A NEW MATH EM ATIC A L MO D EL FO R SU PERC O O LIN G by Michel Frm ond^1 , Ral Gorm az^2 , Jorge San Martn H^3 .

January 24, 2000

Abstract. In this article we study supercooling from a macroscopic point of view, by modeling the evolution of a supercooled body from its liquid state to its solid state. A ørst model, which would be expected to have discontinuous solutions, is regularized by introducing an intrinsic viscous dissipation. By applying the classical method of Faedo-Galerkin, this regularized model is shown to have a global smooth solution, which describes the state transition of the supercooled body approximately.

1. Introduction

Sup ercooling is the phenom enon that takes place when a substance, as water, rem ains in its liquid state after its tem p erature drops below its melting point. Exp erience show s this phenom enon -when it occurs- to be very unstable, and that the app earance of a sm all crystal suŒ ces to shift the system to the solid state. In spite of the very violent nature of this transition as observed with the bare eye, a slow motion cam era reveals a surface of discontinuity that separates the liquid zone from the solid zone. This surface advances, with a sp eed that dep end on the tem p erature of the local medium , until the whole system is solidiøed.

This sub ject has been widely studied by physicists from a microscopic point of view , focusing on the internal structure of the crystals that form as the freezing front advances. Kivelson [11] prop oses a model, called Theory of Frustration-Lim ited Dom ains, which describ es the form ation of dendritic crystalline structures. In another context, Wang [16] investigates the eœ ect of carb on on a sup ercooled alloy. In that work, Wang show s that the presence of carb on increases both the range for which sup ercooling exists and the mechanical resistance of the alloy. Other interesting works on sup ercooling from a microscopic point of view were done by Wahnstrom [15] and by Sciortino [13].

1Laboratoire des Matriaux et des Structures du Gnie Civil, LCPC/CNRS, 2 Alle Kpler, 77420 Champs sur Marne, France (fremond@lcpc.fr).

2Departamento de Ingeniera Matemtica, Universidad de Chile, Casilla 170/3 - Correo 3, Santiago, Chile (rgormaz@dim.uchile.cl).

3Departamento de Ingeniera Matemtica, Universidad de Chile, Casilla 170/3 - Correo 3, Santiago, Chile (jorge@dim.uchile.cl). 1

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 2

A macroscopic approach to sup ercooling was initiated by Frm ond [8]. In his work, Frmond show s how classical therm odynam ics of continuous media can be adapted to the study of sup ercooling. The law s of its behavior and the equations of evolution obtained by Frm ond describ e sup ercooling at an engineer’s scale. In this article, follow ing the line of reasoning introduced by Frm ond, a new macroscopic model for sup ercooling is presented and mathem atically analyzed.

The starting point is the Energy Equation for a material medium that evolves from a sup ercooled state to a solid state, under the hyp othesis that the whole medium is at rest. In order to distinguish the solid zone from the sup ercooled zone, a state quantity β is introduced, representing the volum etric fraction of liquid material. This state quantity is constant on both sides of the solidifying front, and undergoes a jum p discontinuity on the front itself. The original boundary free model in [8] for the evolution of the freezing front is replaced by a partial diœ erential equation in which the moving front in not explicitly mentioned. In order to obtain this equation, we ørst assum e that the evolution of the system is a reversible process. Therm odynam ic argum ents show that the non reversibility of the process can be modelled by the introduction of a viscosity term in β. The model is com pleted by an energy balance equation, which can be now written, with the help of the β quantity, in the whole dom ain. This new model allow s a detailed mathem atical analysis of the existence and regularity of its solutions. Moreover, it seem s suitable for num erical com putation since it can be stated as a nonlinear variational problem .

The main mathem atical result of this article is Theorem (3.1), which guarantees the existence of at least one solution of the new sup ercooling model. The proof of the result is based on the know n technique of Galerkin approxim ation, using a particular basis. This method has been used, for exam ple, in the pap ers by Lions [12], Tem am [14] and in Conca, Murat & Pironneau [2]. Let us recall that the method consists in discretizing the model, ønding adequate a-priori estim ates for the approxim ated solutions, and passing to the lim it with the help of som e appropriate com pacity result. In our application of Galerkin’s method, besides of the need for a particular basis, the treatm ent of the non-linearities that occur in the model is of sp ecial interest.

A topic of interest for future research consists of studying the behavior of the solutions as the viscosity term tends to zero.

Acknow ledgem ent. This research has been partially supp orted by FO N DA P, Program a Mecnica Matem tica. The third author gratefully acknow ledges the supp ort of the Chilean Program m e of Presidential Chairs in Sciences.

2. Form ulation of a mathem atical model for supercooling

In this section, a mathem atical model for sup ercooling is presented. This model aim s at describing of the evolution of the freezing front in a material that initially is in a sup ercooled state with a sm all solidiøed portion (produced, say, by the sp ontaneous

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 3

form ation of crystals or by an external agent). In order to write the equations that describ e this evolution, we assum e that at each tim e t, the dom ain Ω ⊆ IR^3 that is occupied by the whole body is divided into two zones: the liquid zone Ω_ℓ(t), corresp onding to the material that is still in the sup ercooled state, and the solid zone Ω_s(t), corresp onding to the material that is already frozen. These two zones are separated by a surface of discontinuity. The situation is show n in Figure (2.1). Ω

Ω_ℓ Ω_s

Figure 2.1. Progress of the solidiøcation front in a sup ercooled medium

2.1. The reversible model. The equation that locally describ es the evolution of the system from the sup ercooled state toward the frozen state is obtained from the conservation of energy in the system . In the absence of motion or external heat sources, the corresp onding equation is as follow s: ∂e ∂t + div ⃗q = 0 in Ω,

(2.1)

where e(⃗x, t) corresp onds to the density of internal energy of the medium at the point ⃗x ∈ Ω and at tim e t, while ⃗q(⃗x, t) corresp onds to the heat Æow of the medium .

In one of its sim plest form s, the medium ’s internal energy in each zone, Ω_ℓ and Ω_s, may be assum ed to be an aŒ ne function of the local tem p erature u. The slop e of these functions corresp ond to the sp eciøc heat of the medium , which in order to sim plify the equations shall be assum ed equal to 1 for both zones. The additive constants of the aŒ ne functions must be such that there is a jum p shift between the sup ercooled zone and the solid zone equal to the phase change latent heat of the material. Here again, for the sake of sim pliøcation, we shall assum e that this latent heat equals 1. Thus, the function e(⃗x, t) can be written as: e(⃗x, t) = { u(⃗x, t) if ⃗x ∈ Ω_s u(⃗x, t) + 1 if ⃗x ∈ Ω_ℓ . To mathem atically distinguish both zones Ω_ℓ(t) and Ω_s(t) we introduce a state quantity β(⃗x, t), representing the volum e fraction of the sup ercooled material at each point. This

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 4

state quantity β will thus take the value 1 in Ω_ℓ(t) and 0 in Ω_s(t). With its help, the internal energy e(⃗x, t) can be written in term s of the tem p erature as: e = u + β. To model the heat Æow ⃗q(⃗x, t), we shall adopt the Fourier law with unit conductivity, that is ⃗q = −∇u. Therefore, the diœ erential equation corresp onding to the energy balance of the system during the evolution from the sup ercooled state to the solid state is: ∂u ∂t + ∂β ∂t − Δu = 0 in Ω_ℓ ∪ Ω_s.

