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ABSTRACT. In this paper we study conditions under which a free minimal z4-
action on the Cantor set is a topological extension of the action of d rotations,
either on the product T? of d 1-tori or on a single 1-torus T'. We extend
the notion of linearly recurrent systems defined for Z-actions on the Cantor
set to Z%-actions and we derive in this more general setting, a necessary and
sufficient condition, which involves a natural combinatorial data associated
with the action, allowing the existence of a rotation topological factor of one
these two types.

1. INTRODUCTION

Let (X,.A) be a Z%-action (by homeomorphisms) on a compact metric space X.
The action is free if A(f,z) = x for some 7 € Z% and « € X implies 7 = 0 and is
minimal if the orbit of any point € X, Oa(z) = {A(R,x) : 7 € Z}, is dense in
X.

The simplest non trivial examples of free minimal Z%actions on a compact metric
space are given by “rotation-type” actions on compact topological groups. This
type of factors play a central role in topological dynamics of Z%actions since in
particular they determine weak mixing property through the existence of continuous
eigenvalues. In this paper, we focus on two kinds of “rotation-type” factors that
we describe now.

e First consider the Z%-action generated by d rotations on the product d-torus
Td = Rd/Zd =T! x ... x T!, each rotation acting on T'. More precisely,
take 6 = (61,...,04) € R? and let ,Ag : 24 x T% — T be the map defined
by:

Ag(ﬁ,x) =z +[n,0] modZ¢,
for i = (n4,...,nq) € Z%, & € T and where [72, ] = (ny-61,...,n4 - 04).
This construction yields a minimal Z%-action (0, .Ag—l) on the closure Q¢ of
the orbit of 0 in the d-torus T¢. When the coordinates of # are rationally
independent, the set O is the d-torus T¢ and the action is free.

e The same 0 can be used to define a Z%action on T'. Consider the map
A} Z% x T' — T given by

Aé—(ﬁ,t) ={+<7,0> modZ,

where < -,- > is the usual inner product in R?. The Z%-action (O?, Ag) on
the closure Q' of the orbit of 0 in the 1-torus T! is again minimal. When
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the coordinates of # are independent on Q, the set Q! is the 1-torus T' and
the action is free.

Assume X is a Cantor set, i.e., it has a countable basis of closed and open (clopen)
sets and has no isolated points (or equivalently, it is a totally disconnected compact
metric space with no isolated points).

The main question we address in this paper is to determine whether a free minimal
Z%-action A on the Cantor set X is an extension of an action of type (@d,Ag) or
(O, A}) for some 6 € R

Notice that a complete combinatorial answer to this question is given in [BDM]
in the particular case when the dimension d = 1 and when the free minimal Z-
action is linearly recurrent. The linear recurrence of a given Z-action is a property
that involves the combinatorics of return times associated with a nested sequence of
clopen sets (for further references on linearly recurrent Z-actions see [CDHM],[Dul]
and [Du2)).

The notion of return time to a clopen set can be generalized to Z%-actions when
d > 2. In this case, the combinatorics of the return times associated with a nested
sequence of clopen sets inherits a richer structure than in the case d = 1 . However,
as for d = 1, there exists a natural definition of linearly recurrent Z%action. These
generalizations are developed in Section 2 which is devoted to the combinatorics of
return times (for further references on the structure of return times associated with
a Z%-action see [BG] where the hierarchical ideas used in this paper are introduced,
see also [S] and [SW] for related topics).

This combinatorial approach allows us to derive a necessary condition on the action
to be an extension of an action of one of the two rotations described above. In the
case of a linearly recurrent action this condition is sufficient. This result is given
in Section 3 (Theorem 3.1) together with its proof.

2. COMBINATORICS OF RETURN TIMES

Let us start this section with some general considerations.

Let R? be the Euclidean d-space and || - || its Euclidean norm. Consider two positive
numbers r and R. An (r, R)-Delone set is a subset D of the d-space R? equipped
with the Euclidean norm || - ||, which satisfies the following two properties:

(i) Uniformly Discrete: each open ball with radius 7 in R? contains at most
one point in D;
(ii) Relatively Dense: each open ball with radius R contains at least one point
in D.
When the constants » and R are not explicitly used, we will say in short Delone
set for an (r, R)-Delone set. We refer to [LP] for a more detailed approach of the
theory of Delone sets.
A patch of a Delone set D is a finite subset of D. A Delone set is of finite type
if for each M > 0, there exist only finitely many patches in D of diameter smaller
than M up to translation. Finally, a Delone set of finite type is repetitive if for each
patch P in D, there exists M > 0 such that each ball with radius M in R¢ contains
a translated copy of P in D.
Let z be a point of a Delone set D. The Voronoi cell V, associated with z is the
convex closed set in R? defined by:
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c={yeR! Vo' eD, |y—a| <y }.
The union UzepV, is a cover of RY. We say that two points z and &’ in D are
neighbors if V, NV, # 0.
The set of return vectors associated with D is defined by:

D={z—y : (z,y) e DxD}.

