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Minimization of the expected compliance as an alternative
approach to multiload truss optimization?

Felipe Alvarez and Miguel Carrasco
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Abstract We show that a problem of finding the truss of
minimimum expected compliance under stochastic load-
ing conditions is equivalent to the dual of a special con-
vex minimax problem, and therefore may be efficiently
solved. This equivalence makes it possible to provide clas-
sic multiload compliance minimization problems with in-
terpretations in a probabilistic setting. In fact, we prove
that minimizing the expected compliance amounts to
solving a multiload like problem associated with a par-
ticular finite set of loading scenarios, which depend on
the mean and the variance of the perturbations.

1
Introduction

Trusses are designed to support some external nodal as
well as self-weight loads, taking into account certain me-
chanical properties of bar material. Following Ben-Tal et
al. (1993), Achtziger (1997, §4) and Bendsøe and Sig-
mund (2003), we focus on the case where the goal is
to find the nodal positions (geometry) and bar volumes
(topology) which minimize the compliance of the truss
under mechanical equilibrium and total volume cons-
traints; see problem (3) in §2.1. This design problem is
very difficult in general due to nonlinearities caused by
geometric variables, and can be simplified by using the
so-called ground structure approach (Dorn et al. 1964):
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nodal positions are fixed in the reference configuration,
and the optimal truss structure is found by considering
only bar volumes as design variables. The effect of geo-
metric variables is simulated by a mesh full of nodes and
bars, which is referred to as the ground structure. Typi-
cally, a large number of potential bar volumes vanish at
the optimum.

In this framework, the issue is how to design opti-
mal truss structures that are “robust” under nodal load
perturbations (Ben-Tal and Nemirovski 1997). Introduc-
ing a multiload model is one alternative to deal with the
instability of optimal solutions. In its standard form, it
consists in minimizing a weighted average of compliances
associated with a finite set of loading scenarios; see prob-
lem (5) in §2.2 and Achtziger et al. (1992). The goal of
this paper is to provide a new stochastic basis for the
multiload model, extending and improving previous re-
sults of the authors (Alvarez 1996; Carrasco 2003). In
fact, assuming that nodal loads are subjected to possi-
bly continuous random perturbations, we show that min-
imizing the expected compliance yields to a multiload-like
problem in which the loading scenarios have a new inter-
pretation.

The paper is organized as follows. First, in §2 we
introduce some notations and definitions, we recall the
standard single load and multiload problems, and we des-
cribe some properties of optimal solutions. In §3 we as-
sume that the nodal load is a random variable, and we
introduce the problem of minimizing the expected com-
pliance. Then, we give explicit analytic formulations of
this model depending of whether the random variable is
discrete or continuous. Indeed, the main result of this
paper is Theorem 1 (see page 4), which states that the
minimum expected compliance problem associated with
a continuous random perturbation on the nodal load is
equivalent to a special multiload-like problem. Next, we
give some numerical illustration and we finish the sec-
tion with a mention on a variant of the design problem
including the variance of the compliance. In Appendix
A we use perturbation theory (Rockafellar 1974; Rock-
afellar and Wets 1998) to give an alternative proof of a
well-known primal-dual formulation of the design prob-
lems considered here. As a by-product, we obtain that
the perturbed compliance function Ψ defined in §3 is
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measurable so that the minimum expected compliance
problem is well defined. Finally, in Appendix B we pro-
vide proofs for some auxiliary results used in the proof
of Theorem 1.

Of course, multiload models are just one alternative
among others to deal with mechanical instability. In worst
case design the objective is to minimize the maximum
compliance under a set of discrete loading scenarios (Acht-
ziger 1997, 1998,§3). In the same direction, the ellipsoid
method considers a continuum of primary and secondary
loads defined by a particular ellipsoid (Ben-Tal and Ne-
mirovski 1997). On the other hand, multilevel stochas-
tic programming problems have been proposed in this
context (Marti and Stöckl 1999; Evgrafov et al. 2003).
In the latter approach, approximation and discretiza-
tion schemes are usually required in order to estimate
expected values. Since we obtain explicit multiload-like
formulations for the minimum expected compliance pro-
blem considered in this paper, approximation techniques
are not needed at all for numerical computations, a key
difference with other stochastic models.

