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Abstract

This paper is concerned with the added mass matrix for a mechanical structure vibrating
in an incompressible liquid. It is shown in particular that this matrix does not depend
on viscosity and, from this fact, can be calculated as if the fluid is perfect. The viscous
effect on the mechanical system can then be represented by a damping term of type time-
convolution. The presence of a flowing fluid around the structure leads to additional damping

terms proportional to the fluid density.
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1. Introduction

An important notion in fluid-structure interaction studies is that of added mass
of mechanical systems vibrating in a liquid. The added mass is generally described as
a matrix which models the interaction of the elements of the mechanical structure via
the fluid pressure fluctuations. Its interest is to allow investigating of the dynamical
behaviour of the structure without determining the fluid motion and consequently to
reduce the number of freedom degrees and then to save computer times. Numerous
applications of this idea may be found in the problems of vibration of heat exchanger
tube bundle, fuel assemblies of nuclear reactors (we refer to the Chen’s book [1] and
the papers by Paidoussis and his coworkers [2], [3], [4], [5], etc.), space engineering (see
Morand and Ohayon [6]), etc.

The added mass is generally calculated assuming an ideal perfect motionless fluid
because the computation may be easily done. The viscosity of the real fluid is then mod-
eled by means of a damping term introduced in the dynamical equation of the structure
and the damping coefficient is often obtained from measurements. The aim of this paper
is to justify this above assumption, even if the fluid is not perfect. However, it will be
shown that viscosity leads to a damping term which is of time-convolution type. The
case of a mechanical structure placed in a cross-flows will be also investigated and it is
seen that another damping terms result from the linearized convection operator in the
Navier-Stokes equations.

In order to simplify the presentation, we consider a simple harmonic oscillator, for
instance a rigid tube elastically supported by a spring system, a piano string for instance,
and we shall sketch how the added mass can be defined for a general elastic structure.

2. Some reminders about added mass for a perfect fluid at rest.

2.1 The case of harmonic oscillator.

The fluid, of specific density p, is supposed to be perfect, incompressible, and initially
at rest, it occupies a bounded region €2 and, to fix the ideas, Q is two-dimensional (but
of course 3D-problems can be considered). T denotes the wall of the cavity 2 containing
the fluid. The mechanical structure is a single tube of wall v (v and I" are, in fact, the
cross-sections of the different walls, see Fig. 1).
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springs

:

Q (fluid)

Fig. 1 A mechanical harmonic oscillator.

The tube, of mass m (per length unit), is supported by a spring system of stiffness
k, allowing only transversal motions. The displacement 5(t) of the tube at time ¢, is
assumed to be small enough so that the geometrical variations of the domain €2, due to
the motion of the oscillator, may be neglected.

If @(x,t) denotes the speed of fluid particles at z, we have in © (p is the pressure):

o0u

o o _ 2.1
P Vp=0, (2.1)

divi=0, (2.2)

with the boundary conditions (sliding condition):

@-in=0 on T, (2.3)
d—i
ﬁ-ﬁ:d—‘z-ﬁ on v, (2.4)

in which 77 is the unit-normal, oriented outside the fluid (T" is supposed to be fixed).
The tube dynamical equation is:

(mj—; +R)E(E) = / p(z, )idy + F(t), (2.5)

Y

where f is a specified external force applied to the cylinder.

The liquid being initially at rest, we have curl @(z,¢) = 0 for ¢ = 0 and, from (2.1),
for any positive t. Hence @ derives from a potential ¢(z, ) V¢ and again from
(2.1), we have

o¢
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in which C(t) is a certain constant depending only on time. (2.2), (2.3) and (2.4) lead
to the relations:

Ap(z,t) =0 in Q, (2.6)
0
% =0 on F, (27)
0p ds
T 7. . 2.
5, = T on7 (2.8)

The pressure force in (2.5) can be replaced by —p [ %ﬁdv (where the constant C(t)
8!

disappears).
The potential ¢ clearly may be written as

b t) = 3 x5 () S (1),

Jj=1

where the s; are the components of 5, with respect to an orthonormal reference basis
(€5), and the functions x;(z) satisfy the system:

Ax; =0 inQ, y=1,2,
24=0 on, (2.9)
P =n; onv,

where n; is the 4" direction-cosine of 7 (with respect to the basis €j). Xx; is uniquely
determined if we impose, for example, the condition:

/dex =0. (2.10)
Q

Note that | n;dy = 0, so that (2.9) is a well-posed system).
J
Y

Injecting the expansion of ¢ into (2.5), one obtains:

@n%5+kﬁu):—pﬂ%§ﬁ)+fuy (2.11)

in which H is the 2 x 2 matrix of entries

%:/M@m@m.
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pH is the so-called added mass matrix. H has the following property:

Proposition 1. [7], [§]

H is symmetric and positive definite.