Lemma 2.1. Let D be a Delone set of finite type. Then, there exists a finite
collection F of vectors in D such that:
« Fo_F,
e any vector in D is a linear combination with non negative integer coefficients
of vectors in F.

Proof. When D is a Delone set of finite type, the set of vectors

F= U (x —a')

(z,z")eDXD,(xz,x’) neighbors

is finite, satisfies F=—F and clearly any vector in D is a linear combination with
non negative integer coeflicients of vectors in F. O

Given such a set F, we can define the F-distance d #(z,2") as the minimal number
of vectors in F (counted with multiplicity) needed to write x — z’ for z,z’ € D.

The F-diameter of a patch P, denoted by diam z(P), is the maximal F-distance
of pair of points in P.

Consider now a free minimal Z%-action A on the Cantor set X. Let C be a clopen
set in X and y a point in C. The set of return times of the orbit of y in C is defined
by

Rely) = {n ez’ : Aln,y) €C}.

Proposition 2.2. The set of return times Re(y) is a repetitive Delone set of finite
type in Z:. Furthermore, ify andy' are two points in C, the sets Re(y) and Re(y')
have the same patches up to translation.

Proof. @ Re(y) is a Delone set of finite type.

The minimality of the action implies that the orbit of any point in X visits C. For
each z € X let fiy, € Z% be such that A(fig, x) is in C. Since C is open, there exists a
small neighborhood U, of x such that for any 2’ in U, we also have A(7,2’) € C.
Therefore {U, : x € X} is a cover of X. Since X is compact, we can extract a
finite cover {U,, : i € I'}. Let us choose R > max |72z, ||. It is clear that any ball

with radius R in R? intersects Re(y). Thus, Re(y) is relatively dense. Since it is
a subset of Z<, it is a Delone set of finite type.

o Re(y) is repetitive.

Consider a patch P in R¢(y), choose g in P and let z = A(7ng, y) € C. Choose now
a clopen set C, containing z, small enough so that for any 2’ in C,, A(n—ng, 2’) is in
C for each 71 in P. The set Re_(z) is relatively dense, let Ry be its R-constant. Let
M stand for the diameter of P and let us prove that any ball with radius Ry + M

IThe proof that minimality implies repetitivity is classical and works in a more general situa-
tion. However, for sake of completeness, we fix it here for our specific context.
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in R contains a translation of the patch P. Indeed, given such a ball B, choose an
element m € R, (z) in the corresponding centered sub-ball of radius R;, then by
construction m + P belongs to Re¢(y) and to the ball B.

o Re(y) and Re(y') have the same patches up to translation.

Let P be a patch of Re(y) and 7ip be a point in P. The minimality of the action
implies that the orbit of ¢ accumulates on z = A(fg,y). This means that there
exists 717 € Z% such that A(f; +7—ng,y’) is in C when 7 is in P. Thus a translation
of the patch P is in Re(y'). O

The set of return vectors associated with C is defined by:

—

Re =Re(y) —Re(y) ={n—m : (n,m) € Re(y) x Re(y)} -

The fact that for any pair of points y and 3’ in C, the patches of Re¢(y) and Re(y')
fit up to translation, implies that R¢ does not depend on y in C, as suggested by
the notation. Lemma 2.1 and Proposition 2.2 yield the following corollary.
Corollary 2.3. There ezists in Re a finite collection of vectors Fe such that:

o ]?C = _]?C 5

e any vector in Re is a linear combination with non negative integer coeffi-

cients of vectors in Fe.

Such a set Fe is called a set of first return vectors associated with C.