(2.2)

In order to com plete the diœ erential equation model, we must add the initial conditions and the boundary conditions at the dom ain’s external border and at the interphase between Ω_ℓ(t) and Ω_s(t). The boundary conditions at the external border will be classical conditions of Neum ann or Dirichlet typ e. At the interphase, the boundary conditions consist of the continuity of the tem p erature and the discontinuity of the state quantity β (w hich steps from 0 to 1). Additionally, since the freezing surface is moving, som e law for its evolution must be provided. In the present case we adopt a law prop osed by Frm ond [8], which is in agreem ent with exp erim ents and states that the norm al surface velocity of the freezing front is a know n function of the tem p erature. Notice that this latter assum ption leads naturally to a free boundary problem . Now we shall see how to obtain from this assum ption, using classical distribution theory, an equation in which the surface of discontinuity is not explicitly mentioned.

Before proceeding any further, let us introduce som e additional notation.

• The evolution from the sup ercooled state to the solid state proceeds over a tim e interval [0, T ], where T > 0.

• At every tim e t ∈ [0, T ], the op en dom ain Ω ⊆ IR^3 divides into two op en parts Ω_ℓ(t) and Ω_s(t) separated by the moving discontinuity Γ(t) = ∂Ω_s(t) ∩ ∂Ω_ℓ(t). This discontinuity advances at a norm al sp eed ⃗W , which is a function of the tem p erature, ⃗W = W (u)⃗n, where ⃗n is the norm al vector to Γ(t) pointing to the liquid zone.

• We shall denote the space-tim e dom ain we work in by Q = Ω×]0, T [⊆ IR^4. This dom ain, thus, divides into its sup ercooled part Q_ℓ = {(⃗x, t) ∈ Q/⃗x ∈ Ω_ℓ(t)}, and its solidiøed part Q_s = {(⃗x, t) ∈ Q/⃗x ∈ Ω_s(t)} (see Figure 2.2). These two zones are separated, in IR^4, by the frontier G = {(⃗x, t) ∈ Q/⃗x ∈ Γ(t)}.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 5

• Finally, we let D(Q) be the space of inønitely diœ erentiable functions φ : Q → IR with com pact supp ort contained in Q, and we let D^′(Q) be the space of distributions in Q, that is, the space of continuous linear functionals from D(Q) into IR. With the help of this notation we can state the follow ing prop erty for the function β:

Prop osition 2.1. If ⃗W (⃗x, t) is a C^∞ function over Q, such that ⃗W (⃗x, t) = W⃗n in G, then ∂β ∂t + ⃗W · ∇β = 0 in D^′(Q). Rem ark 2.2. In this prop osition, the function ⃗W (⃗x, t) is a regular extension of the freezing front velocity function (w hich has physical meaning only in G) to the whole dom ain Q.

Proof. In order to prove this prop erty it suŒ ces to rewrite the quantities^{∂β}_{∂t} and ∇β in the distribution sense. To do so, let us consider an arbitrary test function φ ∈ D(Q). We may observe that: ⟨ ∂β ∂t + ⃗W · ∇β, φ ⟩ = − ⟨ β, ∂φ ∂t + div(φ ⃗W ) ⟩ (2.3) = − ∫ Q_ℓ ∂φ ∂t + div(φ ⃗W )dV (2.4) = − ∫ ∂Q_ℓ [ φ ⃗W , φ ] · ⃗N_ℓdS (2.5) = − ∫ G [ φ ⃗W , φ ] · ⃗N_ℓdS. (2.6)

In the ab ove expressions, dV and dS are, resp ectively, a volum e elem ent and a surface elem ent of IR^4, and the vector ⃗N_ℓ is exterior and norm al to the dom ain Q_ℓ. In (2.6), the integral extends over G only, since φ has com pact supp ort in Q. The value of the norm al vector ⃗N_ℓdS can be written as: ⃗N_ℓdS = [ − ⃗W W , W ] dΓ(t)dt. By substituting this expression into (2.6) the proof is com pleted.

In order to apply the previous prop osition, it is necessary to have an extension ⃗W (⃗x, t) of the velocity of the freezing front to all of Q. Since inform ation is available only for the sp eed of this front, it is convenient to modify the prop erty in such a way that only the norm of the vector ⃗W (⃗x, t) is involved. To achieve this, it suŒ ces to rem ark that

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 6

Liquid

Solid Ω^s(T )

0 t_x T x_0 x

Figure 2.2. The dom ains Q_ℓ and Q_s

the vectors ⃗W (⃗x, t) and ∇β are parallel. With this rem ark, the previous prop osition becom es: ∂β ∂t + W |∇β| = 0. (2.7)

Rem ark 2.3. The parallelism between ⃗W (⃗x, t) and ∇β is clear since ∇β is a distribution concentrated at the front G, at which its norm is a Dirac delta and its direction is normal to the front pointing toward the liquid zone (just as ⃗W (⃗x, t)).

This equation together with equation (2.2) provide a ørst model for the study of the freezing transition of a substance in sup ercooled state. The system of diœ erential equations is: ∂β ∂t + W (u)|∇β| = 0 in D^′(Q)

(2.8) ∂u ∂t + ∂β ∂t − Δu = 0 in D^′(Q).

(2.9)

In these equations the free boundary does not app ear explicitly. Once the system is solved, the liquid and the solid zone can be totally recovered from the values taken by the state quantity β.

2.2. The irreversible model. The end of the sup ercooling of liquid water involves microscopic movem ents which have macroscopic eœ ects. The density and the volum e change slightly. In som e case the rapid transform ation of water into ice is noisy thus

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 7

involving movem ents. We decide to take the power of these microscopic movem ents into account but without introducing new state quantities. Thus the only quantity which is related to the microscopic velocities is ∂β ∂t . The power of the interior forces we choose involves besides the usual macroscopic power −σ : D(⃗U), the new microscopic power −B dβ dt − ⃗H.∇β. The principle of virtual power gives the classical equation of motion and a new one,

−B + div ⃗H = A in Ω, ⃗H.⃗n = a on ∂Ω, where A and a are the exterior energy applied to the dom ain Ω. The constitutive law s are given by; B = ∂Ψ ∂β + ∂Φ ∂(dβ/dt) , H = ∂Ψ ∂∇β , where Ψ is the free energy dep ending on the state quantities β and ∇β and where Φ is the pseudo-p otential of dissipation dep ending on the velocities of the state quantities.

A sim ple choice for these functions is, Ψ(β, ∇β) = ε 2 (∇β)^2 + I(β) and , Φ( dβ dt , ∇ dβ dt ) = 1 2 ( dβ dt )_2 , where ε is a physical param eter quantifying the interactions of the water particles during the evolution of the sup ercooling. The function I is the indicator function of the segm ent [0, 1] making com pulsory for β to be a volum e fraction with value between 0 and 1. If it is assum ed exterior actions A = W (u)|∇β| and a = 0, the equation of motion and the constitutive law s give, dβ dt − εΔβ + W (u)|∇β| + ∂I(β) ∋ 0 in Ω, ε ∂β ∂n = 0 on ∂Ω.

Adding to this equation, the energy balance equations (2.2) we obtain a second model for the sup ercooling evolution. This model take into account microscopic movem ents, and therefore leads to an irreversible process, trough the app earance of the ε coeŒ cient.