Sketch of the proof.
It is not difficult to check that the x; are linearly independent.

By using the Green identity, one has
hij = /ijd7 = /VXi - Vxjda = hyi,
% Q

whence the symmetry.

For any vector f = (g) # 0, we set

o@) = Y & (a).

Then
HE-£= 3 hijit; = 3 &t / Vi - Vo
irj o

4,

= / \Vp|2dz > 0.
Q

(Note that Vyp = 0 would imply ¢ = 0, which is not possible since the x; are linearly
independent). W

Now, we are interested by the sinusoidal solutions of (2.11) with f = 0, of the form
§(t) = e™tZ. Then w and 7 satisfy the matrix eigenproblem

ko
—57 (2.12)

(m+ pH)Z =
in which w? is an eigenvalue of the matrix k(m+pH)~!. w? is obviously a positive number
(H is positive definite). Clearly, from the properties of H, the two eigenfrequencies w of
(2.12) are strictly smaller than wy = (k/m)'/? which is the eigenfrequency of the tube
when placed in vacuum.



In case of several parallel tubes 71,72, ..., Yn, the added mass matrix pH is defined
by means of the harmonic functions xg;(z),¢£=1,2,...,N,j = 1, with the conditions:

0 0
/Xejdx =0, %ng =0onlT, %ng =njdgy  on each
Q

(0gx is the Kronecker symbol).

H is made up with the integrals [ xgnjdye, £,k=1,2,...,N, 4,5 =1,2 (H is of
Tk
order 2N). H has the same properties than in Proposition 1.

Let us turn back to equation (2.11), and denote by Z; with j = 1,2, the eigenvectors
of (2.12). The eigenvectors can be chosen to be orthonormalized:

Zi k= 5”

—

Then, the response 5(t) to the force f(t) may the expressed as 5(t) = Y «;(t)Z; where
J

the components o (t) satisfy the equations:
d2

230 (t) T wiey(t) = W3 (1), = 1,2, (2.13)

(where f;(t) = Fl¢) - Z;) with adequate initial conditions and whose the solution is quite
evident. Thus, the solutions of equations (2.1) to (2.5) may be easily expressed by means
of the eigenvectors of the added mass matrix.

2.2. Some Remarks

2.2.1. When the fluid is compressible, ¢ must satisfy a wave hyperbolic equation. It is

possible to define an added mass matrix H depending on time, so that the term H %

must be replaced by a time-convolution one H * % ; that means that the action of a tube
on itself or another one is not instantaneous, due to the fact that the pressure propagates

with a finite velocity (see [9], [10]).

2.2.2. In this section, the geometrical variations of {2 due to the tube motion, have been
neglected; these variations may be taken into a account, leading to additional terms into
(2.11), of the form D% of damping type (see [11]).

2.2.3. In the case of large tube bundle in which the tubes are placed at the tops of a
regular rectangular network, the homogenization technique can be used to liken the fluid-
bundle system as an homogeneous material. In this situation, the added mass matrix
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is replaced by an integro-differential operator (in fact a pseudo-differential operator of
order zero). We refer to [10], [12], [13], for a general theory and the applications.
2.3. The case of elastic shell

The shell v can be deformed under the action of the fluid and W (z,t) denotes its
small deformation along the normal 7i. In this situation, the fluid potential satisfies:

Ap = in Q,
g—ﬁ =0 onT, (2.14)
o =% ouv
The dynamical equation for -y is
0*wW 0
s + EW =p= —p—", 2.15
Ps g T P=—pa (2.15)

where p; is the specific density of v and £ is the elastic stiffness operator; £ is a certain
differential operator with respect to the space tangential variables of y (we do not exhibit
it).

We consider the eigenvalues of :
EWj = pswiWj, j=1,2, etc. (2.16)

If v presents certain symmetries, there is an infinite set of eigenmodes such that:

/Wjd'y = 0, (2.17)
2

and it will be assumed that it is the case.