We construct now a combinatorial data associated to a Z%action. Let x be a point

in X and consider a sequence of nested clopen sets X =Cyp 2 C; 2 - D Cp ...
such that

(Cn = {z}.

n>0

Consider also the associated sets of return times R¢, (x), of return vectors ﬁcn and
of first return vectors F¢, that we denote respectively (in short) by R, (z), Ry and
Fn. Let us construct inductively a sequence of partitions of Z¢ = Ro(z).

e The first partition of Z? is the trivial partition made by the patches Py (m) =
{m} for each m in Z.

e We consider the Delone set R1 () and the Voronoi cell V1 associated with
each point m in Rq(x). Up to translation there are only finitely many of
these Voronoi cells. It may occasionally happen that a point [ in Ro(z)
belongs to more than one Voronoi cell Vs 1. It this case, we make an
arbitrary choice to exclude the point [ from all the Voronoi cells it belongs
to but one. We can make this arbitrary choice in a coherent way, that is to
say, so that if two Voronoi cells of the above decomposition are translated
copies one of the other, and if there is such an ambiguous point in the first
one, if we keep this point in the cell, we do the same for the translated
Voronoi cell. This surgery done, the intersection of Vi, 1 with Ro(z) = 74
defines a patch P;(m) which intersects Rq(z) at m. The collection of
patches {P1(m)}mer, (z) realizes a new partition of Z°.

e We consider now the Delone set Ro(x) and the Voronoi cell Vg, o associated
with each point m in Ra(x). Again, up to translation there are only finitely
many of these Voronoi cells and if necessary, we solve the problem of points
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of Ri(x) belonging to more than one Voronoi cell as for the Vi 1’s. This
surgery done, we call Rq () the subset of Ri(x) that remains in Vg, o
after the surgery and we define the patch Py(m) as follows:

Pa(m) = Uper, m(a)P1(D)-

The collection of patches {P2(m)}mer,(«) realizes again a partition of 7.

e Finally, we assume that for n > 1, we have constructed a collection of
patches {P, ()} mer, (x) that realizes a partition of Z%. Consider the De-
lone set Ry, 11(x) and the Voronoi cell Vg, 41 associated with each point m
in Rp41(z). Again, up to translation there are only finitely many of these
Voronoi cells and if necessary, we solve the problem of points of R,,(x) be-
longing to more than one Voronoi cell as we did previously. This surgery
done, we call R,, 7 (x) the subset of R, (z) that remains in Vi, 41 after
the surgery and we define the patch P,,11(m) as follows:

Pn+1(m) = UﬁGRn,m(x)Pn(p)'
The collection of patches {Py,41(m)}mer, ,,(x) realizes again a partition of

74,
Clearly, for each n > 0 and each m € R, (z), there exists p € R,+1(x) such that

Pn(m) C ,Pn-&-l(ﬁ)-
For each n > 0 and each m € R,,41(x), we set:

Prii(m) = Puyi(m) N Ry(x).

Proposition 2.4. For each n > 0, there exists a constant k(n) > 0
such that for each m € Ryi1(z): diam gz (Pyiq(m)) < k(n).

Proof. Since Rp+1(x) and R, () are repetitive Delone sets, the Euclidean diame-
ters of the cells V5, 5,41 are bounded independently of m, and thus the F,,-diameters
of the P;},;(m)’s are bounded independently of . O

We remark that Proposition 2.4 does not require any condition on the nested se-
quence of clopen sets. By considering a sequence of {C,},>¢ that converges fast
enough to z, we can insure that for each R > 0 there exists n > 0 such that P, (0)
coincides with Z? in the ball with center 0 and radius R in R%.

In this situation, the data (2, {Cp}n>0, {{Pn()}mer, (2) n>0, {Fotns0) is called
a combinatorial data associated with the action (X, .A).

For any ng > 0, consider a point p which is in R, (z) and not in R, +1(x) . Let
mo be the smallest m > 0 such that p € P,,,(0), we set P, = 0. We construct
the sequence (P;)n,<i<m, such that p; is the unique point in Pll 4+1(P141) such that
D € Pi(pr). We have p,,, = 0 and p,, = p. This sequence is called the hierarchical
sequence joining 0 to p.

When there exists a combinatorial data

($7 {Cn}nzm {{Pn(m)}menn(z)}nzoa {fn}nzo)

such that the constant k(n) in Proposition 2.4 is bounded independently on n, we
say that the free minimal Z%-action A on the Cantor set X is linearly recurrent. In
this case, the combinatorial data is said to be adapted to the action.

By controlling better the convergence of the sequence of {C, },>0 to x, it is always
possible to insure the following two extra properties for the combinatorial data:



6 M.I. Cortez, J.-M. Gambaudo and A. Maass

(i) for each n > 0 and for each m in R,+1(x)
Fn C Prya(m) — Ppi(m);
(ii) for each n > 0 and for each m in R, 2(z), all the patches P, (m) are
identical up to translation.