In the case that ε = 0, this model is reduced to equations (2.8)˘(2.9), since in this case the indicator function I is no more necessary, provided that β ∈ [0, 1] at t = 0.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 8

After adding boundary conditions and initial conditions, our problem is: Find functions β, u ∈ D^′(Q), suŒ ciently sm ooth, such that: ∂β ∂t − εΔβ + W (u)|∇β| + ∂I(β) ∋ 0 in Q (2.10) ∂u ∂t + ∂β ∂t − Δu = 0 in Q

(2.11) β(x, 0) = β_0(x) in Ω

(2.12) u(x, 0) = u_0(x) in Ω

(2.13) ∂β ∂n = 0 on ∂Ω × ]0, T [

(2.14) ∂u ∂n = 0 on ∂Ω × ]0, T [

(2.15)

where the initial conditions β_0 and u_0 are know n functions on Ω. Furtherm ore, W (·) is a continuous and com pact supp ort function on IR.

The variational formulation of the system of equations (2.10)˘(2.15) is the follow ing problem which we will call problem (P ) from now on.

For β_0, u_0 ∈ H^1(Ω),

(P )

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

Find u, β ∈ L^∞(0, T ; H^1(Ω)) ∩ C^0(0, T ; L^2(Ω)) : ∫ Ω ∂β ∂t φ + ε ∫ Ω ∇β · ∇φ + ∫ Ω W (u)|∇β|φ + ∫ Ω ∂I(β)φ ∋ 0 ∀φ ∈ H^1(Ω) ∫ Ω ∂u ∂t φ + ∫ Ω ∂β ∂t φ + ∫ Ω ∇u · ∇φ = 0 ∀φ ∈ H^1(Ω) β(0) = β_0 u(0) = u_0

3. Existence of a global solution for the regularized model

In this section we will show that the regularized sup ercooling model adm its at least one solution. More precisely, we shall prove the follow ing theorem :

Theorem 3.1. Given β_0, u_0 ∈ H^1(Ω), there exists functions u, β ∈ L^∞(0, T ; H^1(Ω)) ∩ C^0(0, T ; L^2(Ω)) solution of the problem (P ).

In order to prove this theorem we begin by replacing the indicator function I by a C^2(IR) function. For this, we deøne a ørst approxim ation I_1 by the C^2 function such

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 9

that I_1(0) = I^′_1(0) = 0 and:

I^{′′}_1 (x) =

0 if x ≤ −2 x + 2 if −2 ≤ x ≤ −1 −x if −1 ≤ x ≤ 0 0 if 0 ≤ x ≤ 1 (x − 1) if 1 ≤ x ≤ 2 (3 − x) if 2 ≤ x ≤ 3 0 if 3 ≤ x

For each positive integer num b er p we deøne the approxim ation I_p by I_p(x) = pI_1(x).

Som e usefull prop erties of the function I_p are the follow ing:

Lem m a 3.2. I_p is a real convex function function in C^2(IR) such that, ∀x ∈ IR:

I_p(x) ≥ 0 I_p(x) = 0 ⇔ x ∈ [0, 1] xI^′_p(x) ≥ 0 |I^′_p(x)| ≤ p |I_p(x)| ≤ p|x| With this function I_p we deøne the follow ing approxim ated problem (P_p)

(P_p)

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

Find u, β ∈ L^∞(0, T ; H^1(Ω)) ∩ C^0(0, T ; L^2(Ω)) : ∫ Ω ∂β ∂t φ + ε ∫ Ω ∇β · ∇φ + ∫ Ω W (u)|∇β|φ + ∫ Ω I^′_p(β)φ = 0 ∀φ ∈ H^1(Ω) ∫ Ω ∂u ∂t φ + ∫ Ω ∂β ∂t φ + ∫ Ω ∇u · ∇φ = 0 ∀φ ∈ H^1(Ω) β(0) = β_0 u(0) = u_0

where β_0 and u_0 are the initial conditions.

The theorem (3.1) will be a consequence of the follow ing result.

Theorem 3.3. Given β_0 and u_0 in H^1(Ω). For each positive integer num ber p, the problem (P_p) has a solution (β^p, u^p). Moreover, the sequence {(β^p, u^p)} has a subsequence that converge to a solution of the problem (P ).

To prove this latter theorem we use the method of Faedo-G alerkin. In order to apply the method, we begin by discretizing the model considering a basis for H^1(Ω). Next, we ønd a-priori estim ates for the approxim ated solutions, and ønally, we pass to the lim it in order to obtain functions u, β ∈ L^∞(0, T ; H^1(Ω)) ∩ C^0(0, T ; L^2(Ω)) with the desired prop erties. In what follow s, each one of these steps is presented in detail.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 10

3.1. Step 1. Discretization of the problem (P_p ). Since H^1(Ω) is a separable space, there exists a sequence of linearly indep endent elem ents {v_i}_{i∈IN} which is total in H^1(Ω). The v_i’s can be chosen as in the subsection (3.6). Then this basis is orthogonal for the inner product on H^1(Ω) and orthonorm al with resp ect to the inner product on L^2(Ω).

For each m ∈ IN we denote by V_m = [v_1, . . . , v_m] the space spaw ned by v_1, . . . , v_m and by β^m_0 and u^m_0 the H^1(Ω) pro jection of β_0 and u_0, resp ectively, on the space V_m.

For each m ∈ IN we deøne the approxim ate solution β^m and u^m of the problem (P_p) as the solution of the follow ing diœ erential equations system (P_m):

(P_m)

‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖ ‖

Find u(t), β(t) ∈ V_m : (a) ∫ Ω ∂β ∂t φ + ε ∫ Ω ∇β · ∇φ + ∫ Ω W (u)|∇β|φ + ∫ Ω I^′_p(β)φ = 0 ∀φ ∈ V_m, (b) ∫ Ω ∂u ∂t φ + ∫ Ω ∂β ∂t φ + ∫ Ω ∇u · ∇φ = 0 ∀φ ∈ V_m (c) β(0) = β^m_0 (d) u(0) = u^m_0 .

The functions β^m and u^m can be written on the form :

β^m = m∑ j=1 β^m_j (t)v_j

u^m = m∑ j=1 u^m_j (t)v_j

The equations (P_m ) form a nonlinear diœ erential system for the real functions β^m_1 (t), . . . , β^m_m (t) and u^m_1 (t), . . . , u^m(t): dβ^m_i dt + ε | ∇v_i |_2 L^2 β m i (t) + ∫ Ω v_i ( W (u^m)|∇β^m| + I^′_p(β^m) ) = 0 du^m_i dt + dβ^m_i dt + | |∇v_i | |^2_{L2} u^m_i (t) = 0

β^m_i (0) = ∫ Ω β^m_0 v_i

u^m_i (0) = ∫ Ω u^m_0 v_i

where the orthonorm ality of the vectors {v_1, . . . , v_m} in L^2(Ω) has been taken into account.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 11

This system can be reduced to the com pact form : dβ^m_i dt = εL iβ^m_i + F i (β^m_1 , . . . , β^m_m , u^m_1 , . . . , u^m)

(3.1) du^m_i dt = L iu^m_i − εL iβ^m_i − F i (β^m_1 , . . . , β^m_m , u^m_1 , . . . , u^m) (3.2)

β^m_i (0) = ∫ Ω β^m_0 v_i

(3.3)

u^m_i (0) = ∫ Ω u^m_0 v_i

(3.4)

where th L_i’s are real constant and F_i’s are non-linear functions deøned by: F i(x1, . . . , xm, y1, . . . , ym) =^∫_Ω vi|x1∇v1 + · · · + xm∇vm|W (y1v1 + · · · + ymvm) + ∫ Ω v_iI^′_p(x_1v_1 + · · · + x_mv_m),

which are continuous due to the continuity of W and I^′_p.