Because the fluid is incompressible, the third equation (2.14) implies that [ Wdy =
Y

0. Consequently, W can be expressed as

W(z,t) = *aj(t)W;(z), (2.18)

J

where > * means the summation is done on the indices j for which (2.17) is valid. It
inmediately results that ¢ can be written as:

b(z,t) = —pZ*a;(t)Xj(a;), (2.19)
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where

(Ax; =0 in €,
o o

) Fi=0 onT, ZL =W, onn, (2.20)
[ xjdx = 0.

L ©

The prime denotes the time-derivative.

The function x; are linearly independent. Taking the scalar product of (2.15) with
W;, we have

O*W 0¢
pS(W7 Wj)"/ + (5W7 Wj)’Y = _p(a7 Wj)’Y
(where (p,1), = [ ptpdy) and, thanks to (2.18) and (2.19):
v
psa;!(t) + pswfag = —pz * ” X,“ )

in which it is assumed the orthonormalization condition (W;, W), = d;;. The above
equation is rewritten as

(ps + pH)" (t) + Ka(t) =0 (2.21)
where H and IC are infinite matrices

% = ((X'M WJ)"/)”C = ps d?’ag(wzz)7

a(t) is the vector of infinite length with components o;(t). It is obviously understood
that the indices ¢ and j are such that (2.17) is true. pH, so defined, is symmetric and
positive definite: it represents the generalized added mass.

3. The case of a quiescent viscous fluid

3.1. The equations

Now our objective is to extend the notion of added mass to a viscous fluid. This
one is supposed to be at rest so that 4 satisfies the Stokes equations:

—

pa—? —vAu+Vp=0 (3.1)
divii = 0, (3.2)

where v is the viscosity.



The boundary condition for 4 is of type adherence, i.e.

d—’
@=0onT, E:d—i on 7. (3.3)
The dynamical equation for « is :
d? .
(- + R)3(0) = / o(@)idy + F(b), (3.4)
v
where o (%) = —pI + 2ve(i) (stress tensor),
1 auz 8uj

e() = (e (1)), €iz(14) = - ( )-

5 8.73]' (9371

It is noted that the field 4 cannot be easily eliminated from the above equation,
because the presence of 2% in (3.1).

3.2. Some related eigenvalue problems
It is useful to consider the following associated eigenproblem. Let us set
@ =d(z)e!, p=px)e, 3(t)=7ze",

one gets for f =0:
ppu —vAu+Vp =0, divi =0,
u=0onT, %= pusonr, (3.5)
(mup? + k)s = — [ o(a@) nidy.
¥

(3.5) forms a quadratic eigenvalue problem in which p is the eigenvalue. We have the
not obvious result:

Proposition 2.

The system (3.5) has a countable infinite set of eigenvalues fu,,, m = 1,2, etc. More-
over

Repy, <0 for any m,

(Re denotes the real part), and there are at most 4 complex eigenvalues and these last
ones lie inside the circle of radius (k/m)l/2 and centered at the origin of the complex
plane. The real eigenvalues p,, tend to —oo as m increases.
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The proof of this proposition is too long to be presented here and may be found in
ref. [10], [13], [14].

There is no complex eigenvalue if the viscosity v is high enough and it can be shown
that the real eigenvalues converge to zero as v — 0 (see [10]).

Let us denote by {@,,(z), 5} the eigenvector associated at each eigenvalue p,,,. We
have then the important following result:

Proposition 3. [15]

The eigenvectors of (3.5), accompanied with the possible generalized eigenvectors,
form a complete basis for the fields ¥(x) with divt = 0.

The proof of Proposition 3 is based on a theorem of Dunford & Schwartz [16] and
cannot be reproduced here. The above results means that any field 7(z) with [ |7]?dz <
Q

+00, divy = 0 may be expressed as ¥ = Y a, i, ().
n

An important particular case of (3.5) is the following self-adjoint eigenproblem:

{ AU —vAUT+Vp =0, divi=0 (3.6)

v=0 on 0Q=TUn~.

i.e. when the cylinder v is fixed (be careful to the sign of A in (3.6)). In this situation
we have:

Proposition 4. (Temam [17]).