In this case, we say that the combinatorial data

(2, {Cn }nz0, {{Pn (M) }mern (@) tnz0, {Fn tnz0)

is well distributed.

3. MAIN RESULTS

To each vector 6 in R? we associate the linear maps cé— e £(z%TY) and cg €
L£(Z4,T%) defined by
cé—(ﬁ) =<60,p> modZ and cg(ﬁ) = [0, p] mod Z¢

for each p in Z<.

Consider a minimal free Z%action (X,.A) on the Cantor set X and a combinato-
rial data (2, {Cpn }n>0, {{Pn (M) }mer, (2) fn>0, {Fn}n>0) associated with this action.
For any n > 0 and any 6 € R? we define the f-length of F of dimension 1 and d
respectively by:

Lo = max [[lcz(ra)l[| and I 5 = max [[[c§(ra)]ll,
Tn€Fn rn€Fn
where ||| - ||| stands for the Euclidean distance to 0 on the k-torus, TF = R*/Z*,

k =1, d. The following theorem is the main result of this paper.

Theorem 3.1. Let (X, A) be a free minimal Z%-action on the Cantor set X,

(2, {Cn}n>0, ({Pn(m) }imer, () fn>0, {FoYnz0) be an associated combinatorial data
and k=1 ork =d.

(i) Assume that for some § € RY, (X, A) is an extension of the action (OF, A).
Assume furthermore that the combinatorial data is well distributed. Then
the series Z lfbﬁ converges.

n>0

(ii) Conversely assume that the action is linearly recurrent, that the combina-
torial data is adapted to the action and that, for some 6 € R%, the series
Z lfué converges. Then (X, A) is an extension of the action (O, A%).
n>0

Remark 1: In the particular case when the Z%-action A is the product of d linearly
recurrent Z-actions on X, Theorem 3.1 for k = d is a direct corollary of its d = 1
version proved in [BDM].

Remark 2: The Lie group structure of T* allows us to construct a continuous
surjective map ¢ : T* — T defined by ¢(a1,...,aq) = a1 + - - - + 4. Assume that
h:(X,A) — (0% A%) is an extension, then the map ¢oh : (X, A) — (O', A}) is
also an extension. This is coherent with the fact that the convergence of the series
Z li,é implies the convergence of the series Z li,é'

n>0 n>0
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Proof of Theorem 3.1. The proofs of both assertions of Theorem 3.1 for k = 1 or
k = d follow the same scheme and will be gathered in a single demonstration. Let
<< -,- >>stand for [-,-] mod Z? when k = d and for < -,- > mod Z when k = 1.
(i) Assume that the free minimal Z%-action (X,.A) is an extension of the action A’g
on the closure OF of the orbit of the point 0 in the k-torus T* for some # in R%.
Let us denote by h : X — O the extension. Choose a well distributed associated
combinatorial data

(177 {Cn}WLZOa {{Pn(m)}meRn(z)}nZOa {fn}nZO)
and fix h(z) =0 € T
For each n > 0 let v,, be the first return vector in fn such that:

g = max [[lcg(un)ll = [lleg(wn)lll

Un €Fn

The following observation is a direct consequence of the continuity of h.

Lemma 3.1. The quantity lfl g goes to 0 as n goes to oo. Furthermore, for each
€ > 0 there exists N > 0 such that for any pair of points (7, m) in Ry(xz) x Ry (x),
we have:

|R(A(7, 2)) — h(A(m,z))]|| < e

Let B be the open ball on the k-torus, centered at 0, with radius 1/4. Fix 0 < € <
1/4 and let N verifying the conclusion of Lemma 3.1 for this € and such that lfL €
for n > N. The ball B is decomposed in 2¥ sectors Ser.....er, With ¢ € {—1,1} for
i€{1,...,k} defined by

k

Sél,m,ék = {(1’1,...,5Uk) eB : ;" € Z 0 R Vi € {1,,k}} .
Let I, .. ., be the set of integers n such that clg (vy) isin Se, .. ., and let us prove

that the series Z Zfl g converges. Actually, we only need to prove that the

series E IZ g converges, a similar proof works for the other cases. This sum

can be spitted into two parts:

ook, = ootk Y, s

neli, .1 n€ly,. .. 1,even n€ly,. . 1,odd
Here again we only need to prove that the series E ZZ g converges, a similar
nel 1,even

proof works also for the case where n is odd. Observe that we are assuming I 1
is infinite.