Thus, the nonlinear system (3.1)˘(3.2) with initial conditions (3.3)-(3.4) adm its a maxim al solution deøned on som e interval [0, t^m[ with 0 < t^m ≤ ∞. If t^m < ∞, then | |βm | |_{L2} + | |um | |_{L2} → ∞ as t → tm. The a-priori estim ates that will be established in the next step show that this does not happ en, whence t^m = ∞ and the system adm its a maxim al solution deøned on all of [0, T ].

3.2. Step 2. A-priori estim ates. In this step we shall ønd a-priori estim ates for β^m and u^m in order to ønd inequalities that provide inform ation on whether these sequences are bounded. We use the classical technique of considering β^m_i , u^m_i and their tim e derivatives as the test function in the equations (a) and (b) of problem (P_m).

Lem m a 3.4. (first a-priori estim ate) The sequence {β^m} is bounded in L^2 (0, T ; H^1(Ω))∩ L^∞ (0, T ; L^2(Ω)) and the sequence { I^′_p(β^m)β^m } is bounded in L^1(0, T ; L^1(Ω)).

Proof. Let us consider φ = β^m in equation (a) of problem (P_m). We thereby obtain: ∫ Ω ∂β^m ∂t β^m + ε ∫ Ω ∇β^m · ∇β^m + ∫ Ω W (u^m)|∇β^m|β^m + ∫ Ω I^′_p(β^m)β^m = 0,

that is, 1 2 d dt | |β^m | |^2_{L2} + ε | |∇β^m | |^2_{L2} + ∫ Ω I^′_p(β^m)β^m ≤ − ∫ Ω W (u^m)|∇β^m|β^m. (3.5)

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 12

Since the function W (·) is bounded in L^∞(IR), if we denote C_W = | |W | |_{L∞} , we have

that: − ∫ Ω W (u^m)|∇β^m|β^m ≤ C_W ∫ Ω |∇β^m||β^m| ≤ C_W | |∇β^m | |_{L2} | |β^m | |_{L2} . Considering these inequalities, (3.5) leads to: 1 2 d dt | |β^m | |^2_{L2} + ε | |∇β^m | |^2_{L2} + ∫ Ω I^′_p(β^m)β^m ≤ C_W | |∇β^m | |_{L2} | |β^m | |_{L2} , (3.6)

But it is well know n that: ∀α, x, y > 0, xy ≤ αx^2 + 1 4α y^2,

(3.7)

then for each b > 0 we can write (3.6) as: 1 2 d dt | β^m |_2 L^2 + ε | ∇β^m |_2 L^2 + ∫ Ω I^′_p(β^m)β^m ≤ C_W ( b | ∇β^m |_2 L^2 + 1 4b | β^m |_2 L^2 ) , Rearranging the previous expression, we get: 1 2 d dt | |β^m | |^2_{L2} − C^W 4b | |β^m | |^2_{L2} + (ε − bC_W ) | |∇β^m | |^2_{L2} + ∫ Ω I^′_p(β^m)β^m ≤ 0.

(3.8)

Now if we choose the constant b sm all enough so that c = (ε − bC_W ) becom es positive,

then the follow ing Gronwall-typ e inequality for | |β^m | |^2_{L2} is obtained: d dt | |β^m | |^2_{L2} − C^W 2b | |β^m | |^2_{L2} ≤ 0,

from which we infer that for all t in [0, T ] we have | |β^m | |^2_{L2} (t) ≤ | |β_0 | |^2_{L2} exp ( C_W 2b T ) . Thus, we have show n that the sequence {β^m} is bounded in L^∞(0, T ; L^2(Ω)).

Taking again inequality (3.8) and integrating it over [0, T ] we obtain: 1 2 | |β^m(T ) | |^2_{L2} + c ∫_T 0 | |∇β^m | |^2_{L2} + ∫_T 0 ∫ Ω I^′_p(β^m)β^m ≤ 1 2 | |β^m_0 | |^2_{L2} + C^W 4b ∫_T 0 | |β^m | |^2_{L2} ,

from which, by considering that the sequences {β^m_0 } and {β^m} are bounded in L^2(Ω)

and L^2 (0, T ; L^2(Ω)), resp ectively, we conclude the assertion of lem m a.

Lem m a 3.5. (Second a-priori estim ate) The sequence { ∂β^m ∂t } is bounded in L^2(0, T ; L^2(Ω)),

the sequence {∇β^m} is bounded in L^∞(0, T ; L^2(Ω)) and the sequence {I_p(β^m)} is bounded

in L^∞(0, T ; L^1(Ω)).

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 13

Proof. Let us now consider φ = ∂β^m ∂t in the equation (a) of problem (P_m). We then obtain: ∫ Ω ∂β^m ∂t ∂β^m ∂t + ε ∫ Ω ∇β^m · ∇ ∂β^m ∂t + ∫ Ω W (u^m)|∇β^m| ∂β^m ∂t + ∫ Ω I^′_p(β^m) ∂β^m ∂t = 0,

that is, | | |∂β^m ∂t | | |^2 L^2 + ε 2 d dt | |∇β^m | |^2_{L2} + d dt ∫ Ω I_p(β^m) = − ∫ Ω W (u^m)|∇β^m| ∂β^m ∂t . But as we have: − ∫ Ω W (u^m)|∇β^m| ∂β^m ∂t ≤ C_W | |∇β^m | |_{L2} | | | ∂β^m ∂t | | |_{L2} ≤ C_W ( b | |∇β^m | |^2_{L2} + 1 4b | | |∂β^m ∂t | | |^2 L^2 )

= bC_W | ∇β^m |_2 L^2 + C_W 4b | | | ∂β^m ∂t | | | 2

L^2 , then we get:

(1 − C_W 4b ) | | | ∂β^m ∂t | | | 2

L^2 + ε 2 d dt | |∇β^m | |^2_{L2} − bC_W | |∇β^m | |^2_{L2} + d dt ∫ Ω I_p(β^m) ≤ 0.

then, if we integrates over the interval [0, t], where t ∈ [0, T ], we obtain that

(1 − C_W 4b ) ∫_t 0 | | |∂β^m ∂t | | |^2 L^2 + ε 2 | |∇β^m(t) | |^2_{L2} + ∫ Ω I_p(β^m(t)) ≤ ε 2 | |∇β^m_0 | |^2_{L2} + ∫ Ω I_p(β^m_0 ) + bC_W ∫_t 0 | |∇β^m | |^2_{L2}

If in this inequality we choose the constant b large enough, the factor 1 −^{CW}_{4b} becom es positive. Considering that the sequence {∇β^m_0 } is bounded in L^2(Ω), that the

integral ∫ Ω I_p(β^m_0 ) converges to ∫ Ω I_p(β_0) = 0 then is bounds, and that the sequence

{∇β^m} is bounded in L^2(0, T ; L^2(Ω)), it follow s that the sequence { ∂β^m ∂t } is bounded

in L^2(0, T ; L^2(Ω)), the sequence {∇β^m} is bounded in L^∞(0, T ; L^2(Ω)) and the sequence {I_p(β^m)} is bounded in L^∞(0, T ; L^1(Ω)).

