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The question

G : a finitely generated group, Ω a G -SFT.
Recall from earlier lectures (N. Auburn) the following definitions:

Definition

Ω is a weakly aperiodic SFT if for all ω ∈ Ω, [G : Stab(ω)] =∞. Ω is a
strongly aperiodic SFT if for all ω ∈ Ω, Stab(ω) = {e}.

Questions

Which groups G admit weakly aperiodic SFT?

Which groups G admit strongly aperiodic SFT?
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History

Previous results:

Z2: recall N. Auburn mini-course overview on Wang’s conjecture,
Berger, Robinson, Kari-Culik.

Also N. Auburn mini course: hyperbolic plane: Goodman-Strauss.

Block and Weinberger, Mozes (certain classes of Lie groups -
semisimple, simple..)

Weakly aperiodic SFT for Heisenberg and sol: Nowak and
Weinberger, using cohomological techniques.
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Ascending HNN Extensions of Z2

A group G is called an ascending HNN extension of Z2 if there exists a
matrix

A =

(
a11 a12

a21 a22

)
, aij ∈ Z

with det A 6= 0 and

G ∼=
〈
x, y, z|[y , z ] = 1, x−1yx = ya11za21 , x−1zx = ya12za22

〉
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Ascending HNN Extensions of Z2

Examples of these groups:

Z3, A = Id .

The discrete Heisenberg group:

G ∼=


1 x z

0 1 y
0 0 1

 : x , y , z ∈ Z

 .
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Ascending HNN Extensions of Z2

Equivalently the discrete Heisenberg group is a semi-direct product

Z2 oA Z with matrix A =

(
1 0
1 1

)
:

(x , y , z) · (x ′, y ′, z ′) = (x + x ′, y + y ′, z + z ′ + xy ′)

=
(
x + x ′, (y + y ′, z + z ′ + xy ′)

)
=

(
x + x ′,

(
1 0
x 1

)(
y ′

z ′

)
+ (y , z)

)
In particular: If | det A| = 1 then the semi-direct product Z2 nA Z (using
notation (x , (y , z))) is an ascending HNN extension of Z2 with matrix A
and the identification

x = (1, 0, 0) y = (0, 1, 0) z = (0, 0, 1).
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Results

So we have in particular:

Z3, for A = Id .

The discrete Heisenberg group, for A =

(
1 0
1 1

)
.

The group sol , for A =

(
2 1
1 1

)

Results:

Theorem

(Ş, Schraudner, Ugarcovici) Every ascending HNN extension of Z2 admits
a weakly aperiodic SFT.

Theorem

(Ş, Schraudner, Ugarcovici) The discrete Heisenberg group admits a
strongly aperiodic SFT.
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Results

Both results use the same framework: construct G SFT with well chosen
(in particular strongly aperiodic SFT) projective dynamics on the < y, z >
subgroup.

The first result is almost for free using this framework. Second
construction is very particular to the Heisenberg group.

Projective subdynamics: Johson and Madden, Schraudner, Schraudner and
Pavlov.
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Cayley graphs

Recall that to define a G SFT we can define nearest neighbor rules by
choosing a symmetric set S of generators and constructing a Wang tiling
of the S Cayley graph, GS , of G .
For any matrix A with det A 6= 0 we consider the generator set
S = {x±1, y±1, z±1}. The unit cube for GS is the following:

g

Red edges correspond to the generators y and z. Blue edges correspond to
the generator x , the stable element.
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First theorem: trivial extensions

Proof of first result:

Let ΩZ2 be a Z2 SFT, and let WZ2 be a Wang tiling of the
“standard”Cayley graph of Z2.

Define W, a collection of Wang tiles for GS , by taking the trivial extension
of the wang tiles in WZ2 :

0

0

g
r1

r2r4 r3

The ri are the labels for a Wang tile from WZ2 , 0 is a symbol that does
not appear in the alphabet of ΩZ2 .
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First theorem: trivial extensions

Let Ω be the G -SFT obtained by the Wang tilings with W. If ΩZ2 is
non-empty, then so is Ω.

Now suppose that ΩZ2 is a strongly aperiodic SFT.

If Stab(ω) has finite index for some ω ∈ Ω, then Stab(ω)∩ < y, z >6= {e},
a contradiction.
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First theorem: trivial extensions

Fix a non-invertible matrix A, and let G be the associated ascending HNN
extension of Z2.

Question

Can we characterize Z2 SFT ΩZ2 for which there exists a non-trivial G
extension?

For example: both Robinson and Kari-Culik tilings have non-trivial
Heisenberg extensions. Both constructions rely on particular lack of
directional mixing in the SFT and its relation to the matrix A.

More on this later.
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Semi-direct products and the second theorem

Now consider only matrices A for which | det A| = 1, namely semi-direct
products Z2 oA Z.

In this case we have more structure we can describe in the Cayley graph:

(1, (0, 0)) · (0, (y , z)) =

(0,(y,z))
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Semi-direct products and the second theorem

The S-Cayley graph of the Heisenberg group (left labeled):
(Right) Cayley graph of the discrete Heisenberg group �
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� :“ xx, y, z | yz “ zy; xz “ zx; z “ yxy´1x´1
y

(Careful with non-abelian groups: Left shift action needs a right Cayley graph.)