The problem (3.6) has a countable infinite set of positive eigenvalues A\, and the
etgenvectors ., form a complete set for the vectors whose divergence is zero.
Note that the A, are proportional to v:
A = VA (3.7)
in which A0 is the m®* eigenvalue of (3.6) for v = 1.

We observe that a direct consequence of Propositions 2 and 3 is: u(x,t) and 5(t)
tend to zero as ¢ — oo. More precisely:

i(z,t) = O(e!?) for large t (idem for 3(t)).
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where p; is the eigenvalue of (3.5) of greatest real part (in algebraic value). In other
words, the tube oscillates with damping with a frequency smaller than wy = (k/m)/2.

Let us come back to equations (3.1), (3.2), (3.3) and suppose that the fluid is at rest
at t =0 : 4(x,0) = 0. From the parabolic character of this system, it results that @ can
be expressed as

t
ds
i(x,t) ://gst(x,f;t—T)d—i(T)d'yng (3.8)
0 ~

or more symbolically
ds

E;
gst 18 the Green function associated to the Stokes equation and then it defines a semi-
group. If is interesting to expand g+ with the eigenfunctions @, (z) of (3.6).

’J(:U,t) = Gst *

Setting Au = —vAu + Vp, we have to solve the problem:

{pat +Ai =0, divi=0,4=0fort=0,

3.9
u=0onT, ©=4gon~, (3.9)

where ¢ is a given function.

For any fields @(z) and (), we introduce the standard L2(€2) scalar product
GURDY / i@ (a)ie, |91 = (79

and

—= _‘ 89028'¢
‘dx.
AP ¥) = Zj/axjaxj
JQ

Now, the solution of (3.9) is expressed as

Az, t) =Y om(t)7

in which the eigenvectors ¥y, of (3.6) are orthonormalized: (¥, Un) = Omn.-
Multiplying (3.9) by @,,, we have

p(%, vm) + (A, ) = 0, (3.10)
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and by the Green identity:

or

where

from which it results that:

Whence

iz, t) = —

00 t
Yo e [ o (iy,)ii - GE, 7)dyedT T (z).
[

Y

That explicites the Green kernel for the Stokes equation (3.1). It is observed that

gst(z, €;t) behaves as e~ Mt

(3.6).

as t — 400, where \; is the smallest positive eigenvalue of

Now, we consider the function g(z,t) constant along the contour . For such a

function, we can write

gt) = Z gi(t)é;
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and the corresponding # is @ = i, + Uy Where

t
1
(z t)——;Z/ =AmE=T) g (PYAT (K - ;)T () (3.12)
m 9
in which
b, = /a(ﬁm)ﬁd7
v
Let us set 1
“Amt
- x)e mh. 3.13
p; (3.13)
Clearly

Ui(z,t) = bi * gi

and q/;; is the solution of

poi b +Vpi =0, divg; =0 inQ
(bi =0on!I and (I;Z = (S(t)é; on v, (3'16)
with zero initial condition inside (2,

where §(t) is the Dirac time-distribution at ¢ = 0 (¢; is then the impulsional response).
Replacing § by 4 i> we have

@z, t) = Zéi(x, t) * d—t'(t). (3.17)

Remark: The decreasing of @ with respect to time corresponds to a loss of kinetic energy
caused by viscosity; it results that the vectors ¢; are, in norm, uniformly bounded by a
constant independent of . W

3.3. The added mass and viscous damping
Let us turn out to the first equation (3.5) and taking its divergence, we obtain:
Ap = 0. (3.18)

In order to get boundary conditions for the pressure, we multiply (3.5) by 7 on 9€2. Thus

on VAU -7 onTI'
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Because (3.18) and (3.19) are direct consequences of (3.5), the following compatibility
condition necessarily holds

/ Ad-ids = 0 (3.20)

(to obtain the equality, integrate (3.18) on €2 and use the Green identity).
It is easily seen that the pressure may be decomposed as p = pg + ¢ in which the
first term results from the tube motion and the second from the viscosity effects, i.e.,

Apg =0 in Q,
{ 681:3 =0 on F, % = pZiQ ﬁ on v, (321)
Ag=0 in €,
{ % =vAu-7n on 89 (3.22)
Clearly .
- / poidy = pH s (3.23)
v

where pH is the added mass matrix defined in Section 2 for a perfect fluid.