Rem ark 3.6. The bound of integral ∫ Ω I_p(β^m_0 ) dep ends on p then also the bound found

in this a-priori estim ate dep end on p. It is only for this reason that the bounds found in all the follow ing a-priori estim ates dep end on p.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 14

Lem m a 3.7. (third a-priori estim ate) The sequence {u^m} is bounded in L^2 (0, T ; H^1(Ω))∩ L^∞ (0, T ; L^2(Ω)).

Proof. Let us now consider φ = u^m in the equation (b) of problem (P_m). We then obtain: ∫ Ω ∂u^m ∂t u^m + ∫ Ω ∂β^m ∂t u^m + ∫ Ω ∇u^m · ∇u^m = 0 that is 1 2 d dt | |u^m | |^2_{L2} + | |∇u^m | |^2_{L2} = − ∫ Ω ∂β^m ∂t u^m. If we integrate over the [0, t] interval, we obtain: 1 2 | |u^m(t) | |^2_{L2} + ∫_t 0 | |∇u^m | |^2_{L2} = 1 2 | |u^m_0 | |^2_{L2} − ∫_t 0 ∫ Ω ∂β^m ∂t u^m ≤ 1 2 | |u^m_0 | |^2_{L2} + 1 2 ∫_t 0 | | | | ∂β^m ∂t | | | | 2

L^2 + 1 2 ∫_t 0 | |u^m | |^2_{L2}

that is, rearranging term s, for all t ∈ [0, T ] we have: 1 2 | u^m(t) |_2 L^2 − 1 2 ∫_t 0 | u^m |_2 L^2 + ∫_t 0 | ∇u^m |_2 L^2 ≤ 1 2 | u^m_0 |_2 L^2 + 1 2 ∫_t 0 | | | ∂β^m ∂t | | |_{L2} . From this expression we deduce a Gronwall-typ e inequality for the function F (t) = 1 2 ∫_t 0 | |u^m | |^2_{L2} . From this, we deduce that F (t) is bounded.

If we look at the previous inequality, using the last result we can conclude that the sequence u^m is bounded in L^∞(0, T ; L^2(Ω)) ∩ L^2(0, T ; H^1(Ω)).

Lem m a 3.8. (Fourth a-priori estim ate) The sequence { ∂u^m ∂t } is bounded in L^2(0, T ; L^2(Ω))

and the sequence {∇u^m} is bounded in L^∞(0, T ; L^2(Ω)).

Proof. Let us now consider φ = ∂u^m ∂t in the equation (b) of problem (P_m). We then obtain: ∫ Ω ∂u^m ∂t ∂u^m ∂t + ∫ Ω ∂β^m ∂t ∂u^m ∂t + ∫ Ω ∇u^m · ∇ ∂u^m ∂t = 0 that is: | | | ∂u^m ∂t | | | 2

L^2 + 1 2 d dt | |∇u^m | |^2_{L2} = − ∫ Ω ∂β^m ∂t ∂u^m ∂t

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 15

Integrating this equation over [0, t], where t ∈ [0, T ], we obtain: ∫_t 0 | | | | ∂u^m ∂t | | | | 2

L^2 + 1 2 | |∇u^m(t) | |^2_{L2} = 1 2 | |∇u^m_0 | |^2_{L2} − ∫_t 0 ∫ Ω ∂β^m ∂t ∂u^m ∂t (3.9) ≤ 1 2 | |∇u^m_0 | |^2_{L2} + 1 2 ∫_t 0 | | | ∂β^m ∂t | | | 2

L^2 + 1 2 ∫_t 0 | | | ∂u^m ∂t | | | 2

L^2

(3.10)

Hence, ∀t ∈ [0, T ] it follow s that: 1 2 ∫_t 0 | | | ∂u^m ∂t | | | 2

L^2 + 1 2 | ∇u^m(t) |_2 L^2 ≤ 1 2 | ∇u^m_0 |_2 L^2 + 1 2 ∫_t 0 | | | ∂β^m ∂t | | | 2

L^2

From this we deduce that the sequence { ∂u^m ∂t } is bounded in L^2(0, T ; L^2(Ω)) and that

the sequence {∇u^m} is bounded in L^∞(0, T ; L^2(Ω)).

Lem m a 3.9. (fifth a-priori estim ate) The sequence {β^m} is bounded in L^2 (0, T ; H^2(Ω)).

Proof. Let us consider φ = Δβ^m in equation (a) of problem (P_m). We thereby obtain: ∫ Ω ∂β^m ∂t Δβ^m + ε ∫ Ω ∇β^m · ∇Δβ^m + ∫ Ω W (u^m)|∇β^m|Δβ^m + ∫ Ω I^′_p(β^m)Δβ^m = 0,

that is, ∫ Ω ∂β^m ∂t Δβ^m − ε | |Δβ^m | |^2_{L2} + ∫ Ω W (u^m)|∇β^m|Δβ^m − ∫ Ω I^{′′}_p (β^m) |∇β^m|^2 = 0,

Integrating this equation over [0, T ], we obtain:

ε ‖Δβ^m‖^2_L2_{(0,T ;L}2_{(Ω))} + ∫_T 0 ∫ Ω I^{′′}_p (β^m) |∇β^m|^2 = ∫_T 0 ∫ Ω ∂β^m ∂t Δβ^m + ∫_T 0 ∫ Ω W (u^m)|∇β^m|Δβ^m ≤ [‖ ‖ ‖ ∂β^m ∂t ‖ ‖ ‖_{L2(0,T ;L2(Ω))} + C^W ‖∇β^m‖L^2(0,T ;L^2(Ω)) ] ‖Δβ^m‖_L2_{(0,T ;L}2_{(Ω))}

Since all sequences in the right hand side are bounded and I^{′′}_p (x) ≥ 0, we deduce that the sequence {Δβ^m} is also bounded in L^2(0, T ; L^2(Ω)) and then we conclude the assertion of the lem m a.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 16

3.3. Step 3. Lim iting procedure. The a-priori estim ates found in Step 2 show that:

1. ‖β^m‖_L∞_{(0,T ;L}2_{(Ω))} + ‖∇β^m‖_L2_{(0,T ;L}2_{(Ω))} + ‖ ‖I^′_p(β^m)β^m ‖ ‖_{L1(0,T ;L1(Ω))} ≤ C 2. ‖ ‖ ‖ ∂β^m ∂t ‖ ‖ ‖_{L2(0,T ;L2(Ω))} + ‖∇β^m‖L^∞(0,T ;L^2(Ω)) + ‖I^p(β^m)‖L^∞(0,T ;L^1(Ω)) ≤ C(p)

3. ‖u^m‖_L∞_{(0,T ;L}2_{(Ω))} + ‖∇u^m‖_L2_{(0,T ;L}2_{(Ω))} ≤ C(p) 4. ‖ ‖ ‖ ∂u^m ∂t ‖ ‖ ‖_{L2(0,T ;L2(Ω))} + ‖∇u^m‖L^∞(0,T ;L^2(Ω)) ≤ C(p)

5. ‖Δβ^m‖_L2_{(0,T ;L}2_{(Ω))} ≤ C(p)

In order to pass to the lim it we will use the Aubin’s lem m a, which is stated next:

Lem m a. (A ubin’s lem m a.) Let X, H and Y be three Banach spaces such that the injective mappings X⊂→H⊂→Y are continuous and the first one is com pact. Let {s_n} be

a sequence bounded in L^p(0, T ; X) such that the sequence of its tim e derivatives { ∂s_n ∂t } is bounded in L^q(0, T ; Y ), where p, q ∈ [1, +∞]. Then:

If p < ∞, the sequence {s_n} is com pact in L^p(0, T ; H)

If p = ∞, the sequence {s_n} is com pact in C^0(0, T ; H)

In our case, the sequences {β^m} and {u^m} satisfy the hyp otheses of Aubin’s lem m a for X = H^1(Ω), H = Y = L^2(Ω), p = ∞ and q = 2. Thus, these sequences are com pacts in C^0 (0, T ; L^2(Ω)). Additionally the sequence {β^m} satisfy the hyp otheses of Aubin’s lem m a for X = H^2(Ω), H = H^1(Ω), Y = L^2(Ω) and p = q = 2. Thus, this sequence is also com pact in L^2 (0, T ; H^1(Ω)).