Finally, let us mention that other volume as well as
buckling constraints can also be considered in the clas-
sic setting (see for instance Achtziger 1997; Ben-Tal et al.
2000). In this paper, the techniques are bounded to struc-
tures with linear response, which for example does not al-
low to consider trusses with cables and/or in frictionless
or frictional contact with obstacles. Also, the convexity
of the design problem is essential for the primal-dual for-
mulation, which does not allow to apply the method to
structural optimization problems with non-convex per-
formance functional and/or non-convex constraints.

2
Standard minimum compliance truss design

2.1
Brief description of the single load model

By a truss we mean a mechanical structure consisting
of an ensemble of cylindrical slender bars, connecting
some pairs of nodal points in Rd with either d = 2 or
d = 3. Bars are supposed to be made of a linearly elastic,
isotropic and homogeneous material; long bars overlap-
ping small ones are neglected. Let n = d · N − s be the
number of degrees of freedom of a ground structure con-
sisting of N ≥ 2 nodes, where s ≥ 0 is the number of fixed
nodal coordinate directions (i.e., coordinates correspon-
ding to support conditions are removed). Let m ≥ n be
the number of potential bars in the truss structure (of
course, m ≤ N(N − 1)/2), and denote by ti ≥ 0 the
volume of the i-th bar with i ∈ {1, . . . , m}. Assume that
external loads apply only at nodal points, and are des-
cribed in global reduced coordinates by a vector f ∈ Rn.
Under the assumption that each bar is subjected to only
axial tension or compression (neglecting thus large de-
flections and bending effects), the mechanical response

of the truss is described by the elastic equilibrium equa-
tion K(t)u = f, where u ∈ Rn is the nodal displacements
vector in global reduced coordinates and K(t) is the stiff-
ness matrix of the truss, which has the form

K(t) =
m∑

i=1

tiKi. (1)

Here, t ≥ 0 is the member volume vector and Ki ∈ Rn×n

is the specific stiffness matrix of the i-th bar, that is,
Ki = Ei

`2i
γiγ

T
i , where Ei is the Young modulus, `i >

0 is the length and γi ∈ Rn is a cosines/sines vector
describing the orientation of bar number i. From now
on, we assume that the ground structure satisfies

span{γ1, . . . , γm} = Rn, (2)

which precludes the consideration of mechanisms and
rigid body motions.

Remark 1 Every Ki is a dyadic matrix formed from vec-
tor γi so that K(t) is positive semi-definite for every
volume vector t ≥ 0. Under (2), if t > 0 then K(t) is
positive definite. ¤

In order to take into account the self-weight of the
structure, under the standard assumption that the weight
of a bar is carried equally by the joints at its ends, the
equilibrium condition becomes K(t)u = g(t) + f, where
g(t) =

∑m
i=1 tigi, with gi ∈ Rn being the specific nodal

gravitational force vector due to the i-th bar (see for in-
stance Bendsøe and Sigmund (2003,§4.1.3)). The prob-
lem of finding the minimum compliance truss for a given
volume V > 0 of material is given by

min
t∈Rm

{ 1
2 (g(t) + f)T u | K(t)u = g(t) + f, u ∈ Rn,

∑m
i=1 ti = V , ti ≥ 0, i = 1, . . . , m} (3)

Let us denote by ∆m the simplex {λ ∈ Rm | λ ≥
0,

∑m
i=1 λi = 1}. Equivalently, taking t = V λ with

λ ∈ ∆m, and replacing Ki and gi with V Ki and V gi

respectively, (3) can be written as

min
λ∈∆m

{
1
2 (g(λ) + f)T u | K(λ)u = g(λ) + f, u ∈ Rn

}
(4)

Remark that compliance, i.e., the value of the objec-
tive function in (4), does not depend on the choice of
the equilibrium displacement vector u ∈ Rn such that
K(λ)u = g(λ) + f ; indeed, for any such a vector u we
have − 1

2 (g(λ) + f)T u = 1
2uT K(λ)u − (g(λ) + f)T u =

minx∈Rn

{
1
2xT K(λ)x− (g(λ) + f)T x

}
.