The second term ¢ linearly depends on vAwu - 77 and then on % via the relation

(3.17). If N(x,£) denotes the Neumann function associated with the Laplacian operator
and Neumann boundary condition on 952 (see Appendix), we have:

alovt) = v [ N €)(ai(e.t) - (e) ds
o0

and then, from (3.17):

t

q(z,t) —VZ/N z, &) / (&t —1T) fl{j_i(r)-ﬁ(f)dsﬁ. (3.24)

=150 0

It is important to note that the function #(z,t) (i.e. the gz%) must be sufficiently
regular in order that the boundary condition for (3.22) has a sense (A% - 77 must be a
distribution belonging to the Sobolev space H~1/2(y), see Lions-Magenes [18]). It is
possible if v is smooth what we assume.

The resultant of the viscous forces acting on 7 is

2w / e(@idy =20y / o(3s)idry * %, (3.25)
i Y

~
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(e is the strain tensor). Collecting (3.23), (3.24) and (3.25), the dynamical equation
becomes:

2—» —

(m + pH) Zﬁ (t) +vD * %(t) +E5(t) = f(t) (3.26)

in which D is a matrix, of order two, depending on time, whose the i*" column is:

=2 [ e(@ia,piidy + [ (o / Nz, ) (AGi(€, 1) - 7€) dsedbra-

0 0

The matrix D depends also on viscosity through the functions (1_5’1 but it is uniformly
bounded with respect to v, from the remark of subsection 3.2. vD is the damping matriz,
which is O(v) as v — 0. It is observed that the viscosity effect occurs in (3.26) via a
time-convolution operation. In the absence of external force f, the displacement vector
§(t) obviously tends to zero as t increases to infinity.

Remark: The damping term in (3.26) may be written in another form. We have indeed:

/Dt—T—(T /D't—'r Pdr + D)3(t) — D(0)5(0).

Thus, the viscous force can be modelled by an added stiffness matrix and an external
force depending on the initial condition. The two formulations obviously are equivalent;
it is only a question of terminology. However, for low viscosity, the convolution term with
D' may be neglected, being of order of v (see relations (3.7) and (3.11)); it is maybe the
reason for which certain authors prefer to use the added stiffness rather than damping
to simulate the viscous effects. H

3.4. Dynamical behaviour of the structure when v — 0.

Let 5, and sy be the displacement of the tube for v # 0 and for v = 0. We have
then, in absence of external force:
(m+ pH)3," +vD %3, + k8, =0,
(m + pH)éb " + k'g() = 0,
with the same initial conditions (the prime denotes the time derivative). Subtracting the

two above equations and after multiplying by §, — &), and integrating from 0 to t < T,
where T is fixed and finite, we get:

Slm+ pH(E (1) — 5o(1)) - (5 (1) — 5/(0)

: (3.27)
F RIS () — 5o(t)2] = —V/(D £5,)- (5, — 5)dt.



But 5y/,35,,5,’, D are bounded with respect to time, so that we have, since the
matrix m + pH is positive definite:

3,(t) — Bo()| = OW'?), (3.28)
5,'(t) = 5%'(t)] = O(W'/?),

where these estimates are valid on any bounded interval [0, T].

Thus s,(t) = so(t) uniformly on [0,7] as v — 0. The convergence obviously is not
uniform for infinite 7" since &, (c0) = 0 while §y(¢) is oscillatory for any time. Note that
the estimates (3.28) and (3.29) can be improved by injecting it into the right hand side
of equation (3.27). Thus we have proved the following result.

Proposition 5.

When the viscosity tends to zero, the displacement vector s, converges to the corre-
sponding one for v =0, over any bounded time interval.

Let us come back to the eigenproblem (3.5). In the proof of existence of the real
eigenvalues p,, (see [19]), it was shown there exists an eigenvalue A, of (3.6) such that:

0> fin > —Ar = —VAD .

This inequality implies that the real u,, tend to zero as the viscosity becomes smaller
and smaller.

It has been seen that 5, (¢) may be expressed with the eigenvectors of (3.5) (Propo-
sitions 2 and 3) while 5(¢) is also expressed with the eigenvectors Z; of the matrix H.
Because §,(t) converges to So(t) (which is oscillatory), that means that the complex
eigenvalues of (3.5) tend, as v — 0, to the numbers +iw;, where w; are the eigenfre-
quencies of the tube when placed in a perfect fluid (otherwise §, would not converge to

So!).
As a corollary of Proposition 5, we have:

Proposition 6.