Hence, there exist subsequences { β^{m′} } and { u^{m′} } , and functions β ∈ L^∞ (0, T ; H^1(Ω))∩ C^0 (0, T ; L^2(Ω))∩L^2 (0, T ; H^2(Ω)) and u ∈ L^∞ (0, T ; H^1(Ω))∩C^0 (0, T ; L^2(Ω)) such that:

β^{m′} ⇀ β weakly* in L^∞ ( 0, T ; H^1(Ω) ) β^{m′} ⇀ β weakly in L^2 ( 0, T ; H^2(Ω) ) β^{m′} → β strongly in C^0 ( 0, T ; L^2(Ω) ) β^{m′} → β strongly in L^2 ( 0, T ; H^1(Ω) ) u^{m′} ⇀ u weakly* in L^∞ ( 0, T ; H^1(Ω) ) u^{m′} → u strongly in C^0 ( 0, T ; L^2(Ω) )

For the sake of convenience, the ab ove subsequences shall be indexed by m instead of m^′.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 17

In order to analyze the lim iting passage we must not forget that the subsequences {β^m} and {u^m} satisfy the equations: ∫ Ω ∂β^m ∂t v_i + ε ∫ Ω ∇β^m · ∇v_i + ∫ Ω W (u^m)|∇β^m|v_i + ∫ Ω I^′_p(β^m)v_i = 0

(3.11) ∫ Ω ∂u^m ∂t v_i + ∫ Ω ∂β^m ∂t v_i + ∫ Ω ∇u^m · ∇v_i = 0 (3.12)

β^m(0) = β^m_0

(3.13) u^m(0) = u^m_0

(3.14) for every v_i, i = 1, . . . , m.

Let us consider a real function ϕ(t) continuously diœ erentiable in [0, T ] and such that ϕ(T ) = 0. By multiplying equations (3.11) and (3.12) by ϕ(t) and then integrating by parts, the follow ing equations are obtained: − ∫ Ω β^m_0 v_iϕ(0) − ∫_T 0 ∫ Ω β^mϕ^′v_i + ε ∫_T 0 ∫ Ω ∇β^m · ∇ϕv_i+ (3.15) + ∫_T 0 ∫ Ω W (u^m)|∇β^m|ϕv_i + ∫_T 0 ∫ Ω I^′_p(β^m)ϕv_i = 0 − ∫ Ω u^m_0 v_iϕ(0) − ∫ Ω β^m_0 v_iϕ(0) − ∫_T 0 ∫ Ω u^mϕ^′v_i − ∫_T 0 ∫ Ω β^mϕ^′v_i + ∫_T 0 ∫ Ω ∇u^m · ∇ϕv_i = 0 (3.16)

In accordance with the convergence prop erties of the sequences {β^m} and {u^m} we infer directly, for the linear term s, that: − ∫ Ω β^m_0 v_iϕ(0) → − ∫ Ω β_0v_iϕ(0) − ∫_T 0 ∫ Ω β^mϕ^′v_i → − ∫_T 0 ∫ Ω βϕ^′v_i ∫_T 0 ∫ Ω ∇β^m · ∇ϕv_i → ∫_T 0 ∫ Ω ∇β · ∇ϕv_i − ∫ Ω u^m_0 v_iϕ(0) → − ∫ Ω u_0v_iϕ(0) − ∫_T 0 ∫ Ω u^mϕ^′v_i → − ∫_T 0 ∫ Ω uϕ^′v_i ∫_T 0 ∫ Ω ∇u^m · ∇ϕv_i → ∫_T 0 ∫ Ω ∇u · ∇ϕv_i. To analyze the corresp onding lim iting procedure for the non linear term s we will use the follow ing lem m a.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 18

Lem m a 3.10. The sequences {W (u^m)}, {|∇β^m|} and { I^′_p(β^m) } have strong converging subsequences in L^2 (0, T ; L^2(Ω)) to W (u), |∇β| and I^′_p(β) respectively.

The proof of this lem m a will be postp oned until the end of the section. From this lem m a, we obtain: ∫_T 0 ∫ Ω W (u^m)|∇β^m|ϕv_i → ∫_T 0 ∫ Ω W (u)|∇β|ϕv_i ∫_T 0 ∫ Ω I^′_p(β^m)ϕv_i → ∫_T 0 ∫ Ω I^′_p(β)ϕv_i. Hence, taking lim its in equations (3.15)-(3.16), we obtain that for each i ∈ IN: − ∫ Ω β_0v_iϕ(0) − ∫_T 0 ∫ Ω βϕ^′v_i + ε ∫_T 0 ∫ Ω ∇β · ∇ϕv_i + ∫_T 0 ∫ Ω W (u)|∇β|ϕv_i + ∫_T 0 ∫ Ω I^′_p(β)ϕv_i = 0 − ∫ Ω u_0v_iϕ(0) − ∫ Ω β_0v_iϕ(0) − ∫_T 0 ∫ Ω uϕ^′v_i − ∫_T 0 ∫ Ω βϕ^′v_i + ∫_T 0 ∫ Ω ∇u · ∇ϕv_i = 0 Since these equalities are valid for each i ∈ IN, and the expressions are all linear and continuous with resp ect to v_i, it follow s that they are valid for any function in H^1(Ω). More precisely, ∀φ ∈ H^1(Ω) the follow ing holds: − ∫ Ω β_0φϕ(0) − ∫_T 0 ∫ Ω βϕ^′φ + ε ∫_T 0 ∫ Ω ∇β · ∇ϕφ + ∫_T 0 ∫ Ω W (u)|∇β|ϕφ + ∫_T 0 ∫ Ω I^′_p(β)ϕφ = 0 − ∫ Ω u_0φϕ(0) − ∫ Ω β_0φϕ(0) − ∫_T 0 ∫ Ω uϕ^′φ − ∫_T 0 ∫ Ω βϕ^′φ + ∫_T 0 ∫ Ω ∇u · ∇ϕφ = 0 If we consider for these equations the sp ecial case ϕ(0) = 0, we obtain that ∀φ ∈ H^1(Ω) we have: d dt ∫ Ω βφ + ε ∫ Ω ∇β.∇φ + ∫ Ω W (u)|∇β|φ + ∫ Ω I^′_p(β)φ = 0

(3.17) d dt ∫ Ω uφ + d dt ∫ Ω βφ + ∫ Ω ∇u.∇φ = 0. (3.18)

