 for ¢ = 1.

Define N := M\ {(X,Y)eM : XUY C V(Ng)}. By Lemma 6.10 (a) we have that N' C M
is a (49705, 4, I )-regularized matching absorbed by M4 U Mp, and that V(N) C A;.

To see that the output of Lemma 5.5 together with the matching N leads to Configuration

4
(08)(71015(95)5, 5 4970874 19 Zl, 3567 27131(1 + 55)k, p2 (1 + 20)/{) let us show that (4.35) is satisfied
(the other conditions are more easily seen to hold).

For this, let v € X). We have to show that

degg, (v, X5) + degg,,, (0. VN) > pu (1+ 55) . (6.29)

Note that v & V(Gexp), and thus degg,  (v) = 0. This allows us to calculate as follows:
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6.5 Proof of Lemma 6.3

degey, (v, X3) + degg,, (v, V(N)) = deggy (v, A1) — deggy, (v, X3\ X3)
B degGreg (U7 V(NE)) - degGreg (U, Vieftover) (630)
— degg,, (v, V(G) \ V(MU Mp)) .

We now bound the terms of the right-hand side of (6.30). From Definition 3.7(6) we obtain
that degg, (v,A1) > p1 (deggy (v) — degg (v, H)) — k%9, Lemma 5.5(c) gives that degg, (v, X3 \
X3) < %. As v & Jg UV (MyUMp), we have degg,, (v, V(NE)) < vk As v ¢ Yy and

thus v ¢ shadowg,, (Vleftover,%) we have degq, (v, Vieftover) < %. Lastly, recall that v &

J1UV(M4UMp), and consequently degg, (v, V(G)\V(MaUMp)) < vk. Putting these bounds
together, we find that

2n°k
degGD (U, Xé) + degGreg (’U7 V(N>) 2 pl (degG ('U) - degG('U,H)) - 1000
9n nk 0’k
as v ke U Vo 2 ]. oA
(as v € Ly 1 (G) \ (L U Vo)) P1 << + 10> 100) 500
(by (3.18) & (3.4)) = P1 (1 + %) k.
This proves (6.29). O

Lemma 6.12. In case (t3—5)(cB) we get Configuration (<>9)(1027(Q ik 103 p1(1+45)k, p2 (1 + 55) k,

400c d mme 4 ~3p 771/)

n 2200k’ Ty 32077 2.107

Proof. Recall that by Lemma 3.11 we know that F, as defined in (3.14), is an (M 4 U M pg)-cover.
We introduce another (M4 U M p)-cover,

Fi=FU{XeVMpg): X CE}.

By (3.32) and as we are in case (cB), we have maxdegq, (Vi(M),JF) < 32?03k: Furthermore, as
we are in case (t3—5), we have V(M) NV_g = (). Thus,

maxdeg ( U]—“’) igsk (6.31)

We use Lemma 5.5 with the following input parameters: rps5 = 2, Qis55 (= Q% Y55 =
n* /108, nrs.s = p/2Q%, Sus.5 := pn®/(10%7(Q%)3), eLs5 := &, prs.s = B and dps5 := d. We use the
following vertex sets Yi55 := Yy, Xo := Va(M), X1 := Vi(M), and X :=V(M)\JF C UV
The partitions of Xy and X7 in Lemma 5.5 are the ones induced by V(M), and the set F consists
of all edges from E(Dy) between pairs from M. Further, set Ey := E(Gp).

Condition 1 of Lemma 5.5 follows from Lemma 6.10(b). Condition 2 follows by the assumption
of Lemma 6.12 on the size of V(M). Condition 4 follows from the definition of M. Condition 5
holds since V(M) does not meet H.