5 Michael Schraudner mschraudner@dim.uchile.cl

The slope of the blue arrows are a function of the y -coordinate of the
vertex:

(1, (0, 0)) (x , (y , z)) = (x + 1, (y , z + y))
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Semi-direct products and the second theorem

More importantly for us:

(2, (0, 0)) (x , (y , z)) = (x + 2, (y , z + 2y))

Namely: if we look at every other < y, z > coset, the blue arrow is skewed
by 2y in the z direction.
This feature allows us to construct non-trivial extensions of the Robinson
tilings that leads to a strongly aperiodic SFT.

This idea is present in a Z3 construction of Kari and Culik: does not work
verbatim in Heisenberg case: information transmitted by skewing can be
conflicting.
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Semi-direct products and the second theorem

Recall the Robinson tilings (N. Auburn mini-course):
Robinson’s tiles:
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Semi-direct products and the second theorem

Robinson’s tilings have a hierarchical structure:2

¨ ¨ ¨

¨ ¨ ¨

¨ ¨ ¨

¨ ¨ ¨

¨ ¨ ¨
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...
...

...

..

.
..
.

..

.
. . .

. . .. .
.

. .
.

0|2 0|2 0|2 0|2 0|2 0|2 0|2 0|21 1 1 1 1 1 1 1

0|2

0|2

0|2

0|2

0|2

0|2

0|2

0|2

1

1

1

1

1

1

1

1

¨ ¨ ¨ ¨ ¨ ¨

..

.

..

.

Figure 2. The black and white dots induced by a (typical) point
of the Robinson system (thickline arrows shown as gray lines; par-
ity of rows/columns recorded along the left and bottom edges).

boards mentioned above. More specifically: the first sublayer is constant along
the ~e1-direction, and must contain a legal point of the Robinson system on each
(identical) ~e2~e3-cross section which is enforced by the standard Robinson rules.
The second sublayer is constant along the ~e2-direction, and must contain a legal
Robinson tiling on each (identical) ~e1~e3-cross section. A priori any pair of points of
the Robinson system can be used in the respective cross sections to induce these first
two sublayers, while the synchronization sublayer will impose an additional relation
between them, breaking their independence. Note that since the Robinson system is
defined by local rules, and it is trivial to force constancy along a cardinal direction
with nearest neighbor rules, the SFTness property extends to the two Robinson
sublayers. As each Robinson sublayer is constant in one of the cardinal directions,
this means that each sublayer can be thought of as consisting of lines in Z3 traced
out by the black dots. The first sublayer induces such lines in the ~e1-direction, the
second induces lines in the ~e2-direction; thus their union will create a rectangulation
of each ~e1~e2-cross section of Z3 (possibly including infinite rectangles).

For our construction, we would like these rectangulations on (most) ~e1~e2-cross
sections to be regular grids given by aligned copies of congruent squares rather than
general rectangles. This is basically (aside from some possible exceptional cross-
sections) accomplished by superimposing the synchronization sublayer, which has
an extremely simple SFT structure. Its alphabet consists of two symbols, l (blank)
and m (diagonal), and there are two types of local rules. The first is that a blank
symbol l is not allowed to coexist at the same site with two black dots (crosses)
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Semi-direct products and the second theorem

We construct two types of G -extensions of the Robinson Wang tiles:

(0, c or nc)

(1, c or nc)

g
r1

r2r3 r4

(1, c or nc)

(0, c or nc)

∗

∗
∗ ∗
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Semi-direct products and the second theorem

Steps of the proof:

The associated Heisenberg SFT Ω is non-empty.

Any point ω ∈ Ω can be periodic only under elements of the form
(a, 0, 0) for some a ∈ Z, a 6= 0.

Use counter techniques to kill this periodicity.
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Semi-direct products and the second theorem

Steps of the proof:

The associated Heisenberg SFT Ω is non-empty.

Any point ω ∈ Ω can be periodic only under elements of the form
(a, 0, 0) for some a ∈ Z, a 6= 0.

Use counter techniques to kill this periodicity.

This is the Kari-Culik Z3 construction framework.

Ayşe A. Şahin (DePaul University) Strongly aperiodic SFT December 16, 2014 22 / 28



Extending special points

−10 −8 −6 −4 −2 0 2 4 6 8 10

−10 −8 −6 −4 −2 0 2 4 6 8 10

−10 −8 −6 −4 −2 0 2 4 6 8 10

−10 −8 −6 −4 −2 0 2 4 6 8 10
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Wang tiles as usual for lattice groups

We can also define a Heisenberg Wang tile by using the fundamental
domain of the quotient space H/G where H is the real-Heisenberg group
(see for example Bertazzon) which coincides topologically with the unit
cube [0, 1]3 with some identifications.
In particular, the action of Γ “skews”the cube as it is translated:
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Wang tiles as usual for lattice groups

and the skewing causes each translate Cγ to intersect more than 6 other
translates:
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Wang tiles as usual for lattice groups

Thus Each H-Wang tile requires 8 labels:

Notice that the partitions are those induced by the action of A =

(
1 0
1 1

)
on the x , z-faces.
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