The complez eigenvalues of the system (3.5) corresponding to a viscous fluid, con-
verge as v — 0 to *iw; where w; are the eigenfrequencies of the mechanical structure
immersed in a perfect fluid, and the real eigenvalues tend to zero.

A more direct proof of this result will be presented in a forthcoming paper [20].
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Remark. All these results are extended to the case of several parallel tubes. The case
of an elastic shell can be investigated in a similar way; but a difficulty lies in the fact
that there is no theorem like Proposition 2 allowing localization of the eigenvalues p.

4. The case of a flowing fluid.
4.1 Linearized Navier-Stokes equations

In this section, we consider a fluid flowing in a channel whose the domain is denoted
Q of boundary I':
I'= 11lat U Fin U Fout;

[yq: is the (physical) lateral wall while I';,, and T',,; are respectively the inlet and outlet
(the fluid enters by I';, and goes out by I',,¢, Fig. 2).

et

Fig. 2 Typical configuration.

A mechanical harmonic oscillator (of wall ) is placed inside Q. A steady state of
the coupled system is now considered. For this equilibrium situation, the steady flow
tio(z) obeys to the Navier-Stokes equations in :

p(?j() . V)ﬂo — VA’J() + Vp() = 0,
d’L"U’I]:() = 0,
ig = 0 on v and I'j4, (4.1)

ﬂo(g;) = ﬁo(ﬂ?) onl'y =T, U Fout;

where (70(33) is the prescribed flow at the inlet and the outlet (one could also consider
prescribed values of the pressure at I';;, and I'yy;). That obviously suppose that

/(70 -#dly = 0,
To
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what is the total mass conservation law.
Under the action of fluid, the solid body ~ is moved with a translation vector sj
given by

kgo = —/O’(’I_jo)’f_id’)/
v

We suppose that k is sufficiently high so that the geometrical variations of ) are
negligible.

The unsteady state of the systems is governed by:

(p(%4 1 (Ui - V)U) — vAU + VP =0,
dwljzﬂ 0,
d L:l: dt on v, U = Uy on Ty, (4.2)
U=0on Flata
(m gz + R)ED) = - f Uyiidy,

—

in which £(t) denotes the displacement of +.

In writing the boundary conditions for Zj, it was implicitly assumed that the inlet
and outlet are far enough from v so that the values of Uy on T';, and I'y,; are not
perturbed by the motion of the moving body.

We want to study the behaviour of the system around the steady state. Putting
Zji:ﬁo"'ﬁa P:p0+pa E: §0+§a

where the disturbances u,p, § are supposed to be small; we have then, neglecting the
second order term for the fluid flow:

p%:f (@-V)i+ (a-V)ip| — vAd+ Vp =0,

divi = 0,
% =0 on 'y, 11' = ‘(ﬁ on 7, (4.4)
(mdt2 +k)3(t) = — f u)dry.

In order to investigate the stability of the steady state (4.1), it is useful to consider
the eigenvalues p of the linearized equation (4.3) and (4.4) (replace the time-derivative
by the factor ). The infinite set of eigenvalues is located inside the region of the complex
plane defined by the following inequalities (see Fig. 3):

2] < B(ﬁo)+\/B(u9)2+4w3|sme|2
— 2|sinf| ’

(0 = argument of z ),
Rez < =&,

(4.5)
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in which w3 = k/m, B(iiy) = pm€a§)2<||r(ﬁo(x))||,(*) r(tp) is the skew-symmetric part of

Vi, and &; is the first eigenvalue of

—VAY + pe(iip)T + Vi = £pv,
divy = 0,
v=0onT, U | (4.6)
o(@)it = £25 on , 4y) = [ d.
v

Complex plane

Fig. 3 Zone of location of the eigenvalues p,, (dashed region)
when the fluid-structure system is stable.

Moreover, Reu,, — —oo as n — oo, and there are at most a finite number of
eigenvalues with positive real part. The proof of these results is given in [19], [21] (see
also [10]). Note that (4.6) is a self-adjoint eigenvalue problems so that &; (and the other
eigenvalues) is a real number. This localization of the u,, requires that the flow @ is
smooth in order that the quantity B(#g) can be defined®**). Obviously when i@ = 0, we
are in the situation of Proposition 2. Observe that —¢&;, for @y = 0, provides an upper
bound for the real parts of the eigenvalues of (3.5).