This proves that the diœ erential equations in problem (P_p) do have a solution. To prove that (β, u) is a solution of the problem (P_p), we still need to investigate whether β and u satisfy the initial conditions. To do so, let us once more multiply these latter equations by a real-valued function ϕ(t) that is continuously diœ erentiable on [0, T ] and such that ϕ(T ) = 0 , and let us integrate by parts: − ∫ Ω β(0)φϕ(0) − ∫_T 0 ∫ Ω βϕ^′φ + ε ∫_T 0 ∫ Ω ∇β · ∇ϕφ + ∫_T 0 ∫ Ω W (u)|∇β|ϕφ + ∫_T 0 ∫ Ω I^′_p(β)ϕφ = 0 − ∫ Ω u(0)φϕ(0) − ∫ Ω β(0)φϕ(0) − ∫_T 0 ∫ Ω uϕ^′φ − ∫_T 0 ∫ Ω βϕ^′φ + ∫_T 0 ∫ Ω ∇u · ∇ϕφ = 0

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 19

Com paring these equations with the previous ones we deduce that for all φ ∈ H^1(Ω): ∫ Ω (β(0) − β_0) φ = 0 ∫ Ω (u(0) − u_0) φ + ∫ Ω (β(0) − β_0) φ = 0

These equalities show that β(0) = β_0 and that u(0) = u_0. Thus, it is proven that there exists som e solution to the (P_p) problem .

3.4. Lim iting procedure on p. In the previous subsection we have proved that ∀p > 0 there is a solution of the problem (P_p). Let us denote by (β^p, u^p) that solution. In this subsection we will prove that if p → ∞ there exist a subsequence that we will still denote (β^p, u^p) that converge to a solution of problem (P ).

The a-priori estim ates found in the subsection (3.2) for the sequences {β^m} and {u^m} pass to the lim its and we have that:

1. ‖β^p‖_L∞_{(0,T ;L}2_{(Ω))} + ‖∇β^p‖_L2_{(0,T ;L}2_{(Ω))} + ‖ ‖I^′_p(β^p)β^p ‖ ‖_{L1(0,T ;L1(Ω))} ≤ C 2. ‖ ‖ ‖ ∂β^p ∂t ‖ ‖ ‖_{L2(0,T ;L2(Ω))} + ‖∇β^p‖L^∞(0,T ;L^2(Ω)) + ‖I^p(β^p)‖L^∞(0,T ;L^1(Ω)) ≤ C(p) 3. ‖u^p‖_L∞_{(0,T ;L}2_{(Ω))} + ‖∇u^p‖_L2_{(0,T ;L}2_{(Ω))} ≤ C(p) 4. ‖ ‖ ‖ ∂u^p ∂t ‖ ‖ ‖_{L2(0,T ;L2(Ω))} + ‖∇u^p‖L^∞(0,T ;L^2(Ω)) ≤ C(p) 5. ‖Δβ^p‖_L2_{(0,T ;L}2_{(Ω))} ≤ C(p)

Unfortunately, all these estim ates, except the ørst one, dep ends on p. This makes them useless for the lim it procedure on p.

Nevertheless, (β^p, u^p) is a solution of the problem (P_p), and it is possible to verify that a.e. t ∈ [0, T ]: Δβ^p ∈ L^2(Ω) Δu^p ∈ L^2(Ω) ∂β^p ∂n = 0 ∈ ∂Ω ∂u^p ∂n = 0 ∈ ∂Ω

and consequently, for each φ ∈ L^2(Ω) we obtain that: ∫ Ω ∂β^p ∂t φ − ε ∫ Ω Δβ^p.φ + ∫ Ω W (u^p)|∇β^p|φ + ∫ Ω I^′_p(β^p)φ = 0 ∫ Ω ∂u^p ∂t φ + ∫ Ω ∂β^p ∂t φ − ∫ Ω Δu^p.φ = 0.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 20

If for these equations we choose as test function ∂β^p ∂t , u^p, ∂u^p ∂t and Δβ^p it is possible to obtain a-priori estim ates for β^p and u^p, which are sim ilar to those obtained for β^m and u^m, but this tim e the bounds do not dep end on p, that is:

1. ‖β^p‖_L∞_{(0,T ;L}2_{(Ω))} + ‖∇β^p‖_L2_{(0,T ;L}2_{(Ω))} + ‖ ‖I^′_p(β^p)β^p ‖ ‖_{L1(0,T ;L1(Ω))} ≤ C 2. ‖ ‖ ‖ ‖ ∂β^p ∂t ‖ ‖ ‖ ‖_{L2(0,T ;L2(Ω))} + ‖∇β^p‖L^∞(0,T ;L^2(Ω)) + ‖I^p(β^p)‖L^∞(0,T ;L^1(Ω)) ≤ C

3. ‖u^p‖_L∞_{(0,T ;L}2_{(Ω))} + ‖∇u^p‖_L2_{(0,T ;L}2_{(Ω))} ≤ C 4. ‖ ‖ ‖∂u^p ∂t ‖ ‖ ‖ L^2(0,T ;L^2(Ω))

+ ‖∇u^p‖_L∞_{(0,T ;L}2_{(Ω))} ≤ C

5. ‖Δβ^p‖_L2_{(0,T ;L}2_{(Ω))} ≤ C

Hence, there exist subsequences { β^{p′} } and { u^{p′} } , and functions β ∈ L^∞ (0, T ; H^1(Ω)) ∩ C^0 (0, T ; L^2(Ω)) ∩ L^2 (0, T ; H^2(Ω)) and u ∈ L^∞ (0, T ; H^1(Ω)) ∩ C^0 (0, T ; L^2(Ω)) such that:

β^{p′} ⇀ β weakly* in L^∞ ( 0, T ; H^1(Ω) ) β^{p′} ⇀ β weakly in L^2 ( 0, T ; H^2(Ω) ) β^{p′} → β strongly in C^0 ( 0, T ; L^2(Ω) ) β^{p′} → β strongly in L^2 ( 0, T ; H^1(Ω) ) u^{p′} ⇀ u weakly* in L^∞ ( 0, T ; H^1(Ω) ) u^{p′} → u strongly in C^0 ( 0, T ; L^2(Ω) ) For the sake of convenience, the ab ove subsequences shall be indexed by p instead of p^′.

In order to analyze the lim iting passage we must not forget that the subsequences {β^p} and {u^p} satisfy the equations: ∫ Ω ∂β^p ∂t φ + ε ∫ Ω ∇β^p.∇φ + ∫ Ω W (u^p)|∇β^p|φ + ∫ Ω I^′_p(β^p)φ = 0 ∫ Ω ∂u^p ∂t φ + ∫ Ω ∂β^p ∂t φ + ∫ Ω ∇u^p.∇φ = 0. β^p(0) = β_0 u^p(0) = u_0

The ørst equation can be restated as: ∫ Ω ∂β^p ∂t (φ − β^p) + ε ∫ Ω ∇β^p.(∇φ − ∇β^p) + ∫ Ω W (u^p)|∇β^p|(φ − β^p) + ∫ Ω I_p(φ) − ∫ Ω I_p(β^p) ≥ 0

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 21

then, for each φ ∈ K = {v ∈ H^1(Ω) : 0 ≤ v(x) ≤ 1, a.e. in Ω}, ∫ Ω ∂β^p ∂t (φ − β^p) + ε ∫ Ω ∇β^p.(∇φ − ∇β^p) + ∫ Ω W (u^p)|∇β^p|(φ − β^p) ≥ ∫ Ω I_p(β^p) ≥ 0.