It remains to see Condition 3, for ¢ = 1. For this, first note that from Lemma 3.11 we get that

(cB)
mindeg <V1(M), ‘%Eod) > mindegg, (XA\ Juv), good> > (1 + %) k. (6.32)
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6.5 Proof of Lemma 6.3

From this, we calculate that

mindegg,, (Vi(M), V(M4 U Mp)) > mindegg, (Vi(M), V(M4 U Mp)h)
— maxdegg,_ (V1 (M), V(My U MB))
)

by 310) & (3.7) > mindegg,, ( 1(M 7Vg[md)

— maxdegg, (Vi(M),E)
— maxdegq, (Vi(M), Ly x(G) \ V(M4 UMp))
— maxdegg, (Vi(M), V(Gexp) \ V(M4 UMp))
— maxdegg, (Vi(M), V(Gexp) N V(M4 UMp))
ok
(by (6.32), as Vi(M) N Voo = 0 & (cB)) 2= P1 <1 + ?Ok) ~ 100

— maxdegg,, (XA \ J3,XA)
— maxdegg, (V1I(M), V(Gexp))

k 3k
(by def of I3 & as V4 (M) N shadowg (V(Gexp), pk) = 0 by (¢83-5)) = P1 < 2770) k— 10%? - % — pk. (6.33)

‘We obtain

mindege, (Vi(M) \ Yis5, X2) > mindegq,, (Vi(M) \ Yz, V(M)) — maxdegg,, (Vi(M U F')
(by detof M, (0.31)) > mindegg (Vi(M), V(M4 U Map)! )
203k
- maXdegGD (Vl (M) \ YM7 Vieftover) - W

k 3k 2k 23k
S PO L
20

(by (6.33) and by def of Yi5.5) = P1 (1 +

1000 108 "7 1000~ 10°

>pi(1+ L)k (6.34)

30

Since the last term is greater than v,5 5k = 1011 k by (3.18), we see that Condition 3 of Lemma 5.5
is satisfied. -
Lemma 5.5 outputs three non-empty sets X{), X1, X4 disjoint from Y755, together with (4, %)—

super-regular pairs {Q(()j ), ng )}jey which cover (X, X]) with the following properties.

N k
(by Lemma 5.5 (a)) mln {’Q(()]) |, |ng) |} 2 % fOI‘ eaCh j < y 5 (635)
(by Lemma 5.5 (b)) mindegGD (Xé, X{) 2 (5L5_5k’ s (636)
Y n 774k
(by Lemma 5.5 (c) and (6.34)) mlndegGD (X17 X2) > pl(]. + 30)k — m (637)
> (1 k.
pr(1+ 40)

We now verify that the sets X, X1, X}, the regularized matching Nps14 := M together with
the (M4 U Mp)-cover F', and the family {(Q[()J), (()J))}jey satisfy all the conditions of Configura-

. 3
tion (09)(6L5.57 %7‘31(1 + %)kﬁh (1 + Qﬂo) ka 407)067 %a 2%762,47%’}’3/)/329*, 7721//2 ’ 104)
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6.5 Proof of Lemma 6.3

By Lemma 3.11, since we are in case (cB) and by (6.31), the pair X{, X| together with the
(M4 UMp)-cover F' witnesses Preconfiguration (Q?l)(%7 p2 (14 %5) k). By Lemma 6.10 (a), M
is as required for Configuration (¢9).

To see that G is in Preconfiguration (reg)(4m,~3p/32Q*,7%v/2 - 10%), note that 42 < 47 and
d/4 > v3p/32Q* (in both cases (M1) and (M2)). Further, Property (4.20) follows from (6.35)
since 3/2 = n*v/2 - 104

Finally, by definition of Xy, the set X7 is as required, with Property (4.36) following from (6.37),
and Property (4.37) following from (6.36). O

We are now reaching the last lemma of this section, dealing with the last remaining case.

Lemma 6.13. In Case (t5)(cA) we get Configuration (¢10) (e, %,W\/&?Vk, (Q;%Qk, )

Proof. Since we are in case (t5), we have V(M) C V(Gieg). Therefore,
mindegg,, (V (M), Vyood) > mindegg (V (M), Vi \ Ly) - maxdege, (V (M), H)
— maxdegg (V(M), E) — maxdegq (V (M), V(Gexp))

n
> (14+ —)k, .
( +20) (6.38)

where the last line follows as V(M) € XA\ J C YA\ V..g by (cA) and furthermore, V(M) N
(shadowq(V(Gexp), pk) U V.ig) = 0 by (t5).