The proof splits in five steps:

Step 1: Fix an even integer No > N in I, j, and let N <ny < nj_; < --- <
n1 < Ny be the ordered sequence of even integers between N and Ny, that belong
to Il,‘..,1~

Step 2: Since the combinatorial data is well distributed, we can choose two points
my and py in Py, (0) such that

Un, = P1 — M1.
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Furthermore the two patches P,,+1(m1) and P,,+1(p1) are identical up to trans-
lation and there exists a pair of points (g, my) in P2, (m1) x Pp2, (m1) such
that
Upy = Mh — Ma.
We define ]32 in 73322_‘_1(]31) by ]_)2 - ]31 =Tmo — M + Uny- One has:
P2 — Mg = Un, +Un2~

Step 3: Since the combinatorial data is well distributed, the two patches Py, +1(m2)
and P,,+1(P2) are identical up to translation and there exists a pair of points
(3, my) in Pp2 . (m3) x Pp2. (mg) such that

Vpy = M — M3.
We define ps in Py, (P2) by ps — P2 = Mg — M2 + vp,. One has:
P3 — M3 = Uny + Uny + Uny-

Step 4: We iterate this construction until we get the points m; and p; which satisfy:

1
D —my = g Up, -
j=1

Step 5: We have:

Ih(APr; 2)) = h(A(mu, )] = (Il << Zvnﬁ >>

j=1

l
Z cg (v, )l

Since p; and m; are in Ry (x), Lemma 3.1 1mphes that:

!
11D chonlll < e
j=1

Let m : B — B’ be the canonical isometric identification of the ball B with the
open ball B in the Euclidean space R? centered at 0 with radius 1 /4. Through
this identification, it is clear that for all  in B: |||z||| = [|7(x)||]. Moreover
for any pair of points z, 2’ in Sy, 1 such that z + 2’ is also in S7___1, we have:
7z +2') = m(x) + n(z’). Tt follows that

! !
11D ehoalll = 11D m(chvn,))
j=1 j=1

Finally, since for 1 < j <1, clg(vn,) is in 511, we have:

.....

l

2”7T Co UnJ || < f HZ (Ce(vnj))H

Jj=1 Jj=1
which implies

Z l’f—gx/ﬁe.

n,-,@
N<n,n€ly,
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This insures that the series E l?’j g converges, and consequently the series
nely,. .., 1, even

k
E Zn,é converges too.
n>0

(ii) Let (X, .A) be a linearly recurrent Z%-action on the Cantor set X. Assume that
the combinatorial data is adapted to the action and that the series of #-lengths
Z lﬁ g converges for some 6 in RY. Fix e > 0 and choose n; > 0 big enough so

n>0
that

Z lfhé < €.

n>ni
Let us define the map h on the Z%orbit of z by,
h(A(n,z)) =<< 0,0 >>= A%(n,0)

for each 7 in Z%. In order to prove that the map h extends to a continuous map
on the closure Q" of the orbit of 0 in T*, it is enough to prove that A is uniformly
continuous, which follows from the continuity of h at . Choose a point p in R, ().
We know that there exist ng > nj such that p is in R, (z) and is not in R, 4+1(z),
and a hierarchical sequence (P;)n,<i<m, such that p,, = p and py,, = 0.

Let us write:

mo
MAGD) = S (A, ) - WA, ))).

l=no+1

For any ng <1 < mg both points p; and p;—; are in Pll_l(ﬁl). Consequently there

exists a collection {v;;}1<i<q, of vectors in F such that:

o q < k(l);

e the sequence of points {p;_1;}o<i<q, defined by:
— Pi—1,0 = Pi-1;
— Pi—1,i = Di—1,i—1 + vy for 1 <4 < gqp;
— Di-1,q = D1,

belongs to R;(x).
This yields

h(A(p, x)) = Z Z(h(A(?l—uax))) = h(APi-1,i-1,7))).
I=ng+1 i=1

Now we use the fact that the action is linearly recurrent and that the combinatorial
data is adapted to this action. We denote by L a uniform upper bound for the
sequence {k(n)}n>0. We get,

WA@2)II| < L-> 1k 5 <L > 1k; < Le

l=no n=ng

This proves the continuity of h at z. O
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4. EXAMPLES