Remark 2 It is well known that a nice application of
convex duality theory permits to reformulate (4) as a
quadratic minimax problem in displacements only (Acht-
ziger et al. 1992; Ben-Tal and Bendsøe 1993; Achtziger
1997); see Appendix A for a new proof of this property.
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Efficient algorithms have been proposed for these prob-
lems (Jarre et al. 1993; Ben-Tal and Zibulevsky 1997).
Numerical results using a single load model show that
optimal solutions may be unstable, even under small per-
turbations in the principal load (Achtziger 1997; Ben-Tal
and Nemirovski 1997). In fact, there are several examples
that show some optimal structures giving infinite com-
pliance under small perturbations. An alternative to deal
with this drawback consists in considering the so called
multiload model, which we recall briefly in the next sec-
tion.

2.2
Instabilities and the standard multiload model

The design problem (4) may produce unsatisfactory re-
sults in respect to mechanical stability.

Example 1 Fig. 1 illustrates through a very simple exam-
ple that the optimal substructure can be unstable (see
Ben-Tal and Nemirovski 1997). Nodes 1 and 4 are fixed,
while the main load is distributed on nodes 2, 3, 5, and
6 as we show in the image on the left. The resulting op-
timal truss collapses under a small vertical perturbation
applied on node 6.

1 2 3 

4 5 6 

Fig. 1 Toy example: ground structure and unstable optimal
solution.

A natural idea to handle this inconvenience is to consider
a multiload model instead of the single load one, by mi-
nimizing a weighted average of the compliances associa-
ted with k different loading scenarios (see Ben-Tal and
Bendsøe (1993)):

min
λ∈∆m

{ 1
2

k∑
j=1

αj(g(λ) + f j)T uj |K(λ)uj = g(λ) + f j ,

j = 1, ..., k}
(5)

The weight factors αj > 0, j = 1, . . . , k, are supposed
to be given. Defining K̂(λ) =

∑m
i=1 λiK̂i with K̂i =

diag(α1Ki, . . . , αkKi)nk×nk, f̂ = (α1f
1T , . . . , αkfkT )T ,

ĝ = (α1g
T , . . . , αkgT )T , (5) can be rewritten as

min
λ∈∆m

{
1
2 (ĝ(λ) + f̂)T û|K̂(λ)û = g(λ̂) + f̂ , û ∈ Rkn

}
(6)

Although this problem is analogous to (4), the increase
of the dimension is evident. Remark also the loss of the
dyadic structure in K̂i, which precludes the reduction of

(6) to a linear programming problem as in Achtziger et
al. (1992).

The stability of the solution to (5) is partially ex-
plained by the following result.

Lemma 1 Let C be such that C ≥ 1
2 maxj f jT uj with

λ ∈ ∆m and K(λ)uj = f j, j = 1, . . . , k. Then for each
f ∈ Conv{f1, . . . , fk,−f1, . . . ,−fk}1, there exists u ∈
Rn satisfying K(λ)u = f and moreover C ≥ 1

2fT u.

Proof of Lemma 1. Suppose f ∈ Conv{f1, . . . , fk}, the
general case is similar. Then write f =

∑k
j=1 µjf

j where

µj ≥ 0 and
∑k

j=1 µj = 1. Taking u =
∑k

j=1 µju
j , yields

K(λ)u = f. We have 1
2fT u = fT u − 1

2uT K(λ)u =∑k
j=1 µj(f jT u − 1

2uT K(λ)u) ≤ ∑k
j=1 µj maxx{f jT x −

1
2xT K(λ)x} =

∑k
j=1 µj

1
2f jT uj ≤ C, which proves the

result. ut

In virtue of Lemma 1, if λ̂ solves (5) then the cor-
responding structure supports not only the k different
loading scenarios {g(λ̂) + f j}k

j=1, but the constant Ĉ =
1
2 maxj(g(λ̂)+f j)T uj prescribes an a priori upper bound
on the compliance associated to any load in the convex
hull of them. This suggests that in order to obtain ro-
bust structures it is not necessary to consider explicitly
all loading scenarios but a good representation of them.
As we will see in the next section, this property holds
true even in a stochastic setting when continuous ran-
dom perturbations on the loads are considered and the
objective is to minimize the expected compliance (see
Theorem 1).