The coupled system is stable when all eigenvalues ., have strictly negative real parts
and unstability occurs as at least one eigenvalue has a positive real part. The system is
obviously stable when Uy =0. As Uy increases, one eigenvalue can cross the imaginary
axis and the system becomes unstable. But it is shown in [21] that none p crosses the
axis at the origin of complex plane; in other words, only pairs of conjugate complex
eigenvalues can cross this axis and, as a consequence, the unstability appears via the

) || - || is the usual norm for matrices.
(%) Tt is sufficient that @, is piecewise C1.
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occurrence of time-periodic fluctuations whose the frequency is related to the imaginary
part of the crossing pair. Such a phenomenon is known as Hopf bifurcation (see [22],
[23]).

Let us come back to the linearized Navier-Stokes equations (4.3). As the previous
section, u(x,t) may be written as

(z,t) = /G(a:,t - T)%(T)dT (4.7)

where the semi-group G takes account of the linearized convection terms. G may be
explicited by means of the eigenvectors associated with the linearized Navier-Stokes pro-
blem *)

{ —VAT + pl(tiy - V)T + (7 - V)ido] + Vo = Api (48)

divt =0, ¥ =0 on 0f.

(4.8) has an infinite set of eigenvalues located inside a half-band of the complex plane
axed on the real axis. We have indeed:

a(¥,9) + p(ido - VT, 9) + p( - Vi, 7) = Aplv|”

in which the second term disappears since divv’ = 0, and taking the real and imaginary
parts of the above equality:

a(¥,7) + p(e(tio)¥, V) = pRe|v|?,
Im(r(iip),v) = ImA|v|?,

from which it results that:

ReA 2 (91,
TmA| < ma | (7io(2))

in which 6, is the smallest eigenvalue of the self-adjoint equations:

—

{ —VAP +e(iio)y + Va = 0pd,
divyp =0, 1 =0 on 0f2.

Clearly, because ReA is bounded below by a finite number, (4.8) has only a finite number
(possibly equal to zero) of eigenvalues with negative real parts.

() And those of the adjoint problem. Adapting the proof of reference [15] in an adequate
manner, it can be proved that the eigenvectors form a complete basis.
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Thus, the behaviour of the semi-group G, for large times, is controlled by the eigen-
value of (4.8) of smallest real part. In particular G(¢) tends to zero when 6, is positive.

It is also noted that # may be written:

whose the q/;; are the impulsional response of (3.16) written with the additional linearized

convection terms.

4.2. Added mass and damping.
We presently take the divergence of the first equation (4.3), obtaining:
pdiv([(tdy - V)d + (4@ - V)idp] + Ap = 0.
But
div(iip - V)i =) | i(z uo-i)ui
P 8.’1)Z J I 8.’1)_7'

Oug; Ou;
= Z 81;0: 8::; because divig = 0.

%,J

In a similar way, div(i@ - V)i gives the same expression. Finally, we have

aqu 8’(1,1

2¥]
The boundary condition for the pressure is obtained by multiplying (4.3) by 7i:

9 d*3
= =Py Xy (@) + VAT i — pE(a, 1) -

where x, is equal to 1 for € v and zero elsewhere, and

It is easy to see that:

Z=0 on 'y,
Z = (% -V)4 on 7,
7= ( OV)’J on FO EFmUFOm.
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The pressure p is decomposed as follows:

P=qo+q +q2+gs, (4.12)

where the q}s are the solutions of the cascade of equations:

Ago =0 in €,

28 o
Gl = —pds - onn, (4.13)
%0 = on Iy U Tyg,

Buo; Ou, L L
A= pzzj: 9t gas = pdiv(d-V)dy in Q
% = —p(i- V)i -7l = —p((% -V)ip) -7 on 7, (4.14)
% =0 on 1—‘0 U 1—‘la,ta

—Aqy = pdiv(dy - V)4 in

32 = —plto- V)i it=—pUo-V)a-ii on I (4.15)
% = on ’Y U Fla,t;
—Ags3=0 in £,
{ % =vAu-n on entire 0f). (4.16)

We already know that (4.13) has a solution gy which linearly depends on %f . It is
necessary to check that (4.14) and (4.15) are solvable. To do that, it suffices to observe
that the two compatibility conditions hold:

/div(ﬂ’- V)idpds = /(ﬁ- )ity - fids
Q o0

ds .