4.1. Example 1. Let p > 1 be an integer and let (G, T},) be the p-Odometer, i.e,
G, is the subset of the product II,,>¢Z/p"Z consisting of the elements g = {gn }n>0
such that 7, (gn11) = gn, where 7, : Z/p" T Z — 7,/p"Z is the canonical projection,
and T, : G, — G, is the transformation defined by T,(g) = {gn +n» 1}n>0, with +,
the sum in Z/p"Z.
Consider the product of d Odometers G = Gy, x --- x Gp,, and the action A :
7' x G — G, given by A(n, (g",--,g D)) = (T3 (M), Tpt(g'D)). The
system (G, A) is a free minimal Cantor system.
For n > 0 we set C,, = {(gM,---,g@¥) e G: gV =0, forall 1 <j<d}. One
has m C, = {0} and R, (0) = ppZ? x ---piZ? for all n > 0. For n > 0 we set
n>0
Fn = {pPé;, —plé; : 1 < i < d}, where ¢ is the unitary vector in the i-th coordi-
nate, and for m € R, (0), Pp(m) ={m+v:1<v; <p; —1, forall 1 <i<d}.
The data (0, {Cy}n>0, {{Pn(m)}mer, 0)}n>0 {Fn}nz0) is a well distributed com-
binatorial data which satisfies k(n) < py - - - pq, for all n > 0. Thus (G, A) is linearly
recurrent.

Claim: (G, .A) z's an eztension of the action (O, A%) if and only if
0cEg= U{ n,--- ) m; € Z forall 1 <i<d}.
n>0 Pi
If @ € E¢ then there exists n > 0 such that for all m > n, c};(rm) = (0 and cg(rm) =0
for all r,, € Fy,. Thus the serie Z lfl g converges and we conclude that (G, A) is an
n>0
extension of the action (O, A’g), for k =1,2. Conversely, if (G,.A) is an extension
of the action (OF, A%) then Z ||| c5(plre;) ||| converges for all 1 < i < d. This
n>0

implies that {p['0;}n>0 converges to 0modZ, for all 1 < ¢ < d. Therefore, there
exists m; > 0 such that p;"*0; = z; +v;, where z; € Z and v; € R satisfies p]'v; — 0.

2
Since the only v; that verifies that condition is v; = 0, we conclude that 6, = —:n
ny Nngq !
If we take m = max m;, we have = (—,--- , —), for some ny,--- ,ng € Z.
1<i<d i Py

4.2. Example 2. Let ¢ > 2 be an integer number. We put r = g — 1if ¢ is even,

orr =

-1

if ¢ is odd, and I = ¢ — r — 1. We define Dy = {0} and for n > 0 the
set D,, as the disjoint union of the sets D, _1 + m, for m € S,,, where
Sn:q"_l{ieZd:—lgzign for all 1 <i<d}.
Let X ={1,--- ,¢q} and let 7: ¥ — ¥P1 be an injective substitution such that for
all o €

(1) 7(o)p = 1.

(2) For all ¢’ € ¥ there exists k € Dy such that 7(0); = o’
(3) [{k € Dy : 7(0); = 1}| = 1.

The substitution 7 can be considered as a fonction from X% into itself by assigning

7(2)m = 7(2;)5, where m = qj +k, with j € Z? and k € D;.
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In the same way, we can define 7 : P — 2P+ and then 7" () = 7(7" (o)) for

all c € ¥ and n > 0.

From property (1), the set ﬂ{w e 22 . g = 7"(1)f, forallk € D,} is not

n>0

empty and since D,, T Z%, there is only one element z* in that set, which is a fixed

point of the substitution.

Let A: Z% x % — $2° the shift action, i.e, A(m, x) = {257 eeza for all m € 27

and z € %°. We define X = {A(m,z*) : m € Z} and

C, = U{Q? € X :xp = 7"(0), forallk € D,}. By (1), ﬂ C, = {z*} and
ocx n>0

"7 C Re, (z*), for all n > 0, which implies that z* is uniformly recurrent

and then (X,.A) is minimal. Since 7 is injective and by (2) and (3), it holds

"2 = Re, (x*) for all n > 0. Thus 2* is non periodic and then (X, A) is free.

For m € R, (z*) we set Pp(m) = Dy, +m and Fy, = {q"e;, —q"e; : 1 < 1 < d}

for all n > 0. The data (33*7 {Cn}nz()a {{Pn(m)}mech (w*)}nZO; {fn}nzo) is a well

distributed combinatorial data that satisfies k(n) < ¢? for all n > 0. Thus (X, A)

is linearly recurrent. As it was made in the Example 1, we conclude that (X,.A)

. 1
is an extension of the action (O, .Alg) if and only if 6 € U {nm tm € Zd}, for
n>0
k=12
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