3
Random perturbations: minimizing the expected
compliance

3.1
General framework

Under the setting of §2.1, let ξ ∈ Rn be a perturbation
on the nodal load vector f ∈ Rn and consider

Ψ(ξ, λ) =





1
2 (g(λ) + f + ξ)T u if λ ∈ ∆m and

∃u ∈ Rn s.t.
K(λ)u = g(λ)
+f + ξ.

+∞ otherwise.

(7)

The function Ψ : Rn × Rm → R ∪ {+∞} results to be
proper (i.e. Ψ 6≡ +∞), lower semi-continuous and convex
(see Lemma 4 in Appendix A). Therefore, for each λ ∈
∆m, the function

Ψ(·, λ) :
(
Rn,B(Rn)

) → (
R ∪ {+∞},B(R)

)

1 Here, Conv A stands for the convex hull of the set A.
Conv A = {x ∈ Rn |Pµixi, xi ∈ A, µi ≥ 0,

P
µi = 1}
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is l.s.c. and convex, hence it is measurable. Here, B(Rn)
and B(R) stand for the Borel σ-algebra of Rn and R ∪
{+∞} respectively.

Next, assume that ξ in Ψ(ξ, λ) is a random variable
corresponding to an uncertain nodal load perturbation.
More precisely, let (Ω,A,P) be a probability space and
consider a measurable function

ξ : (Ω,A) → (Rn,B(Rn))
ω 7→ ξ(ω).

Given A ∈ B(Rn), the probability that ξ belongs to A is
by definition P{ξ ∈ A} := P{ω ∈ Ω | ξ(ω) ∈ A}.

As a natural generalization of the standard multiple
load model recalled in §2.2, we introduce the minimum
expected compliance design problem with respect to P as

min
λ∈∆m

Eξ[Ψ(ξ, λ)], (D;P)

where

Eξ[Ψ(ξ, λ)] =
∫

Ω

Ψ(ξ(ω), λ)dP(ω).

Remark 3 For each λ ∈ ∆m, we define the vector sub-
space Vλ of Rn by Vλ := Im K(λ) = {K(λ)x | x ∈ Rn}.
By (2), if λ > 0 then K(λ) is positive definite and there-
fore Vλ = Rn. Otherwise, it may occur that for some
ω ∈ Ω, the system K(λ)u = g(λ)+ f + ξ(ω) has no solu-
tion. Thus Eξ[Ψ(ξ, λ)] = +∞ whenever P{g(λ)+f +ξ /∈
Vλ} > 0, and the corresponding λ is not a feasible mem-
ber volume vector for (D;P). Therefore, this problem
may be written as

min
λ∈∆m

{Eξ[Ψ(ξ, λ)] | g(λ) + f + ξ ∈ Im K(λ) P-a.s.}.

3.2
Discrete perturbations

In the simple case where the probability is given by
P1(ξ ∈ B) = 1 if 0 ∈ B and 0 otherwise, we obtain
of course Eξ[Ψ(ξ, λ)] = Ψ(0, λ) and (D;P1) recovers the
classical single load model (4). More generally, if P2

is a probability function with finite support given by
{ξ1, . . . , ξk}, then (D;P2) is the multiload problem (5)
with αj = P2{ξ = ξj} and f j = f + ξj , j = 1, . . . , k.

3.3
Continuous perturbations

The next result gives an explicit expression for (D;P)
when the perturbation ξ is a continuous random variable
(without atoms). In the sequel, given a square matrix
A = (aij), we denote by tr(A) the trace of A, i.e., tr(A) =∑

aii.

Theorem 1 Let ξ : Ω → Rn be a continuous random
variable with mean vector E(ξ) = 0 and covariance ma-
trix Var(ξ) = PPT with P ∈ Rn×k for some k ≥ 1. Then
the corresponding minimum expected compliance design
problem (D;P) is given by

min
λ∈∆m

{1
2

(
g(λ) + f

)T
u + 1

2 tr(PT U)} (8)

s.t. K(λ)u = g(λ) + f, (9)
K(λ)U = P. (10)

Here, the value of the objective function is independent
of the choice of u ∈ Rn and U ∈ Rn×k satisfying (9) and
(10) respectively.