Define
C:={C\ (Ly UV(MAUMpB)UV.gUl) : CeV},
= {(Jec : |C\<\@c} :
We have
’Uc—‘ < S VEO < Ve (6.39)
ceC

Set V° := V(M4 UMp)U(C\C™) and let G° be the subgraph of G with vertex set | JV° and
all edges from E(Gyeg) induced by |JV° plus all edges of E(Gy) \ E(Gexp) between X and Y for
all (X,Y) € M4UMp. Apply Fact 2.1 (and recall Definition 2.10 (3)) to see that each pair of
sets X,Y € V° forms an e-regular pair of density either 0 or at least v2d/2 (whose edges either lie
in Gieg or touch E).

Next, observe that from Setting 3.5(3), Fact 2.7 and Fact 2.8, and using Definition 2.10(7), we
find that for all X € V° which lie in some cluster of V, we have ||JNgo(X)| < |UNgp(X)| <
% .2k Also, observe that for all X € V° which do not lie in some cluster of V, we know
from Setting 3.5(4) that X does not see any edges from E(Gieg). This means that (JNgo(X) is
contained in the partner of X in M4 U Mp (which has size at most ¢ < ¢’k by Setting 3.5(4) and
Definition 2.10(4)).

Thus we obtain that

()k
,72

2d
(G°,V°) is an (g, %, TVelc, )-regularized graph. (6.40)
Define

£2:= {X €V°\ V(M4 UMp) : mindegg:(X) > (1+ Dk}

We claim that the following holds.
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6.5 Proof of Lemma 6.3

Claim 6.13.1. There are distinct X4, Xp € V°, with E(G°[Xa,XpB]) # 0, such that we have
degg,,, (v, V(MaUMp)UUL) = (1+ 45)k for all but at most 2¢’c vertices v € X4, and all but
at most 2¢’c vertices v € Xpg.

Then, setting Gpa.16 := G°, Vpais == V°, Mpais := MaUMp, L6 5 , Aps1e = Xa,
and Bpgs16 := Xp, we have obtained Configuration (¢10) (5 22d , Ve vk, (Q ,77/40) Indeed,

using (6.40), and the definition of £° we see that (GD4‘16,VD4,16), Mbais and L3, 16 are as de-
sired and fulfil (¢). Claim 6.13.1 together with the fact that deggo (v, V(My U Mp)UJL®) >
degg,,, (v, VIMaUMp) UL for all v € V(G°) ensure that also (a) and (b) hold.

It only remains to prove Claim 6.13.1.

Proof of Claim 6.13.1. In order to find X4 and Xp as in the statement of the claim, we shall
exploit the matching M; the relation between M and (G°,V°), M4 U Mp, and L° is not direct.
We proceed as follows. In Subclaim 6.13.1.1 we find a suitable M-edge. In case (M1) this M-edge
gives readily a suitable pair (Ap4.16, Bp4.16). In case (M2) we have to work on the M-edge to get
a suitable Gyeg-edge, this will be done in Subclaim 6.13.1.2. Only then do we find (Apa.16, Bpa.16)-

Subclaim 6.13.1.1. There is an M-edge (4, B) such that degg,,, (v, V(MaUMp)UUL) > (1+
I5)k + o 200 for at least |A|/2 vertices v € A, and at least |B|/2 vertices v € B.

Proof of Subclaim 6.153.1.1. Set S := shadowg,,, (IUC™, 277—(%), and note that by Fact 3.1 we have

S| < |Uc |- @. So, setting Mg :={(X,Y)e M : (X UY)NS|>|XUY|/4} we find that

(6:39) 800ve'¥*n on
[VIMs)| < 4]S] < — o < [VIM)],

where the last inequality holds by the assumption of Lemma 6.13. Consequently, M # Mg.
Let (A, B) € M\ Mg. We will show that (A, B) satisfies the requirements of the subclaim. We
start by proving that

ViNnV(G®)
Indeed, observe that by (3.
ViNV(G®)

\ (VIMAUMp)U[ L) C V(Gexp) U (Voo N L (@) (6.41)
8),

CV(MAUMB) UV (Gexp) U (Ly s(G) \ (L UV U J1))
CV(MaUMEB)UV(Geg) U (L o 1 (Gv) \ (Vem ulh)) .