Passing to the lim it, as in the previous section, it is easily veriøed that the functions β and u satisfy the equations ∫ Ω ∂β ∂t (φ − β) + ε ∫ Ω ∇β.(∇φ − ∇β) + ∫ Ω W (u)|∇β|(φ − β) ≥ 0 ∀φ ∈ K (3.19) ∫ Ω ∂u ∂t φ + ∫ Ω ∂β ∂t φ + ∫ Ω ∇u.∇φ = 0 ∀φ ∈ H^1(Ω) β(0) = β_0 u(0) = u_0

To com plete the proof, it is necessary to prove that β ∈ K, that is, it is necessary to prove that β(x, t) ∈ [0, 1] a.e. in Ω × [0, T ]. Indeed, as ∫_T 0 ∫ Ω I_p(β^p) ≤ C it follow s that 0 ≤ ∫_T 0 ∫ Ω I_1(β^p) ≤ C p and from where it is obtained, for p → ∞, that ∫_T 0 ∫ Ω I_1(β^p) → 0.

But it is also true that ∫_T 0 ∫ Ω I_1(β^p) → ∫_T 0 ∫ Ω I_1(β)

and we can conclude that ∫_T 0 ∫ Ω I_1(β) = 0.

Since I_1(x) ≥ 0, we conclude that I_1(β(x, t)) = 0 a.e. in Ω × [0, T ]. In other words, β(x, t) ∈ [0, 1] a.e. in Ω × [0, T ]. The equation (3.19) can be written as ∫ Ω ∂β ∂t (φ − β) + ε ∫ Ω ∇β.(∇φ − ∇β) + ∫ Ω W (u)|∇β|(φ − β) + ∫ Ω I(φ) − ∫ Ω I(β) ≥ 0 ∀φ ∈ H^1(Ω)

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 22

that is, ∫ Ω ∂β ∂t φ + ε ∫ Ω ∇β.∇φ + ∫ Ω W (u)|∇β|φ + ∫ Ω ∂I(β)φ ∋ 0 ∀φ ∈ H^1(Ω)

This concludes the proof of the existence of a solution for the problem (P ) with the

follow ing regularity β, u ∈ L^∞ ( 0, T ; H^1(Ω) ) ∩ L^2 ( 0, T ; H^2(Ω) ) ∩ C^0 ( 0, T ; L^2(Ω) ) .

3.5. Convergence of the non-linear term . In this subsection we will prove the

lem m a (3.10), that is:

Lem m a. The sequences {W (u^m)}, {|∇β^m|} and { I^′_p(β^m) } have subsequences that con-

verge strongly in L^2 (0, T ; L^2(Ω)) to W (u), |∇β| and I^′_p(β) respectively.

Proof. Let us begin looking at the term W (u^m). Since u^m → u strongly in L^2(0, T ; L^2(Ω)),

there is a subsequence { u^{m′} } that converges to u alm ost everyw here in Ω×]0, T [. Hence,

due to the continuity of W it follow s that | | |W (u^{m′} ) − W (u) | | |^2 → 0

alm ost everyw here in Ω×]0, T [. On the other hand, since the function W and the

dom ain Ω are bounded, we have that | | |W (u^{m′} ) − W (u) | | |^2 ≤ g

alm ost everyw here in Ω×]0, T [, where g is a constant and thus integrable in Ω×]0, T [.

In view of the Leb esgue Dom inated Convergence Theorem it follow s that ∫ Ω×]0,T [ | | |W (u^{m′} ) − W (u) | | |^2 → ∫ Ω×]0,T [ 0 = 0,

which com pletes the proof that W (u^{m′} ) → W (u) strongly in L^2(0, T ; L^2(Ω)).

For the term |∇β^m| it is enough to rem ark that ∇β^m → ∇β strongly in [L^2(0, T ; L^2(Ω))]^N

and that ‖ ‖|∇β^m| − |∇β| ‖ ‖_{L2(0,T ;L2(Ω))} ≤ ‖ ‖∇β^m − ∇β ‖ ‖_{[L2(0,T ;L2(Ω))]N} .

Finally, for the term I^′_p(β^m), as | I^′_p(x) | ≤ p, the sam e argum ent used for the sequence

W (u^m) can be applied.

A NEW MATHEMATICAL MODEL FOR SUPERCOOLING 23

3.6. Choosing an appropriate basis {v_i}_{i∈IN}. An appropriate basis {v_i}_{i∈IN}, together with the corresp onding orthogonality conditions, can be found as the solutions of the sp ectral problem : u − Δu = λu on Ω ∂u ∂n = 0 on ∂Ω.

Indeed, the solutions of this sp ectral problem form a basis for both L^2(Ω) and H^1(Ω) such that: ⟨ v_i, v_j ⟩ + ⟨ ∇v_i, ∇v_j ⟩ = λ_i ⟨ v_i, v_j ⟩ . Since this equality must still hold if i and j are interchanged, it follow s that: ⟨ ∇v_i, ∇v_j ⟩ = 0 ⟨ v_i, v_j ⟩ = 0, which are the prop erties we required for the basis.

References

[1] Blanchard D., Frmond M., Soil frost heaving and thaw settlement, Fourth International Symposium on Ground Freezing, Seiiti Kinosita & Masami Fukuda, Sapporo, oœ print (1985).

[2] Conca C., Murat F., Pironneau O., The Stokes and Navier-Stokes equations with boundary conditions involving the pressure, Japanese Journal of Mathematics 20(2), pp. 279˘318 (1994).

[3] Crouzeix M., Mignot AL., Analyse numrique des quations differentielles, Masson, Paris (1992). [4] Duquennoi C., Frmond M., Levy M., Modelling of thermal soil behaviour, Frost in geotechnical engineering, International Symposium, Hans Rathmayer, Saariselk, oœ print (1989).

[5] Duvaut G., Mcanique des milieux continus, Masson, Paris (1990). [6] Duvaut G., Lions J.L., Les inquations en mcanique et en physique, Dunod, Paris (1972). [7] Frmond M., Mikkola M., Thermomechanical modelling of freezing soil, Ground Freezing 91, Yu & Wang, Rotterdam (1991).

[8] Frmond M., Supercooling: A macroscopic predictive theory, Seventh International Symposium on Ground Freezing. Nancy, France (1994).

[9] Germain P., Cours de mcanique des milieux continus, Masson, Paris (1973). [10] Fleury P., Mathieu J.P., Chaleur, thermodynamique, tats de la matire, Eyrolles, Paris (1954). [11] Kivelson D., Tarjus G., Kivelson S.A., A viewpoint, model and theory for supercooled liquids, Progress of Theoretical Physics Supplement, pp. 289˘299 (1997).

[12] Lions J.L., Quelques mthodes de rsolution des problmes aux limites non linaires, Dunod, Paris (1969).

[13] Sciortino F., Tartaglia P., Instantaneous normal mode in supercooled water, Progress of Theoretical Physics Supplement, pp. 267˘272 (1997).

[14] Temam R., Navier-Stokes equations, theory and numerical analysis, North-Holland, Netherlands (1979).

[15] Wahnstrom G., Lewis L.J., Translational and reorientational motion in supercooled orthoterphenyl: A molecular-dynamics study, Progress of Theoretical Physics Supplement, pp. 261˘266 (1997).

[16] Wang W.H., Wei Q., Bai H.Y., Enhanced thermal stability and microhardness in Zr-Ti-Cu-Ni-Be bulk amorphous alloy by carbon addition, Applied Physics Letters 71, pp. 58˘60 (1997).