Proof. We will use two auxiliary results whose proofs are
given in Appendix B.

Lemma 2 Let V be a nonempty vector subspace of Rn.
Under the assumptions of Theorem 1, we have:
(i) P{f + ξ ∈ V } = 1 iff f ∈ V and P{ξ ∈ V } = 1.
(ii) P{ξ ∈ V } = 1 iff the columns of P are vectors in V .

Lemma 3 Let A ∈ Rn×n be a symmetric matrix. Under
the assumptions of Theorem 1, if P{ξ ∈ ImA} = 1 and
x : Ω → Rn is a measurable function satisfying Ax(ω) =
ξ(ω) for P-a.e. ω ∈ Ω, then E(ξT x) = tr(PT U), where
U ∈ Rn×k is any matrix satisfying AU = P.

Now, we proceed with the proof of Theorem 1. Let
λ ∈ ∆m be feasible for (D;P), i.e., P{g(λ) + f + ξ ∈
Vλ} = 1, where Vλ = Im K(λ) (see Remark 3). By
Lemma 2, we have f + g(λ) ∈ Vλ and ξ ∈ Vλ P-a.s.,
then there exist u ∈ Rn such that K(λ)u = g(λ) +
f and a measurable function x : Ω → Rn such that
K(λ)x = ξ P-a.s. The existence of such a function is en-
sured by classical results on measurable selections (see
for instance Rockafellar and Wets 1998, Ch. 14). Then
Ψ(ξ(ω), λ) = 1

2 (g(λ) + f + ξ(ω))T (u + x(ω)) for P-a.e.
ω ∈ Ω. By Lemma 3, we get Eξ[Ψ(ξ, λ)] = 1

2 (g(λ) +
f)T u + 1

2 tr(PT U), where U is such that K(λ)U = P .
This completes the proof. ut

Remark 4 Denoting the columns of P by pj , j = 1, . . . , k,
and defining f̂ = (fT , p1T , . . . , pkT )T ∈ Rn(k+1), ĝ(λ) =
(g(λ)T , 0, . . . , 0)T ∈ Rn(k+1) and K̂(λ) =

∑m
i=1 λiK̂i

with K̂i = diag(Ki,Ki, . . . , Ki) ∈ Rn(k+1)×n(k+1), it is
easy to see that (8)-(10) may be written as a multiload
problem (6). An apparent difference is that self-weight
is only associated to the mean load f . However, setting
f :=

∑k
j=1 αjf

j and pj := f − f j , j = 1, . . . , k, the
multiload model (5) may equivalently be written as (8)-
(10). Therefore, Theorem 1 provides a new stochastic
approach to the construction of multiload models.

Remark 5 (Random independent perturbations) Let ξ =∑k
j=1 εjd

j , where dj ∈ Rn are some given directions and
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εj are mutually independent real-valued random vari-
ables with E(εj) = 0 and Var(εj) = σ2

j . Then the corre-
sponding minimum expected compliance problem is

min
λ∈∆m

{ 1
2 (g(λ) + f)T u + 1

2

k∑
j=1

σjd
jT uj |K(λ)u = g(λ) + f,

K(λ)uj = σjd
j , j = 1, ..., k}

3.4
Numerical examples

In this section some classic examples are revisited in the
context of the minimum expected compliance model. Sin-
ce the latter is equivalent to a multiload-like problem,
in every case we solve it numerically by considering a
well-known minimax dual formulation (see remark 2 and
Appendix A). These numerical examples bear only illus-
trative character and are not intended to demonstrate
the efficiency of the numerical method. Consequently,
we omit the details concerning implementation as well
as output data.

(a)  d  ∈   R8
(b)  dj  ∈   R8, j=1,...,4.

 d1 

 d2 d3

 d4 

Fig. 2 Toy example (continued): two minimum expected
compliance solutions.