Y

/div(ﬂo V)itdz = /(a‘o V)il - Ads

) 80
= /(ﬁo - V)i - idlg ;
To

that results from Green identity and (4.11). Then (4.15) and (4.16) are well-posed and

that implies immediately that, for (4.16), the condition [ A#-7ids = 0 is automatically

a9
fulfilled (remind that (4.9) and (4.10) are direct consequences of (4.3)).

Looking for the equations (4.12) to (4.16), we note, from (4.7), that ¢1, g2, g3 may
be written in the form:
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a(2,1) = pZu(a,t) + % + pZ1 E,
aae0) = oo 1) )
a3(w,t) = pZa(x,t) * %,

in which the Z; and Z; are linear operators obviously depending on @, (via the Neumann

function of the Laplacian operator on ); 7y is time-independent. The partial pressure
Po, so defined, leads in the dynamical equation, to the classical added mass matrix pH.

Finally using (4.17), the displacement vector of v satisfies a relation of the form:

d?s ds ds ds
H)— Dix — 4+ Dy— D3x — +k3=0 4.18
(m+p )dt2+p( 1*dt+ 2dt)+y B*dt+ S ) ( )

in which the matrices Dy, Dy depend linearly on iy (dependence of iy is nonlinear for
Ds3).

Thus the linearized convection leads to additional damping terms in the dynamical
equation, while the standard added mass remains unchanged. As it was already remarked

in Subsection 3.3., pD; * %€ may be transformed into an added stiffness term p(—D/ %
P Y 1

dt
§+ D,5).

It is important to observe that this added mass is always valid even if the quadratic
term (- V)i is kept in equation (4.3), but @ nonlinearly depends on % and, from this

dt
fact, cannot obviously be explicited.

5. Conclusion.

In this paper, it was shown that the added mass for a moving body immersed in a
fluid moving in an incompressible liquid does not depend on the viscosity v and the flow
around the structure, and it can be calculated as if the fluid is perfect and quiescent.
The viscous effects can be then modelled by a time-convolution damping term of order
v. In the case of small perturbations near an equilibrium state when the fluid flows
around the mechanical structure, the linearized convection introduces supplementary
damping terms, one classical and one of convolution type and both proportional to the
fluid density.
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Appendix
The Neumann function

One has to solve

—Au=f in €,
{30257 e )

where Q is a bounded domain. In order that (1) has a solution, it is necessary that f
and h satisfy the compatibility condition:

/fda:—i—/hds =0, (2)
Q oQ
and u is uniquely determined if one imposes the condition:
/uda:—i— /uds = 0. (3)
Q a0

A way to express v in an integral form with respect to f and h, is to use the Steklov
eigenfunctions of the Laplacian operator on 2. They are defined by

{—AU:)\U in O

g—z = \v on 012, % = outward normal derivative - (4)

(4) has an infinite set of eigenvalues A, :
O=X <A< <<y ...

and the corresponding eigenvectors form a complete set. The first eigenfunction is vg = 1
and all the other ones are orthogonal to it in the sense:

/vmdm+ /vmds =0. (5)

Q o

The v,, are orthonormalized such that

/vmvndaz + /vmvnds = Omn- (6)

Q o

From the condition (3), we express u as

u(z) = Z O Un (T)
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so that (3) in automatically satisfied from (5).
From the following equality:

/Vu-vadx:/fvmdx+/hvmds
Q

Q oN

for any m, we deduce, thanks to (6):

1
Ay, = )\—(/ fomdz —|—/hvmd5‘),

Q o

and then
ule) = [ N@Of@de+ [ N en(e)dse )
Q oQ

in which:

Nz,g =y teloml®)

m=1

N(z,€) so defined, is the Neumann function of the Laplacian with Neumann boundary
condition.

Note that (7) has a sense even f and h do not satisfy the condition (2) but the
function so obtained (say ug) is not the solution of (1). Indeed, suppose that [ fdz +
Q

J hds = ¢ # 0, then the corresponding ug satisfies:
a0

EAUO = f — co,
ug _
an — 1t —Co, Co=

N =

fd:c—}c-f ds’
Q

o0
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