So, in order to show (6.41), it suffices to see that for each X € V°\ V(My U Mp) with
X C Loy ((Gv) \ (Veor UJ1 UV (Gexp) U Vi) we have X € L°. So assume X is as above. Let
10°

v € X. We calculate
degg,., (v, V(G®)) = degg,,, (v, V(M4 UMgp))

9In
(0 & V(Gexp)) = <1+ 10) k — degg(v, H) — degg, (v, E)

— degGreg v UV \ V(M4 UMp))

9 k k
(0@ Veog U Vg Uy U V(M4 U Mp)) <1+1707)k—17700—10%9*—’yk
)
>(14+—=)k.
(143

51



6.5 Proof of Lemma 6.3

We deduce that X € £°, completing the proof of (6.41).
Next, observe that by the definition of C, we have

Vi NV(G®) 2 Vigood N V(G°)
D Vgood \ ( good \ V(GO))
D Vood \ (Ve UT1 U JCT UE UV (Gexp))- (6.42)

We are now ready to prove Subclaim 6.13.1.1. For each vertex v € A\ S, we have

degg,., (v, VIMaUMB)U U £0> > degg,,, (v, VL NV(G?))
— degg,,, (v, (V4 NV(G))\ (V(MaUMp)U L))
by (6.42), (641) = degg, (v, Vgood) — degg,,, (v, Veem U1 U UC*)
—degg,,, (v, E) —2degg, ., (v, V(Gexp))
~ degg,.. (v, (Ve MLy 1 (G)) \ V(M4 U MB))

2 2
i n°k  nk pk 2n°k
(by (6.38), as v ¢ SUJ, by (t5)) <1+20>k—ﬁ—%—m—2pk— 105
nk
1 k+4+ —
> ( +40) +200

where for the second to last inequality we used the abreviation ‘by (t5)’ to indicate that this case
implies that v ¢ shadowg, (V(Gexp), pk) U shadowg, (Vesg N Ly x(G)) \ V(M4 U Mp), 2177—025’“) As
|A\ S| > |A|/2, we note that the set A satisfies the requirements of the claim.

The same calculations hold for B. This finishes the proof of Subclaim 6.13.1.1. O

The next auxiliary subclaim is needed in our proof of Claim 6.13.1 in case (M2).

Subclaim 6.13.1.2. Suppose that case (M2) occurs. Then there exists an edge C4aCp € E(Gyeg)
such that degg,, (v, V(MaUMp)UULY) > (1 + )k + % for all but at most 2¢’c vertices
v € C4, and all ‘but at most 2¢'c vertices v € Cp. Moreover, there exist A, B € V(M) such that
|Ca N A| >+/e'cand |Cg N B| > Vel

Proof of Subclaim 6.13.1.2. Let (A, B) € M be given as in Subclaim 6.13.1.1. Let P4 C A, and
Pp C B be the vertices which fail the assertion of Subclaim 6.13.1.1. Note that with this notation,
Subclaim 6.13.1.1 states that

|A\ Pal > |A]/2. (6.43)

Call a cluster C € V A-negligible if |C' N (A \ Pa)| < 169*k‘A| Let R4 be the union of all
A-negligible clusters.

Recall that (A, B) is entirely contained in one dense spot from (U, W; F) € Dy (cf. (M2)). So
by Fact 2.7, and since the spots in Dy are (Vka, Vik)—dense, we know that max{|U|,|W|} < 42;’“.
In particular, there are at most 493*!“ A-negligible clusters which intersect A N R4.

As these clusters are all disjoint, we find that

(AN R\ Pal < S5 0N (A Pl < <M
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This gives
@ A| Al
4

Similarly, we can introduce the notion of B-negligible clusters, and the set Rp, and get |(B N
Rp)\ Pg| < 2l and |B\ (Pp U Rp)| > L.