Example 1 (continued) We begin with the toy exam-
ple of Fig. 1. In Fig. 2 we give two minimum expected
compliance solutions. Image (a) corresponds to an one-
dimensional perturbation of the form ξ = εd with d ∈
R8; this perturbation is orthogonal in R8 to the main
load and models 4 perfectly correlated random loads dis-
tributed on nodes 2, 3, 5 and 6. Image (b) illustrates an
optimal solution associated with 4 independent and mu-
tually orthogonal perturbations in R8, each one acting
on a different node, so that the actual observed pertur-
bation may be written as ξ = ε1d

1 + . . . + ε4d
4.

Example 2 Consider a dome (similar to Achtziger (1997))
with 4 floors as in Fig. 3, where one vertical load is ap-
plied just on the top. The optimal solution is shown in
the image on the right, which is unstable under small hor-
izontal perturbations. Next, we introduce 2 independent
orthogonal perturbations acting on the top along some
horizontal directions d1 and d2; see Fig. 4 where we illus-
trate the convex hull of {f, d1, d2,−f,−d1,−d2} (loads
for which we have an upper bound for the compliance
according to Lemma 1) and the corresponding stable op-
timal structure. Remark that the cost of adding two extra
forces is low when compared with other approaches.

Fig. 3 Dome: ground structure and single-load optimal so-
lution.

f

d1 d2

Fig. 4 Dome: 2 orthogonal perturbations at the top and op-
timal solution.

Example 3 The next structure is an electricity mast (Ben-
Tal and Bendsøe 1993). The ground structure, main loads
and optimal solution obtained by a single-load model
are shown in Fig. 5. The central force on the top is in
relation 10:1 to the others. Then, we give two minimum
expected compliance examples. First we consider an one-
dimensional distributed orthogonal perturbation; next, 3
independent perturbations orthogonal to the mean load
are considered, two acting on the arms of the structure
and one on the top of it.

d2

d1

d3

Fig. 5 Electricity mast: ground structure, single-load solu-
tion and two minimum expected compliance counterparts.

Example 4 Finally, Fig. 6 shows a ground structure with
a set of 3*3*3 nodes in which all nodes are connected
by bars (related to Jarre et al. (1993)). One load is ap-
plied as the first image shows, and the optimal solution
is shown in the next image. Then we obtain a stable
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truss by considering 2 independent orthogonal loads in
the plane orthogonal to the main load.

f

d1 d2

Fig. 6 Ground structure, single-load solution and stable
counterpart by considering 2 orthogonal perturbations.

3.5
Stochastic model including variance

The stochastic setting introduced in this paper allows
to consider other variants for the optimal design prob-
lem. For instance, one may include the variance of the
compliance in the objective function and consider

min
λ∈∆m

{αEξ[Ψ(ξ, λ)] + β Varξ[Ψ(ξ, λ)]}, (DV ar;P)

where Ψ is defined by (7) and α, β ≥ 0.

Example 5 Suppose ξ ∼ Nn(0, PPT ), i.e., the distribu-
tion of ξ is a n-multivariate normal with mean vector 0
and covariance matrix PPT . Taking for simplicity g = 0,
α = 0 and β = 1, we have that (DV ar;P) is given by

min
λ∈∆m

{1
2 tr(PT U)2+fT UUT f | K(λ)u = f, K(λ)U = P}.

Indeed, this follows by similar arguments to the proof
of Theorem 1 together with the formula Var(ξT Aξ) =
2 tr((AΓ )2) + 4µT AΓAT µ as ξ ∼ Nn(µ, Γ ) (see Seber
(1977)). We leave the details to the reader.

It is apparent that this kind of problems is harder to solve
than the minimum expected compliance model (D;P). It
would be interesting to develop a primal-dual formula-
tion of (DV ar;P) in order to implement efficient numeri-
cal resolution methods. However, this is beyond the scope
of this paper.

Appendix

A
Duality via conjugate perturbation functions

We are going to describe a dual formulation of (4) in
terms of Fenchel-Rockafellar conjugate perturbation func-

tions. Although this duality is well-known in topology op-
timization (see Ben-Tal and Bendsøe 1993), the standard
approach relies on Lagrangian duality instead of Fenchel-
Rockafellar theory. Thus our proof of duality is essen-
tially a method imported from other field and not used
before in structural optimization. This has the advantage
of providing us with a suitable mathematical framework
to handle random load perturbations (see Lemma 4 be-
low).

For each i ∈ I := {1, . . . ,m}, let Fi : Rn → R be
defined by Fi(x) = 1

2xT Kix− (gi + f)T x, where f ∈ Rn,
gi ∈ Rn and Ki ∈ Rn×n is a symmetric and positive
semi-definite real matrix for every i ∈ I. Consider the
following convex minimax problem:

min
x∈Rn

max
i∈I

{Fi(x)}. (P)

In order to dualize (P), we follow Rockafellar (1974)
by introducing a convex perturbation function ϕ : Rn ×
Rm → R such that this optimization problem may be
written

min
x∈Rn

ϕ(x, 0). (11)

In fact, for any (x, y) ∈ Rn ×Rm, we set

ϕ(x, y) := max
i∈I

{Fi(x) + yi}, (12)

which is a continuous convex function. The correspon-
ding dual problem is given by

min
λ∈Rm

ϕ∗(0, λ), (13)

where ϕ∗ : Rn×Rm → R∪{+∞} is the Legendre-Fenchel
transform of ϕ, also known as the conjugate function of
ϕ, which is defined by

ϕ∗(ξ, λ) = sup
x,y
{ξT x + λT y − ϕ(x, y)}.

Here, ξ ∈ Rn is interpreted as a perturbation parameter
for the dual problem.

Lemma 4 Under the previous definitions, ϕ∗ = Ψ where
Ψ is given by (7). In particular, Ψ is a proper, lower semi-
continuous and convex, hence measurable, function.

Proof. We begin by noticing that ϕ∗(ξ, λ) = +∞ when-
ever λ /∈ ∆m. Indeed, assume first that λi0 < 0 for
some i0 ∈ I, and take x = 0 and y = −αei0 where
ei0 = (0, . . . , 0, 1, 0, . . . , 0) with α being a positive scalar
and ei0 the i0-th vector of the standard basis of Rm.
Then, using that Fi(0) = 0, for all α > 0 large enough,
ϕ∗(ξ, λ) ≥ −αλi0 , and it suffices to let α → +∞ to ob-
tain ϕ∗(ξ, λ) = +∞. Similarly, when

∑
i∈I λi 6= 1, taking

x = 0 and y = αe with e = (1, · · · , 1), we get ϕ∗(ξ, λ) ≥
α (

∑m
i=1 λi − 1); letting α → ±∞ yields ϕ∗(ξ, λ) = +∞.

Next, suppose λ ∈ ∆m. Setting zi := Fi(x) + yi, we get
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ϕ∗(ξ, λ) = supx{
∑

i∈I [ξixi−λiFi(x)]+supz{
∑

i∈I λizi−
maxi∈I zi}}. But ∀z ∈ Rm,

∑
i∈I λizi ≤ maxi∈I zi (re-

call λ ∈ ∆m) so ϕ∗(ξ, λ) = supx

∑
i∈I [ξixi − λiFi(x)] =

− infx

{
1
2xT K(λ)x− (g(λ) + f + ξ)T x

}
, which turns out

to be a quadratic convex minimization problem (recall
that K(λ) is a positive semi-definite matrix). In particu-
lar, a finite value for this problem is guaranteed iff there
exists a global minimum u ∈ Rn satisfying the first-order
stationary condition: K(λ)u−(g(λ)+f +ξ) = 0. For any
such a vector u we have 1

2uT K(λ)u− (g(λ)+ f + ξ)T u =
− 1

2 (g(λ) + f + ξ)T u, which proves the result. ut

By Lemma 4, the problem (13) dual to (P) is given
by

min
λ∈∆m

{
1
2 (g(λ) + f)T u | K(λ)u = g(λ) + f

}
. (D)

The duality (P)-(D) is summarized in the following the-
orem, which is a direct consequence of classical results;
see Rockafellar and Wets (1998, Ch. 11) and Bonnans
and Shapiro (2000, Ch. 2).