By the regulanty of the pair (A4, B) there exists at least one edge ab € E(G*[A\ (PAURA), B\
(PpU RB)]), where a € A, b € B, and G* is the graph formed by the edges of Dy. As V(M) C
V(Greg) by the assumption of case (t5), we have that ab € E(Greg). Let C4,Cp € V be the
clusters containing a and b, respectively. Note that C4Cp € E(Gyeg)-

Now as a ¢ Ry, also Cy is disjoint from R4, and thus

AN (PAUR)| 2 — (AN Ra) \ Pa| >

vie apk
CAN(ANPA) > o o > Ve

This proves the “moreover” part of the claim for CA So there are at least 2¢’c vertices v in Cg
with degg . (v, VIMaUMpB)UUL®) > (1+ g5)k + o 200 (by the definition of P4). By Lemma 2. 3

and using Facts 2.7 and 2.8, we thus have that degg, (v, V(MaUMp)UUL®) = (1+ g5)k + ¢ 400
for all but at most 2¢’c vertices v of C4. The same calculations hold for Cg. O

In the remainder of the proof of Claim 6.13.1 we have to distiguish between cases (M1) and
(M2).

Let us first consider the case (M2). Let C4,Cp € V and A, B € V(M) be given by Sub-
claim 6.13.1.2. We have |Ca \ (Voo U Ly U J1)| > V/€/|C4| by Subclaim 6.13.1.2 and by the
definition of M and the definition of J. Thus, C4 N V(G®) is non-empty. Let X4 € V° be an
arbitrary set in C'4. Similarly, we obtain a set Xp € V°, Xp C Cp. The claimed properties of the
pair (X4, Xp) follow directly from Subclaim 6.13.1.2.

It remains to treat the case (M1). Let (A, B) be from Subclaim 6.13.1.1. Let (X4, Xp) € Mgood
be such that X4 D A and X D B. Claim 6.13.1.1 asserts that at least

[A] oz _n’e
2 7 2.104

> 2¢¢

vertices of A have large degree (in Gyeg) into the set V(M 4UMp)UlJ L°. Therefore, by Lemma 2.3,
X4 and Xp satisfy the assertion of the Claim.
This proves Claim 6.13.1. O

Recall that Claim 6.13.1 was the only missing piece in the proof of Lemma 6.13. The proof of
Lemma 6.13 is thus complete. ]

The proof of Lemma 6.3 follows by putting together Lemmas 6.8, 6.9, 6.11, 6.12, and 6.13.
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SYMBOL INDEX

Symbol index

[n], 2 T3, 14

(), 20 Jg, 14

(e1), 20 Ly, 13

(©1), 21 Ly 1(G), 4
(¢10), 23 LKS(n, k,7), 4
(02), 20 LKSsmall(n, k,n), 4
(©2), 22 N 16

(<>3), 20 N(U)v 3

(04), 20 N, 13

(05), 21 A;, 16

(06), 22 pi, 16

(07), 22 Spk(G), 4
(8), 22 Sa, 8

(09), 23 Sp, 8

(exp), 22 shadow, 8
(reg), 22 Uli, 16

¢, 12 Vem, 13

C, 50 V, 16

C—, 50 Y, 16
M-cover, 21 V*, 16

Dy, 14 V. 16

d(G), 3 V., 12

d(U7 W)? 3 VWIEy 12

deg, 3 V(G), 3
maxdeg, 3 v(G), 3
mindeg, 3 V,, 13

E, 5 Vgooda 13
E(G)7 3 WA, 8

e(@), 3 Wpg, 8
l-ensemble, 3 XA(n, V, Ma, Mp), 11
e(X), 3 XB(n,V, M4, Mp), 11
e(X,Y), 3 XC(n,V,Ma, Mp), 11
F, 16 YA, 13

Gv, 12 YB, 13
G(n,k,Q,p,v,7), 7 trees(k), 4
Gp, 6

Greg, 6, 12

Gv, 6

H, 6

J, 14

J1, 14

Jo, 14
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GENERAL INDEX

General index

hub , 8

avoiding, 5
avoiding threshold, 6

bipartite density, 3
bounded decomposition, 5

captured edges, 6
cluster, 6

consistent matching, 23
cover, 21

cut-vertex, 7

dense cover, 5
dense spot, 4
density, 3

end shrub, 8
ensemble, 3

fine partition, 8

internal shrub, 8
irregular, 3

nowhere-dense, 4

partner, 7
proportional splitting, 15

regular pair, 3
regularized matching, 7
regularized graph, 23

shrub, 8
sparse decomposition, 6
super-regular pair, 3
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