Theorem 2 Suppose that

∃λ0 ∈ ∆m such that K(λ0) is positive definite. (14)

Then the primal optimal solution set S(P) is nonempty,
convex and bounded. Moreover, the dual optimal solution
set S(D) is nonempty, convex and bounded; the primal
and dual optimal values satisfy min(P) = −min(D); fi-
nally, a pair (û, λ̂) ∈ Rn ×Rm belongs to S(P) × S(D)
iff λ̂ ∈ ∆m, K(λ̂)û = g(λ̂)+f and λ̂i = 0 for all i /∈ I(û)
where I(x) = {i ∈ I | Fi(x) = maxj∈I{Fj(x)}}.

Remark 6 Since maxi∈I{Fi(x)} ≥ 1
2xT K(λ0)x−(g(λ0)+

f)T x, (14) ensures that (P) is coercive, hence the first
conclusion in Theorem 2 is immediate. ¤

Remark 7 For this duality result, we only assume that Ki

is positive semi-definite; no dyadic structure is needed.
¤

Remark 8 Under the setting described in §2.1, (D) is pre-
cisely the classical normalized truss optimization prob-
lem given by (4). If condition (2) holds then (14) is sa-
tisfied for any λ0 > 0. This duality between (P) and (D)
can be efficiently exploited through primal-dual nume-
rical schemes to solve (4); see Ben-Tal and Zibulevsky
(1997). ¤

B
Proofs of some auxiliary results

Proof of Lemma 2. (i) We only prove the “only if” di-
rection, the other one being completely trivial. Since
P{f + ξ ∈ V } = 1, we have V 3 E(f + ξ) = f . Hence
f ∈ V and P{ξ ∈ V } = 1.

(ii) Let V ⊥ be the orthogonal complement of V . It is
clear that P{ξ ∈ V } = 1 iff ∀h ∈ V ⊥, Var(hT ξ) = 0.
But Var(hT ξ) = hT Γh = ‖PT h‖2 (see Seber 1977, Ch.
1), therefore the columns of P belong to (V ⊥)⊥ = V . ut

Proof of Lemma 3. An easy computation shows that the
value of ξT x does not depend on x such that Ax = ξ. Let
us denote by A− one of the generalized inverses of A, that
is, the matrix A− satisfies AA−A = A. This matrix al-
ways exists, but there is no uniqueness in general (see Se-
ber 1977, §3.8.c). As ξ ∈ V P-a.s., we have that y := A−ξ
satisfies Ay = ξ so that ξ(ω)T x(ω) = ξT (ω)A−ξ(ω) for
P-a.e. ω ∈ Ω. Using a standard formula for the ex-
pected value of quadratic form (see Seber 1977, Ch. 1),
we obtain E(ξT x) = E(ξT A−ξ) = tr(A−Γ ) + µT A−µ,
where Γ = Var(ξ) and µ = E(ξ). But E(ξ) = 0 and
tr(A−Γ ) = tr(A−PPT ) = tr(PT A−P ) and by Lemma
2(ii) with V = ImA we conclude that Y := A−P satisfies
AY = P. Finally, it is clear that the value of tr(PT U)
is the same for any matrix U satisfying AU = P, which
proves the result. ut
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Ben-Tal, A.; Kočvara, M.; Zowe, J. 1993: Two nonsmooth
appoaches to simultaneous geometry and topology Design
of trusses. Topology Design of Structures, Kluwer Academic
Press, Netherlands, pp. 31-34.

Ben-Tal, A.; A. Nemirovski, A. 1997: Robust truss topology
design via semidefinite programing. SIAM J. Optim., Vol. 7,
pp. 991-1016.



8

Ben-Tal, A.; Zibulevsky, M. 1997: Penalty/barrier multiplier
methods for convex programming problems, SIAM J. Optim.,
Vol. 7, no. 2, pp. 347-366.

Bendsøe, M.P.; Sigmund, O. 2003: Topology Optimization.
Theory, Methods and Applications, Springer-Verlag, Berlin.

Bonnans, J.F.; Shapiro, A. 2000: Perturbation Analysis of Op-
timization Problems, Springer Series in Operations Research,
Springer-Verlag, New York.
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